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This column was inspired by the 
awards season, a time when many 
organizations recognize their top 

performers through peer-nominated 
awards. Elsewhere in this issue, an ar-
ticle from our Awards Chair, Thomas 
Parisini, provides a comprehensive list 
of these awards and their recipients. 
As I sat through the awards ceremony, 
I began to wonder whether there is a 
shared experience or a glide path, a 
common trajectory in the thinking 
processes of the awardees: a “Eureka” 
moment underlying their contribu-
tions. To explore this, I reached out to 
several awardees and other luminar-
ies in the field, posing the following 
questions: What were the key steps in 
your thought process that led to this 
moment of breakthrough? Could you 
walk us through this process, ideally 
in a nontechnical, personal reflection, 
though technical details are welcome 
if necessary? Nearly all responded en-
thusiastically, and I present their exact 
responses in what follows.

TAMER BAŞAR
I have several “Eureka moments,” but the 
earliest one goes way back to the days (or 
nights) when I was working on my doctoral 
thesis at Yale, which was on minimax esti-
mation for stochastic dynamical systems, 
where the noise distribution was unknown 
with some soft power constraints and the 
goal was to determine the “best” estimate of 
the state (the “min” part) under worst-case 
(so-called “least favorable”) noise distribu-
tions (the “max” part). I had solved it for the 
scalar case, but extending it to multidimen-
sional systems presented a real challenge. 

Thinking about this kept me (actually my 
mind) busy for several days (and nights), 
and finally one night during half-sleep it 
dawned on me that a subspace approach 
would be the right way to go; I immediately 
got up, found a piece of paper and a pencil 
(no laptops at the time) and jotted down an 
outline of the proof, and then went back to 
sleep with a piece of mind. The next morn-
ing, I went back to the notes I had taken in 
the middle of the night. The outline seemed 
correct, and I finalized the proof. This single 
“Eureka moment” kicked off the writing 
and publication of several journal papers 
in Annals of Statistics, International J. 
Control, and Stochastics, and a number 
of conference papers, including CDC. The 
structural result of this “Eureka moment” 
motivated, about 10 years later, an informa-
tion-theoretic solution to encoder–decoder 
design under worst-case channel con-
ditions, which appeared in IEEE Transac-
tions on Information Theory.

My second Eureka moment, in brief, is 
the following: This arose in the study of 
uniqueness or otherwise of Nash equilib-
rium solutions in dynamic games, an is-
sue of pertinent importance in this area, 
as acknowledged by many in multiple 
fields. Thinking about this kept me busy 
for several weeks and months, and one af-
ternoon in the mid-1970s, it dawned on 
me that use of memory strategies would 
be the answer to nonuniqueness, which I 
called informational nonuniqueness, 
and it would also open the path toward 
establishing uniqueness by introducing 
(and requiring insensitivity to) model-
ing uncertainty. This led to a paper that 
appeared in International Journal of 
Game Theory in 1976 (and another one 
for the continuous-time version in SIAM 
Journal of Control in 1977), around the 
time Selten (1994 Nobel Laureate along 
with Nash and Harsanyi) published in 
the same journal his “trembling hand” 

Thinking, Fast and Slow, and Eureka!

Digital Object Identifier 10.1109/MCS.2026.3659227
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approach for finite games, serving a simi-
lar purpose.

SIMONE GARRATI
One of my most meaningful Eureka 
moments came a few years ago while 
working with Marco Campi on gen-
eralizing the results of the scenario 
approach. After many blind alleys and 
failed attempts, we found ourselves facing 
infinite-dimensional generalized moment 
problems whose solution persistently 
eluded us. I remember living with the 
problem and developing an almost visual 
intuition, to the point where I could “see” 
probabilistic mass flowing between con-
straints. Then, quite suddenly, a small but 
crucial shift appeared: The introduction 
of a refined dominance condition imme-
diately revealed to me a dual formulation 
equivalent to one I knew would lead to the 
solution. This moment was deeply excit-
ing and marked the beginning of a theory 
for risk certification that applies to very 
general decision schemes under mini-
mal assumptions. I especially value this 
moment because it was a truly collective 
Eureka moment: Marco and I were work-
ing face to face, with ideas bouncing back 
and forth in a sustained exchange that 
ultimately carried us to the final result.

Another remarkable Eureka moment 
came much earlier in my career, just a 
couple of years after completing my Ph.D. 
I was trying to characterize the distribu-
tion of risk in robust scenario optimiza-
tion problems, guided at the time only by 
a conjecture and a loose intuition based 
on counterfactual calculations in specific 
cases. As often happens, progress required 
living with the problem for a long time: 
Although frustrating, repeatedly going 
down blind alleys unconsciously built the 
familiarity needed to truly understand the 
problem and eventually solve it. That is 

exactly what happened. While reading a 
seemingly unrelated piece in combinato-
rial analysis, a sudden intuition emerged. 
Although the conceptual step was sub-
stantial, I could immediately see the en-
tire path forward, and a beautiful moment 
problem crystallized, yielding the beta 
distribution as the solution. That insight 
marked the beginning of moment-problem 
methods in scenario theory and opened a 
line of research that has gone far, thanks 
also to a long-standing collaboration with 
exceptional coauthors.

JULIAN BERBERICH
I had been searching for the right angle 
to analyze robustness properties of quan-
tum algorithms for months. One day, 
almost by accident, I was attending a 
talk from the quantum community that 
showed a specific block diagram. It sud-
denly became obvious what I needed to 
do: define the correct input–output map 
and analyze its gain. With the right view-
point, the mathematical analysis fell into 
place within hours. This showed me, once 
again, the power of thinking in systems, 
which I see as one of the (if not THE) most 
valuable tools of our community.

SERGIO GRAMMATICO
The Eureka moment for our Transactions 
on Control of Network Systems Best Paper 
Award arrived when we stopped doing 
what everyone (including us) had been 
doing: endlessly refining distributed opti-
mization algorithms to cope with whatever 
information network was given. It felt 
like we were driving cars collaboratively, 
almost perfectly ignoring that the road net-
work might be redesigned! That realization 
flipped the problem on its head. Instead of 
asking “How can algorithms survive lim-
ited information?” we asked, “What if we 
design the information network so the algo-

rithms can thrive?” Once that inversion 
clicked, the entire framework fell into place 
with surprising simplicity; it was the kind 
of moment where the conversations gained 
scientific momentum, and the whiteboard 
suddenly became highly populated with 
formulas. The key ingredients were curi-
osity in questioning the usual background 
assumptions and a novel integration of 
operator theory and consensus theory 
applied to computational game theory and 
optimization

REZA MOHEIMANI
For months, I was trying to understand 
why scanning tunneling microscope (STM) 
tips frequently crashed during imaging and 
lithography. The Eureka moment occurred 
while examining a set of Bode plots obtained 
by my graduate student through closed-loop 
system identification of an STM. I noticed 
that the plots exhibited markedly differ-
ent low-frequency gains, despite the mea-
surements being taken with the same tip 
and sample. I immediately recognized that 
the underlying cause was the local barrier 
height—a quantum mechanical property of 
the tip–surface interaction—that acts as a 
variable component in the gain of the STM 
transfer function. This insight enabled us to 
formulate a control strategy to protect the 
tip, sparked a cascade of subsequent inno-
vations in scanning tunneling microscopy, 
and, inter alia, resulted in the Transition to 
Practice Award.

ROBERT GREGG
After completing my Ph.D. on the con-
trol of dynamic walking robots, I piv-
oted into a postdoc in rehabilitation 
engineering at a time when there was 
growing skepticism for robot-assisted 
rehabilitation, especially from clinicians. 
The first clinical trials on robot-assisted 
stroke gait training were disappoint-
ing; patients could literally fall asleep as 
the robot walked them. While studying 
the results, I thought to myself that the 
problem may not be fundamental to the 
robot, but rather how it is controlled. Ini-
tially, I tried thinking of ways to adapt 
the reference trajectories, such as mak-
ing them time-invariant, but the user 
would still be tied to a predefined pattern 
that may not help them recover motor 

Although frustrating, repeatedly going down 

blind alleys unconsciously built the familiarity 

needed to truly understand the problem and 

eventually solve it.
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function. My Eureka moment was the 
day it occurred to me that the person’s 
voluntary walking gait is analogous to 
a passive dynamic walking gait, which 
can be shaped by external actuators to 
exhibit different dynamics. Instead of 
assigning joint trajectories for the per-
son, we could augment their perceived 
dynamics to make it easier for them to 
practice their walking gait patterns. This 
inspired me to translate my Ph.D. work 
on energy shaping control into trajec-
tory-free controllers for exoskeletons that 
assist the user’s voluntary gait patterns. 
I remember the first time that I experi-
enced modified gravitational dynamics 
through an exoskeleton while remaining 
in full control of my limb movements, 
which convinced me this was the right 
path forward for the field. This ulti-
mately became the topic of my National 
Science Foundation CAREER award, 
led to subsequent National Institutes of 
Health-funded clinical trials, and earned 
me the Transactions on Control Systems 
Technology Outstanding Paper Award.

ANASTASIA BIZYAEVA
I find that my research is frequently 
pushed forward by small Eureka moments, 
usually in the form of making unexpected 
mental connections. Recently, I attended a 
seminar talk on fault detection methods in 
industrial factory automation. It was an 
interesting topic that I had no familiarity 
with a priori. In the middle of the talk, the 
speaker mentioned an idea that reminded 
me a lot of a machine learning problem I 
have been stuck on for months. Follow-
ing that thread, I discovered that the exact 
mathematical problem I have been strug-
gling to understand has been extensively 
studied in the fault detection literature, 
under a set of keywords I never would 
have known to look up had it not been 
for this chance attendance of a seemingly 
unrelated seminar.

MASIH HASELI
In 2019, we showed that a necessary and 
sufficient condition for finding Koopman 
eigenfunctions in a finite-dimensional 
space is to apply extended dynamic mode 
decomposition forward and backward in 
time and compare the eigen decompositions 

of the resulting matrices. Since then, I have 
been interested in extending the result to 
approximations. Finally, in 2022, I found 
some time to work on the problem, which 
led to a tight error bound on all function 
predictions (not just the approximated 
eigenfunctions) in the subspace. There 
was no Eureka moment; it was more of a 
steady progression.

ANU ANNASWAMY
I was chasing the trajectories of a nonlin-
ear dynamic system that I was sure was 
a global property, not a local one. I was 
totally living on the manifold, trying to 
impose all of the properties that I knew to 
be true. I obsessed over this for months. 
And one day, after a nap, I knew exactly 
what was happening with these trajecto-
ries. That led to a proof (one of my best) 
and the George Axelby Award.

JOHN DOYLE
These are interesting stories but com-
pletely different from my comparable rec-
ollections. Maybe it is just that I have a 
poor memory.

Is there anything to be gleaned from 
these (definitely not statistical) sample 
responses? An n = 10, and that too a 
very select 10 set of responses, is by no 
means an encapsulation of the process 
of creativity. With this important caveat, 
I attempt to relate our thought processes 
to the framework described in Daniel 
Kahneman’s Thinking, Fast and Slow, 
particularly the concepts of “System 1” 
and “System 2” modes of thinking.

Kahneman posits in his book [1] 
that our cognitive processes can be 
categorized into a System 1 and a Sys-
tem 2. System 1 corresponds to fast 
thinking, replete with characteristics 
that are quick, effortless, unconscious, 
intuitive, and emotional responses 
that rely on patterns and experience. 

In contrast, System 2 corresponds to 
slow thinking, which is deliberate, slow, 
effortful, conscious, logical, analyti-
cal, and requires focus and attention. 
My hypothesis, certainly not the first, 
as noted in [2] and likely elsewhere, is 
that scientific creativity emerges from 
the interplay between System 1 and 
System 2. System 1 enables rapid con-
nections between disparate concepts 
and the identification of hidden pat-
terns, sparking moments of insight. 
System 2 then provides the structure 
and rigor necessary to develop these 
insights, for the spark to ignite and 
forge an edifice through methodical 
analysis, technical excavations and 
explorations, and judicious integra-
tion of nuanced mathematical tools. I 
suggest that the responses above pro-
vide evidence of this combined ap-
plication resulting in their impactful 
contributions.

Whether or not you agree with my 
hypothesis, I invite you to analyze 
your own thought processes that you 
have engaged in in your research and 
see where you are with respect to such 
thinking, or whether you totally break 
the mold, and have your own unique 
glide path that simply prevents you 
from being pinned in any such box. 
It would be doubly wonderful if you 
are able to share your thoughts. Who 
knows? Your responses themselves 
could form the subject matter for a fu-
ture column!

—Anuradha Annaswamy
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Volume 46, issue 2, corresponds 
to a Special Issue on Extremum 
Seeking. The guest editors 

are Tiago Roux Oliveira, Jorge Ivan 
Poveda, and Martin Guay, assisted 
by the magazine’s Associate Editor 
Alexander Bazanella. The issue pres-
ents the topic through four articles, 
all of which help provide a snapshot 
of this energetic topic. The “From 
the Editor” column [A1], inspired by 
the awards season that typically oc-
curs at the end of each year in vari-
ous spheres, talks about our collec-
tive Aha moments in our research. 
Finally, the President’s column ex-
plores our extensive peer-review en-
terprise [A2].

The “Member Activities” column 
celebrates the role of local chapters 

in the IEEE Control Systems Society 
(CSS), with a focus on the IEEE Italy 
Chapter and the IEEE 
Nanjing Chapter [A3]. 
The two technical 
committees showcased 
in the “Technical Activi-
ties” section of this is-
sue are Healthcare and 
Medical Systems and 
Stochastic Systems and 
Control [A4]. The recent-
ly introduced Diversity, 
Outreach, and Develop-
ment Activities  (DODA) 
spotlights another suc-
cess story stemming 
from a DODA-backed initiative [A5].

The “People in Control” segment 
showcases Dr. Mouhacine Benosman, 
principal research scientist at Ama-
zon Robotics, and Dr. Martin Guay, 
professor at Queen’s University, Can-

ada [A6]. In this issue, we also return 
to a second edition of the “Histories 

in Control” [A7] seg-
ment that we intro-
duced in volume 45, 
issue 3. This segment 
is where we talk to a 
leading researcher 
on a specific topic in 
control systems, who 
provides their per-
spectives and point 
of view of how the 
field evolved, various 
milestones, bottle-
necks, challenges, 
surprises, and overall 

impact. This is meant to be an inter-
view with their musings as the focus 
rather than an objective exposition 
of the field. In this issue, we speak 
with Prof. Miroslav Krstic, who talks 
about the topic of extremum seeking.

Special Issue on Extremum Seeking

Digital Object Identifier 10.1109/MCS.2026.3659228

Date of current version: 26 March 2026
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This issue also covers several 
awards conferred annually to in-
dividuals and teams for technical 
achievements in the various areas 
of interest of the Society, as well as 
awards for service to the Society. In 
addition, we feature an “In Memo-
riam” tribute to Prof. Eva Wu of Bing-
hamton University, recognizing her 
contributions and commemorating 
her passing [A8].

In the “Book Review” segment, Yo-
rie Nakahira presents a book review 
on Data-Driven Methods for Dynamic 
Systems by Jason Bramburger [A9].

Among the regular columns, “25 
Years Ago” revisits the article “Put-
ting energy back in control” authored 
by Ortega et al. [A10]. The “Con-
ference Reports” section provides 
reports on two conferences, the Con-
ference on Control Technology and 
Applications 2025, which is a CSS 
conference, and European Control 
Conference 2025, which is technical-
ly cosponsored by the CSS [A11]. The 
“Conference Calendar” [A12] lists 
upcoming conferences sponsored or 

cosponsored by the CSS. We cover 
CSS business that pertains to the 
minutes and consent agenda of the 
Board of Governors meeting that oc-
curred at the 2025 IEEE Conference 
on Decision and Control in Rio in 
December. Finally, we have a brand 
new comic strip from Brian Douglas, 
which is now a recurring segment, 
put together exclusively for the read-
ers of the magazine! Enjoy!

—Anuradha Annaswamy
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»   P R E S I D E N T ’ S  M E S S A G E

The scale of our peer-review en-
terprise is both impressive and 
sobering. As of December 2025, 

approximately 7,300 papers were sub-
mitted to IEEE Control Systems Soci-
ety (CSS) journals over the preceding 
year. These submissions were handled 
by roughly 60 senior editors (SEs) and 
300 associate editors (AEs) (see Table 1), 
numbers that will need to grow sub-
stantially in 2026. Given IEEE guide-
lines requiring a minimum of three re-
views per paper, this translates to more 
than 22,000 journal reviews completed 
by our community in a single year, just 
for IEEE publications.

One way to interpret this number 
is through the idea of being review-
neutral: for every paper you submit, 
you and your coauthors collectively 
contribute three reviews in return. In 
principle, this represents a fair and sus-
tainable system: each author gives back 
what they expect to receive. In practice, 
however, anyone who has served as an 
AE knows that securing timely, high-
quality reviews (or sometimes, any 
reviews at all) is increasingly difficult. 
We are all busy and seemingly getting 
busier. Still, it is worth emphasizing 
that submitting a paper implicitly car-
ries a professional obligation to review 
the work of others. While CSS does not 
currently enforce this as a norm, sev-
eral other research communities have 
begun moving in that direction. For 
example, major machine learning con-
ferences now require author participa-
tion in the review process. At the 2025 
International Conference on Machine 
Learning, at least one “qualified” au-
thor per submission was required to 

register as a reviewer, with qualifica-
tions defined by having prior publica-
tions in recognized venues; exemptions 
were possible but required justifica-
tion. Similar policies are now in place 
for the Annual Conference on Neural 
Information Processing Systems.

Reviewing demands comparable to 
those of CSS journals exist for CSS con-
ferences as well. For the Conference on 
Decision and Control (CDC), just over 
250 AEs serving on the Conference 
Editorial Board (CEB) oversaw approx-
imately 8,000 reviews for around 2,200 
papers (with some papers handled 
through IEEE Control Systems Letters 
and tutorial papers managed sepa-
rately). For the IEEE Conference on 
Control Technology and Applications, 
about 110 AEs serving on the Techni-
cal Conference Editorial Board (TCEB) 
handled roughly 250 papers in 2025.

Given these demands, a common 
question we receive is how these AEs 
and SEs are selected and whether there 
is a systematic process for joining the 
journal and conference editorial re-
view boards. In brief, the selection pro-

cess is as follows, and a review of every 
nomination for SE and AE is conducted 
at the Spring Executive Committee 
meeting each year (see Figures 1 and 2) 
according to these guidelines:
1)	 SEs are selected from experienced 

AEs (typically those with multiple 
years of service) who have demon-
strated expertise in areas of need 
for the journal.

2)	 Journal AEs (for IEEE Transactions on 
Automatic Control, IEEE Transactions 
on Control Systems Technology, IEEE 
Transactions on Control of Network 
Systems, IEEE Control Systems Letters, 
or IEEE Open Journal of Control Sys-
tems) are generally required to have 
at least three years of service on the 
CEB or TCEB, with strong records 
of responsiveness and attention to 
detail, or comparable service else-
where. AEs are typically assumed 
to be at the associate professor level, 
to have roughly five years of indus-
try experience, or to be at a similar 
career stage within other systems.

3)	 CEB and TCEB members are indi-
viduals who typically are at least 

Peer-to-Peer: Reviewing and Publishing in the IEEE Control Systems Society
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Journal SEs AEs
2024  
Submissions

2025 
Submissions

IEEE Control Systems 0 18 52 39

IEEE Control Systems Letters 13 80 1,463 1,474

IEEE Open Journal of Control 
Systems

2 25 54 107

IEEE Transactions on Automatic 
Control

7 60 2,982 3,384

IEEE Transactions on Control of 
Network Systems

9 40 915 958

IEEE Transactions on Control 
Systems Technology

10 50 1,207 1,486

TABLE 1  Paper submissions and editor numbers for CSS journals. 
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three years past their Ph.D. and are 
nominated as in guideline 4.

4)	 All AE appointments require a refer-
ral or nomination from someone at a 
similar or higher level in the review 
system, and applications should be 
submitted through PaperPlaza.
A crucial point bears repeating: 

all SEs, AEs, and editors-in-chief serve 
entirely as volunteers, donating sub-
stantial time each week to support 
the CSS publication and conference 
ecosystem. The success of this system 
depends fundamentally on their pro-
fessionalism, dedication, and generos-
ity, for which the community should 
be genuinely grateful.

As a final topic, we would like to 
invite discussion on the structure of 
the review process itself: specifically, 
should CSS consider introducing some 
level of blindness in the review process? 
Currently, both AEs and reviewers 
know the authors’ identities, and the 
authors know their assigned AEs but, 
of course, not their reviewers. Possible 
alternatives include delaying disclo-
sure of AE identities until the time of 
publication or adopting a form of dou-
ble-blind review in which reviewers do 
not know the authors’ identities until 
a final decision is reached. Other re-
search communities have implemented 
such approaches with some degree of 
success, although we recognize that 
maintaining anonymity is increasing-
ly challenging in the era of arXiv and 
widespread online preprints.

We welcome your thoughts on 
whether CSS should explore partial 
or full blind review mechanisms, as 
well as any questions or ideas you may 
have regarding review processes, re-
viewer expectations, and the required 
editorial service. Sustaining a fair, effi-
cient, and high-quality review system 
ultimately depends on shared respon-
sibility across our entire community.

Carolyn Beck
CSS President

Andrea Serrani   
CSS VP Publication Activities  

�  

FIGURE 1 CSS editors-in-chief, Conference Editorial Board chairs, and Executive Com-
mittee members gather for the 2025 spring meeting, where SE and AE nominations are 
reviewed.

FIGURE 2 CSS editors-in-chief, CEB chair, and TCEB chair (Miroslav Krstic, Anu Annas-
wamy, Amir Aghdam, Alessandro Astolfi, Ilya Kolmanovsky, Laura Menini, Lacra Pavel, 
and Stefano di Cairano) at the spring meeting.

Andrea Serrani, coauthor and CSS vice-president for publication activities, at the CDC 
2025 Awards Ceremony. 
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Energy is one of the fundamental 
concepts in science and engineering 
practice, where it is common to view 
dynamical systems as energy-trans-
formation devices. This perspective is 
particularly useful in studying com-
plex nonlinear systems by decompos-
ing them into simpler subsystems that, 

upon interconnection, add up their 
energies to determine the full system’s 
behavior. The action of a controller may 
also be understood in energy terms as 
another dynamical system—typically 
implemented in a computer—inter-
connected with the process to modify 
its behavior. The control problem can 
then be recast as finding a dynamical 
system and an interconnection pattern 
such that the overall energy function 
takes the desired form. This “energy-
shaping” approach is the essence of 
passivity-based control (PBC), a con-
troller design technique that is very 
well known in mechanical systems.

Our objectives in this article are 
threefold:

	» First, to call attention to the fact 
that PBC does not rely on some 

particular structural properties 
of mechanical systems, but 
hinges on the more fundamen-
tal (and universal) property of 
energy balancing.

	» Second, to identify the physical 
obstacles that hamper the use of 
“standard” PBC in applications 
other than mechanical systems. 
In particular, we will show that 
“standard” PBC is stymied by the 
presence of unbounded energy 
dissipation, hence it is applicable 
only to systems that are stabiliz-
able with passive controllers.

	» Third, to revisit a PBC theory 
that has been recently devel-
oped to overcome the dissipa-
tion obstacle as well as to make 
the incorporation of process 

Putting Energy Back in Control
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prior knowledge more system-
atic. These two important fea-
tures allow us to design 
energy-based controllers for a 
wide range of physical systems.

INTELLIGENT CONTROL 
PARADIGM
Control design problems have tra-
ditionally been approached from a 
signal-processing viewpoint; that is, 
the plant to be controlled and the con-
troller are viewed as signal-processing 
devices that transform certain input 
signals into outputs. The control objec-
tives are expressed in terms of keeping 
some error signals small and reducing 
the effect of certain disturbance inputs 
on the given regulated outputs, despite 
the presence of some unmodeled 
dynamics. To make the problem math-
ematically tractable, the admissible dis-
turbances and unmodeled dynamics 
are assumed to be norm bounded, and 
consequently, the indicators of perfor-
mance are the size of the gains of the 
operators that map these various sig-
nals. In the case of linear time-invari-
ant systems, this “intelligent control 
paradigm” (paraphrasing Willems [1]) 
has been very successful, essentially 
because disturbances and unmodeled 
dynamics can be discriminated, via 
filtering, using frequency-domain con-
siderations. The problem of reducing 
the gains of nonlinear operators can 
also be expressed in a clear, analyti-
cal way [2]. There are two fundamen-
tal differences, however, with respect 
to the linear time-invariant case: first, 
the solution involves some far from 
obvious computations. Second, and 
perhaps more important, since nonlin-
ear systems “mix” the frequencies, it is 
not clear how to select the most likely 
disturbances, and we have to “crank 
up” the gain to quench the (large set of) 
undesirable signals and meet the spec-
ifications. Injecting high gains in the 
loop, besides being intrinsically con-
servative—hence yielding below-par 
performance—brings along a series of 
well-known undesirable features (e.g., 
noise amplification, actuator wear, and 
high energy consumption).

There are many practical control 
problems where we have available 
structural information about the plant. 
In these cases, it is reasonable to ex-
pect that the conservatism mentioned 
above could be reduced if we could 
incorporate this prior information in 
the controller design. Unfortunately, 
a procedure to systematically carry 
out this objective does not seem to be 
available. (The typical approach is to 
classify the nonlinearities according 
to the role they play in the derivative 
of a Lyapunov function candidate. 
This test has very little to do with the 
physics of the system. It is obviously 
tied up with the particular choice of 
the Lyapunov function, which, stem-
ming from our linear inheritance, is 
systematically taken to be a quadratic 
function in the “errors.”) It is our con-
tention that the inability to incorporate 
prior knowledge is inherent to the sig-
nal-processing viewpoint of the intelli-
gent control paradigm and is therefore 
independent of the particular design 
technique. In the authors’ opinion, this 
situation has stymied communica-
tion between practitioners and control 
theorists, seriously jeopardizing the 
future of modern model-based nonlin-
ear control systems design.

The purpose of this article is to con-
tribute, if modestly, to the reversal of 
this trend by calling attention to the 
importance of incorporating energy 
principles in control. To achieve our 
objective, we propose to abandon the 
intelligent control paradigm and in-
stead adopt the behavioral framework 
proposed by Willems [1]. In Willems’s 
far-reaching interpretation of control, 
we start from a mathematical model 
obtained from first principles, say, a 
set of higher order differential equa-
tions and some algebraic equations. 

Among the vector of time trajectories 
satisfying these equations are compo-
nents that are available for intercon-
nection. The controller design then 
reduces to defining an additional set 
of equations for these interconnection 
variables to impose a desired behavior 
on the controlled system. We are inter-
ested here in the incorporation into this 
paradigm of the essential energy com-
ponent. Therefore, we view dynami-
cal systems (plants and controllers) as 
energy-transformation devices, which 
we interconnect (in a power-preserving 
manner) to achieve the desired behav-
ior. More precisely, we are interested in 
lumped-parameter systems that satisfy 
an energy-balancing principle, where 
the interconnection with the environ-
ment is established through power port 
variables. The power port variables are 
conjugated, and their product has units 
of power, for instance, currents and 
voltages in electrical circuits or forces 
and velocities in mechanical systems. 
This is the scenario that arises from any 
form of physical network modeling.

Our first control objective is to 
regulate the static behavior (i.e., the 
equilibria), which is determined by 
the shape of the energy function. 
It is therefore natural to recast our 
control problem in terms of find-
ing a dynamical system and an in-
terconnection pattern such that the 
overall energy function takes the 
desired form. There are at least two 
important advantages of adopting 
such an “energy-shaping” perspec-
tive of control:
1)	 The energy function determines not 

just the static behavior, but also, via 
the energy transfer between sub-
systems, its transient behavior. Fo-
cusing our attention on the system 
energy, we can then aim, not just 

Our first control objective is to regulate the static 

behavior (i.e., the equilibria), which is determined 

by the shape of the energy function.
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at stabilization, but also at perfor-
mance objectives that can, in prin-
ciple, be expressed in terms of “opti-
mal” energy transfer. Performance, 
not stability, is, of course, the main 
concern in applications.

2)	 Practitioners are familiar with en-
ergy concepts, which can serve as 
a lingua franca to facilitate commu-
nication with control theorists, in-
corporating prior knowledge and 
providing physical interpretations 
of the control action.

BACKGROUND
The idea of energy shaping has its 
roots in the work of Takegaki and Ari-
moto [3] in robot manipulator control, 
a field in which it is well known and 
highly successful. Simultaneously and 
independently of [3], the utilization of 
these ideas for a large class of Euler-
Lagrange systems was suggested in 
[4]. (See also Slotine’s innovative paper 
[5] and the related view on the con-
trol of physical systems by Hogan [6].) 
Using the fundamental notion of pas-
sivity, the principle was later formal-
ized in [7], where the term PBC was 
coined to define a controller design 
methodology whose aim is to render 
the closed-loop system passive with 
a given storage function. The impor-
tance of linking passivity to energy 
shaping can hardly be overestimated. 
On the one hand, viewing the control 
action in terms of interconnections of 
passive systems provides an energy-
balancing interpretation of the stabi-
lization mechanism. More precisely, 
we have defined in [8] a class of sys-
tems (which includes mechanical 
systems) such that the application of 
PBC yields a closed-loop energy that 
is equal to the difference between the 
stored and the supplied energies. This 
special class of PBC energy is called 
energy-balancing PBC. On the other 
hand, showing that the approach does 
not rely on some particular structural 
properties of mechanical systems, 
but hinges instead on the more fun-
damental (and universal) property of 
passivity, it can be extended to cover a 
wide range of applications.

In carrying out this extension, two 
approaches have been pursued:

	» The first approach is similar to 
classical Lyapunov-based design, 
where we first select the storage 
function to be assigned and then 
design the controller that ensures 
this objective. Extensive applica-
tions of this line of research may 
be found in [9] (see also [10]-[15]) 
and are not reviewed here. (It 
should be noted that in this 
approach, the desired storage 
function—typically quadratic in 
the increments—does not qual-
ify as an energy function in any 
meaningful physical sense. Actu-
ally, it has been shown that the 
stabilization mechanism is akin 
to system inversion instead of 
energy shaping [9], hence a stable 
invertibility assumption is usu-
ally required).

	» The second, newer approach 
stems from the energy-balancing 
view of mechanical systems dis-
cussed above. The closed-loop 
storage function—which is now 
a bona fide energy function—is 
not postulated a priori, but is 
instead obtained as a result of 
our choice of desired subsystems 
interconnections and damping. 
This idea was first advanced for 
stability analysis in [16]; the 
extension for controller design 
was then reported in [17] and [8]; 
since then many successful 
applications, including mass-
balance systems [18], electrical 
machines [19], power systems 
[20], magnetic levitation systems 
[21], and power converters [22], 
have been reported.

The aim of this article is to provide 
a new energy-balancing perspective 
of PBC that embraces and unifies its 
classical and modern versions. To en-
hance readability and widen our tar-
get audience, we strip away as much 
as possible the mathematical details 
and concentrate instead on the basic 
underlying principles and limita-
tions. To underscore the fact that the 
principles are universal, we pres-

ent them in a very general circuit-
theoretic framework, without any 
additional mathematical structure 
attached to the system models. Par-
ticular emphasis is given to exhibit-
ing the physical interpretation of the 
concepts, for instance, the central role 
played by dissipation. Toward this 
end, we illustrate our main points 
with simple physical examples.

The remainder of the article is orga-
nized as follows. First, we review the 
basic notions of passivity and stabili-
zation via energy shaping. Next, we 
define the concept of energy-balancing 
PBC and prove that this principle is ap-
plicable to all mechanical systems. Lat-
er we show that systems which extract 
an infinite amount of energy from 
the controller (i.e., systems with un-
bounded dissipation) cannot be stabi-
lized with energy-balancing PBCs. To 
characterize the class of systems that 
are stabilizable with energy-balancing 
PBCs and eventually extend PBC to 
systems with unbounded dissipation, 
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we propose to adopt Willems’s “con-
trol-as-inter-connection” viewpoint, 
a perspective that naturally provides 
a geometric interpretation to the no-
tion of energy shaping. Then, after 
identifying a class of “admissible dis-
sipations,” we view the control action 
as the interconnection of the system 
with a passive controller. To stabilize 
systems with unbounded dissipa-
tions, we propose to model the action 
of the control as a state-modulated 
power-preserving interconnection 
of the plant with an infinite energy 
source system. These developments, 
which lead to the definition of a new 
class of PBCs called interconnection 
and damping assignment PBC, are 
presented for the so-called port-con-
trolled Hamiltonian systems. Finally, 
we detail the application of intercon-
nection and damping assignment PBC 
to a physical example, and then we 
present some concluding remarks.

CONCLUDING REMARKS
We have given a tutorial presentation 
of a control design approach for physi-
cal systems based on energy consider-
ations that has been developed by the 
authors of the present article, as well 
as by some other researchers cited in 
the references, in the last few years. 
The main premise of this approach 
is that the fundamental concept of 
energy is lost in the signal process-
ing perspective of most modern con-
trol techniques; hence, we present an 
alternative viewpoint that focuses on 
interconnection. The choice of a suit-
able description of the system is essen-
tial for this research; thus, we have 
adopted port-controlled Hamiltonian 
models that provide a classification of 
the variables and the equations into 
those associated with phenomenologi-
cal properties and those defining the 
interconnection structure related to 
the exchanges of energy.

There are many possible extensions 
and refinements to the theory we have 
presented in this article. 

Central among the various open is-
sues that need to be clarified, one finds, 
of course, the solvability of the PDE. 
Although we have shown that the add-
ed degrees of freedom can help us in its 
solution, it would be desirable to have 
a better understanding of their effect, 
which would lead to a more systematic 
procedure in their design. For general 
port-controlled Hamiltonian systems, 
this is, we believe, a far-reaching prob-
lem. Hence, we might want to study it 
first for specific classes of physically 
motivated systems.

Solving new problems is, of course, 
the final test for the usefulness of a 
new theory. Our list of references is a 
testament to the breadth of application 
of our approach; hence, we tend to be-
lieve that this aspect has been amply 
covered by our work.�
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IEEE has launched an annual event 
series, the IEEE Technology Summit. 
Different topics will be featured each 
year. The 2025 inaugural event, held in 
Glasgow from 2 to 3 October, focused 
on climate change and clean tech inno-
vation (https://techsummit.ieee.org/
cleantech-2025/; Figure 1). The Tech 
Summit attracted about 200 attendees. 
Participation was global, but Scotland 
and the United Kingdom were particu-
larly well represented. IEEE leadership, 
including the president, past president, 
and president-elect, were present. Sev-
eral IEEE societies were cosponsors/
partners: Aerospace and Electronic 
Systems, Computer, Geophysical and 
Remote Sensing, Industry Applica-
tions, Product Safety Engineering, and 
Vehicular Technology.

The IEEE Control Systems So-
ciety (CSS) participated in a panel 
titled “Climate Change Mitigation, 

Adaptation, and Resilience—Control 
Systems as a Critical Enabler.” The 
panel was organized by Tariq Samad 
(University of Minnesota, USA) and 
Pramod Khargonekar (University of 
California, Irvine, USA); participants 
also included Peter Fogh Odgaard 
(Goldwind Energy, Denmark), Lucy 

Pao (University of Colorado, Boulder, 
USA), and Jakob Stoustrup (Aalborg 
University, Denmark).

Climate, of course, is a complex 
dynamical system, and if we are to 
address the adverse impacts resulting 
from climate change, control princi-
ples will need to be applied to myriad 

Member Activities

This column features a contribution from Tariq Samad, Pramod 

Khargonekar, Peter Fogh Odgaard, Lucy Pao, and Jakob 

Stoustrup describing their participation in the recent IEEE Clean-

Tech Summit held in October 2025 in Glasgow. Tariq, Pramod, 

Peter, Lucy, and Jakob represented the IEEE Control Systems 

Society (CSS) at the Summit as panelists addressing the role of 

controls in mitigating and adapting to climate change. Tariq and 

Pramod organized the panel; the discussions and presentations 

by the panel members were based in part on a previous article in 

Control Systems Magazine (volume 44, issue 3), for which most 

of the panel participants were coauthors. Many thanks to Tariq, 

Pramod, and all of the panel members for providing an excellent 

representation of control technologies and CSS at the Summit.

—Necmiye Ozay   

(Vice President Member Activities)
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FIGURE 1 The Glasgow Science Center, the venue for the opening reception (with a bag-
piper silhouetted against the display).
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facets of this problem: mitigation (re-
ducing greenhouse gas emissions), ad-
aptation (making changes to deal with 
the effects of a warming planet), and 
resilience (planning and responding to 
floods, heatwaves, wildfires, etc.). Not 
only do we need to encourage control 
engineers and scientists to focus on the 
topic, but the broader science and tech-
nology community and policymakers 
need to better appreciate the relevance 
of control systems to deal with these 
challenges. The panel session was tar-
geted to the IEEE technology leaders, 
and we were pleased with the level of 
interest and the significant engage-
ment from our audience.

The topic was recently addressed 
at some length in an article in Con-
trol Systems magazine [1] (an out-
come of the IEEE CSS Roadmap 
2030 report [2]), which the majority 
of the panel participants helped co-
author (Figure 2). To help promote 
the message, the CSS offered this ar-
ticle free of charge from Xplore for 
October 2025.

The program included plenary 
sessions (several of which highlight-
ed sponsoring societies) and breakout 
sessions. Our session was included 
in one of the latter (Figure 3). (We 
would be happy to share our slides 
on request.)

The agenda for our session was:
	» Tariq Samad offered motivating 
remarks on climate change as a 
control systems application, stat-
ing that control science and engi-
neering provides a rigorous 
approach for managing complex 
dynamical systems. He also 
highlighted [1] and showed the 
14 “targets of opportunity” 
detailed therein.

	» Pramod Khargonekar presented 
several clean tech solutions lever-
aging control systems technology. 
He also discussed broader themes; 
for example, the need for cross-
cutting transformations across 
power, energy, social, economic, 
and Earth systems.

	» Jakob Stoustrup reviewed the 
Danish Climate Act, targeting a 
climate-neutral society by 2050 at 
the latest. Aalborg University is a 
leading part of that effort, taking a 
mission-oriented approach based 
on a broad national partnership. 
The approach features, in part, a 
new control architecture for a new 
energy system.

	» Lucy Pao focused on floating off-
shore wind turbines and farms. 
Globally, the majority of offshore 
wind resources are in deeper 
waters, where floating support 
structures are likely to be 
needed. The challenge is eco-
nomic, and controls is a key 
enabler for driving down the cost 
of floating wind energy.

	» Peter Fogh Odgaard gave an 
industrial perspective from the 
wind turbine sector. He noted a 
number of areas where control 
has, or could have, a business 
impact, such as integrating 
multiobjective optimization, 
balancing design criteria and 
business cases, and implement-
ing site-specific adaptive and 
learning control schemes.

The panel session generated many 
questions from the audience, more 
than we had time to handle. It also 
led to an invitation for Khargonekar 
to give a presentation, scheduled for 

FIGURE 2 Article in IEEE Control Systems Magazine, June 2024, that was highlighted in 
the CSS panel. The article was made open access for the month of October 2025 [1].
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December 2025, jointly with Samad 
at the IEEE Online Forum on Climate 
Change Technologies, which attracts 
an audience of 500 people.

Overall, the summit sessions covered 
a broad spectrum of technologies to ad-
dress climate change. Policy, market, and 
geopolitical considerations were also dis-
cussed. Below are a few highlights that 
should interest CSS members. For more 
on these and other topics covered, check 
out the program on the website.

	» Wind energy was especially 
prominent. Scotland has one of 
the highest potentials worldwide 
for offshore wind generation (as 
also noted in the control session). 
We also heard that Glasgow has 
more people working in clean 
energy than any other city in the 
United Kingdom. Glasgow, inci-
dentally, is where James Watt 
invented his steam engine and 
adapted a centrifugal governor 
for feedback control.

	» Of course, artificial intelligence 
was featured in many sessions. 
One was titled, “The Double-

Edged Sword of Artificial Intel-
ligence in Climate Solutions.” 
The proliferation of data centers 
was also discussed, and we 
heard that 25% of Ireland’s elec-
tricity consumption is now for 
data centers. In our session, we 
also noted that managing data 
centers is a significant opportu-
nity for control technologies.

	» The greenhouse gas impact of 
commercial aviation was dis-
cussed in a talk on “Envisioning 
Near-Zero Air Travel.” A factoid 
from this presentation: 25%–50% 
of global warming impact from 
aviation is from contrails, not fuel 
burn. A couple of us discussed 
issues related to sensing and con-
trol with the speaker (Dr. Florian 
Allroggen, Massachusetts Insti-
tute of Technology).

	» Nuclear energy had a brief men-
tion. Siemens is working with 
Rolls-Royce to develop a control 
system for small modular reac-
tors. There is also research 
underway on even smaller-scale 

nuclear generators: micro mod-
ular reactors.

	» Another session featured a deep 
discussion of the increasing 
energy efficiency of semicon-
ductor and related technologies.

The summit also included an en-
trepreneurial pitch competition, with 
selected participants from around the 
world presenting their innovations re-
lated to climate change in two tracks: 
“Ideation” and “Startup.” Topics in-
cluded water-quality sensing (Agri-
NOVA Tech, Malaysia), transforming 
agricultural waste into building mate-
rials (Agreka Build, U.K.), atmospheric 
water extraction (Uravu Labs, India), 
nutrient mining from food waste (Bil-
lionCarbon, India), and transforming 
agricultural waste into high-value 
chemicals (P-Vita, Egypt).

Next year’s IEEE Tech Summit is 
still in the planning stages; it will likely 
be held in Europe, with artificial intelli-
gence and ethics as a theme. This is an-
other topic with synergies with control, 
and we encourage CSS participation.
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»   T E C H N I C A L  A C T I V I T I E S

The Technical Committee on Health-
care and Medical Systems (TC-
HMS) of the IEEE Control Sys-

tems Society (CSS) brings together 
researchers working at the intersection 
of control, cyberphysical systems, and 
medicine. Our portfolio spans acute 
and chronic care, from anesthesia and 
critical-care drug delivery to diabetes 
and artificial pancreas systems, neu-
rotechnology and epilepsy, stroke 
rehabilitation and assistive devices, 
oncology, and data-driven clinical 
decision support. In last year’s IEEE 
Control Systems Magazine column, 
we framed this work in terms of the 
broader cyberphysical systems and 
health-care “roadmaps,” highlighting 
how control can help deliver safe, eq-
uitable, and trustworthy automation 
in health and medicine.

Since then, a new wave of artifi-
cial intelligence (AI)-in-health “me-
ta-roadmaps” has appeared and is 
already shaping how TC-HMS thinks 
about its mission. The National Acad-
emy of Medicine’s special publica-
tion An Artificial Intelligence Code of 
Conduct for Health and Medicine: Es-
sential Guidance for Aligned Action [1] 
proposes a unifying AI Code of Con-
duct (AICC) framework and a set of 
“Code Commitments” (for example, to 
advance humanity, ensure equity, en-
gage impacted communities, improve 
workforce well-being, monitor perfor-
mance, and foster continuous learn-
ing). These commitments are intended 
as simple, interoperable rules for de-
velopers, health systems, and payers 
that reduce the current fragmentation 
of AI guidance across institutions and 

jurisdictions and promote aligned 
governance across the AI lifecycle.

Complementing this, Canada’s Drug 
Agency 2025 Watch List: Artificial 
Intelligence in Health Care [2] takes 
a horizon-scan view: It identifies the 
top five emerging AI technologies in 
health care—such as AI for notetak-
ing, clinical training, disease detection 
and diagnosis, treatment optimiza-
tion, and remote monitoring—along-
side the top five issues, including 
privacy and data security, liability and 
accountability, data quality and bias, 
data sovereignty and governance, and 
environmental costs. Together with 
the AICC, this Watch List identifies 
where AI is most likely to enter clini-
cal workflows in the near term and 
the oversight, data infrastructure, and 
workforce capacity needed to deploy 
these tools responsibly.

On the engineering side, the Na-
tional Academies’ report Machine 
Learning for Safety-Critical Applications: 
Opportunities, Challenges, and a Research 
Agenda [3] outlines a research program 
to integrate machine learning (ML) 
into systems where failure is unac-
ceptable, explicitly including domains, 
such as autonomous medical devices, 
robotic surgery, and high-risk decision 
support. It highlights open problems 
in verification, testing, monitoring, 
and assurance for ML-enabled compo-
nents embedded in safety-critical con-
trol loops. In parallel, the President’s 
Council of Advisors on Science and 
Technology report, Strategy for Cyber-
Physical Resilience: Fortifying Our Criti-
cal Infrastructure for a Digital World [4], 
emphasizes the system-level resilience 
of cyberphysical infrastructures, with 
clear implications for health-care de-
livery networks.

Taken together, these documents 
create a coherent policy and research 
landscape: The AICC and Watch List 
articulate what responsible AI in 
health should look like and where it is 
likely to be deployed, while the safe-
ty-critical ML and cyberphysical re-
silience reports sketch how we might 
engineer and assure such systems in 
practice. TC-HMS naturally sits at this 
intersection of AI, control, and safety. 
Our current and planned activities—
ranging from conference initiatives to 
cross-TC collaborations—can be read 
as attempts to operationalize these 
external “roadmaps,” bringing con-
trol-theoretic modeling, analysis, and 
closed-loop design to bear on concrete 
health and medical applications.

In 2025, the committee’s activities 
were guided by the theme of “closing 
the loop to the clinic.” On the scien-
tific side, this included organizing an 
International Federation of Automatic 
Control (IFAC) workshop on diabetes 
technology and automated insulin-
delivery systems and coleading a ma-
jor joint set of invited sessions at the 
American Control Conference (ACC) fo-
cused on AI- and control-enabled health 
care. On the community side, TC-HMS 
helped launch a new joint student paper 
award with the CSS Technical Commit-
tee on Systems Biology and Biological 
Systems (TC-SBB) and experimented 
with lightweight outreach formats, such 
as a short “Meet & Greet” video series 
profiling members’ work.

The mailing list currently includes 
64 active members, with four identi-
fied student members and approxi-
mately 11% women (7/64). While this 
represents a vibrant and diverse com-
munity in terms of geography and re-
search topics, increasing participation 
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from women and other historically 
underrepresented groups remains a 
clear priority. To that end, the TC aims 
to use its invited activities, awards, 
and communication channels to im-
prove visibility and foster a more in-
clusive pipeline of young researchers.

ACTIVITIES

Workshops and Conferences
A key highlight of 2025 was the first 
IFAC Workshop on Engineering Dia-
betes Technology (EDT’25), held in 
Valencia, Spain, on 8–9 May 2025. The 
workshop focused on engineering and 
control for diabetes management, with 
topics such as automated insulin-deliv-
ery algorithms, physiological modeling, 
multiday therapy design, adjuvant ther-
apies, patient education, and embedded 
computation for closed-loop systems. 
In addition to its technical program, the 
event included young-author and inno-
vation-oriented recognition awards 
to encourage early-career research-
ers working at the interface of control, 
devices, and clinical translation.

TC-HMS also co-organized a ma-
jor cross-society initiative at the ACC 
2025, held in Denver, CO, on 8–10 July 
2025. Under the banner of Ameri-
can Society of Mechanical Engineers 
(ASME)–IEEE Joint Invited Sessions 
on Healthcare and Medical Systems, 
these sessions were jointly coordi-
nated by the ASME Dynamic Systems 
and Control Division Bio-Systems and 
Healthcare Technical Committee, the 
IEEE CSS Technical Committee on 
Process Control, and IEEE CSS TC-
HMS. The program spanned model-
ing, analysis, estimation, and control 
for biomedical systems, and high-
lighted contributions on AI and ML 
for health, brain–computer and neu-
ral control interfaces, medical devices 
and wearables, emergency-response 
systems, and individualized and 
personalized treatments. This col-
laboration strengthened ties between 
communities that traditionally meet 
under different umbrellas and pro-
vided a broad, systems-level view of 
health-care engineering.

TC Meetings
TC-HMS continues to hold its main 
in-person meeting in December, co-
located with the IEEE Conference on 
Decision and Control (CDC). The most 
recent meeting took place at CDC 
2025 in Rio de Janeiro, Brazil (9–12 
December 2025), with a focus on AI 
governance, safety-critical ML, and 
clinical translation. Building on the 
strong applications focus of the com-
mittee, we are also planning a dedi-
cated TC-HMS meeting at the IEEE 
Conference on Control Technology 
and Applications (CCTA 2026) in Van-
couver, Canada (12–14 August 2026), 
which has become one of the best ven-
ues for showcasing work that moves 
control and AI methods from theory 
into practice in health-care and medi-
cal systems.

Other Activities and Outreach
To improve internal visibility and make 
it easier for members to discover poten-
tial collaborators, TC-HMS launched a 
“Meet & Greet” video series in Febru-
ary 2025. Each short episode combines 
a brief interview with a 3- to 4-min 
self-introduction and an accessible 
summary of the featured member’s 
research vision. The first seven install-
ments highlighted:

	» Erfan Nozari (Episode #1, 
19 February 2025)

	» Emily (Reed) Pereira (Episode #2, 
19 February 2025)

	» Alexander Medvedev (Episode #3, 
17 March 2025)

	» Yuzhen Qin (Episode #4, 1 April 
2025)

	» Marzia Cescon (Episode #5, 
29 April 2025)

	» Clara Mihaela Ionescu (Episode 
#6, 23 May 2025)

	» Corentin Briat (Episode #7, 
6 July 2025).

The series is distributed via TC-HMS 
channels (including LinkedIn), with the 
dual goal of making the committee more 
welcoming to newcomers and highlight-
ing the breadth of research being carried 
out by its members.

MEMBERS’ RECOGNITIONS
TC-HMS members received a number 
of distinctions in 2025, reflecting their 
leadership in research, teaching, and 
service across both control and bio-
medical engineering:

	» Naira Hovakimyan (University 
of  Illinois Urbana-Champaign) 
received the Grainger College of 
Engineering Award for Excellence 
in Graduate Student Mentoring 
for 2025, recognizing her sus-
tained contributions to training 
the next generation of researchers.

	» Warren Dixon (University of Flor-
ida) was appointed Interim Dean 
of the Herbert Wertheim College 
of Engineering in July 2025, 
underscoring both his scientific 
standing and his leadership 
within the broader engineering 
community.

	» Elisa Franco (University of Cali-
fornia, Los Angeles) received 
the Mechanical and Aerospace 
Engineering Faculty Teaching 
Award in 2025 and served as a 
plenary speaker at ACC 2025, 
highlighting her impact in both 
research and education at the 
interface of control, synthetic 
biology, and molecular systems.

	» Juergen Hahn (Rensselaer Poly-
technic Institute) was elected 
Fellow of the Asia-Pacific Artifi-
cial Intelligence Association and 

Since then, a new wave of artificial intelligence 

(AI)-in-health “meta-roadmaps” has appeared 

and is already shaping how TC-HMS thinks about 

its mission.
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named a Member of the Euro-
pean Academy of Sciences and 
Arts in 2025, recognizing his 
pioneering work in data-driven 
modeling and analysis for bio-
medical applications.

	» Alexander Medvedev (Uppsala 
University) was awarded a Swed-
ish Research Council project 
grant (2025–2027) for the project 
“Pulse-Modulated Feedback 
Control of Nonlinear Infinite-
Dimensional Positive Systems,” 
supporting fundamental research 
with potential implications for 
advanced therapeutic and moni-
toring technologies.

	» Robert D. Gregg (University of 
Michigan) delivered a keynote 
lecture at the International Con-
ference on Robotics and Auto-
mation 2025, ref lect ing his 
international leadership in the 
development of control and 
robotics methods for rehabilita-
tion and assistive devices.

In addition to these individual hon-
ors, TC-HMS and the TC-SBB jointly 
established the IEEE CSS TC-HMS & 
TC-SBB Outstanding Student Paper 
Award 2025. The inaugural award 
was presented to Fabian Flürenbrock 
for the paper “Model-Based Estima-
tion of Ventricular Cerebrospinal Flu-
id Volume,” coauthored with Simon 
Muntwiler, Leonie Korn, Marianne 
Schmid Daners, and Melanie N. Zeil-
inger. Nominated by Prof. Zeilinger, 
the paper was selected by a jury com-
posed of Sérgio Pequito (chair), Juer-
gen Hahn, Elisa Franco, Alexander 
Medvedev, and Meriem Laleg. The 
committee’s decision highlighted the 
work’s scientific merit, methodologi-
cal rigor, and clear relevance to health-
care and medical systems.

Together, these recognitions il-
lustrate the depth and breadth of the 

TC-HMS community—ranging from 
foundational control theory to transla-
tional work in clinical and industrial 
settings—and reinforce the commit-
tee’s mission to advance healthcare 
through control-inspired thinking 
and technology.

MEMBERS’ PROJECT  
HIGHLIGHTS
Every year, TC-HMS showcases a 
small set of flagship projects that 
capture the breadth of research con-
ducted by our members at the inter-
face of control, AI, and medicine. This 
year’s “Members’ Project Highlights” 
section focuses on three complemen-
tary stories along the patient journey: 
from safe, intelligent drug delivery in 
the operating room, through lifestyle-
based prevention of type 2 diabetes, 
to model-based monitoring and treat-
ment of hydrocephalus. Together, they 
illustrate how principled modeling, 
control, and data-driven methods can 
be turned into clinically meaningful 
tools in high-stakes settings.

The three vignettes that follow were 
chosen deliberately to span scales and 
modalities. Clara Mihaela Ionescu’s Eu-
ropean Research Council Consolidator 
project AMICAS (Adaptive Multi-drug 
Infusion Control System for General 
Anesthesia in Major Surgery) tackles 
the real-time coordination of multiple 
anesthetic drugs during major surgery; 
Alessandro Borri and collaborators de-
velop a multitimescale model that links 
physical activity, inflammation, and 
long-term diabetes progression; and 
the 2025 TC-HMS & TC-SBB Outstand-
ing Student Paper Award recognizes a 
model-based estimator for ventricular 
cerebrospinal fluid (CSF) volume, a 
key building block for “smart” shunt 
systems in hydrocephalus care. Each 
highlight is written by the team behind 
the work and is introduced below.

Adaptive Multidrug Infusion Control 
for General Anesthesia
Modern anesthesia is, in practice, 
a demanding multivariable control 
problem. During major surgery, anes-
thesiologists must simultaneously 
regulate unconsciousness, analge-
sia, and hemodynamics in patients 
whose responses are highly individ-
ual and time-varying. Clara Mihaela 
Ionescu’s European Research Council 
Consolidator project AMICAS tack-
les this challenge by bringing adap-
tive, feasibility-aware control into the 
operating room [5]. Instead of relying 
solely on fixed population models 
and expert intuition, AMICAS uses 
closed-loop algorithms that adapt 
drug infusion rates in real time to 
each patient’s physiological response, 
explicitly accounting for variabil-
ity in drug sensitivity, metabolism, 
comorbidities, and surgical stress. 
A conceptual overview of this com-
puter-guided control framework is 
shown in Figure 1.

The AMICAS architecture com-
bines multivariable patient models, 
online parameter adaptation, and con-
strained optimal control to individu-
alize anesthesia while guaranteeing 
safety and robustness under uncer-
tainty. A virtual-patient simulation 
platform supports large-scale in silico 
testing and personalization prior to 
clinical deployment, enabling exhaus-
tive exploration of drug combinations, 
disturbance scenarios, and controller 
tuning that would not be feasible at 
the bedside. The long-term vision is a 
“shared-control” paradigm in which 
the anesthesiologist supervises and 
overrides a decision-support system 
that handles much of the low-level, 
continuous control.

Beyond improving performance 
in well-resourced centers, AMICAS 
is motivated by global disparities 
in access to anesthesia expertise. By 
embedding advanced feedback and 
predictive control into intelligent sup-
port tools, the project aims to narrow 
gaps in training and experience across 
health systems and geographies, offer-
ing consistent, data-driven assistance 

TC-HMS naturally sits at this intersection of AI, 

control, and safety.
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to clinicians regardless of local re-
sources. This vision extends to relat-
ed work in Clara Ionescu’s group on 
objective, wearable pain monitoring, 
which seeks to move from episodic, 
subjective pain scores to continuous, 
sensor-based indices using smart-tex-
tile technologies. This evolution from 
discrete, self-reported assessments 
to unobtrusive, continuous track-
ing of pain dynamics is illustrated in 
Figure 2. Together, these efforts show 
how control, modeling, and sensing 
can turn anesthesia and pain manage-
ment into transparent, quantifiable, 
and ultimately more equitable compo-
nents of modern health care.

Turning Physical Activity Into 
a Long-Term Control Input for 
Diabetes Prevention
Type 2 diabetes is often framed as an 
almost unavoidable progression from 
impaired glucose regulation to overt 
disease, yet decades of clinical evidence 
show that lifestyle—particularly physi-
cal activity—can substantially delay 
or even prevent onset. What has been 
missing is a quantitative framework 
that links realistic activity patterns to 
long-term glucose regulation in a form 
usable for control design. In their IEEE 
Control Systems Letters article “The Long-
Term Effects of Physical Activity on 
Blood Glucose Regulation: A Model to 
Unravel Diabetes Progression”—which 
received the 2024 IEEE CSS TC-HMS 
Outstanding Student Paper Award 
[6]—Alessandro Borri and collaborators 
develop a multitimescale model where 
short-term exercise bouts interact with 
slow metabolic changes over years via 
antiinflammatory mediators, such as 
interleukin-6 (IL-6). This model cap-
tures how repeated physical-activity 
“pulses” can reshape b-cell function 
and insulin sensitivity over the long 
term, offering a mechanistic explana-
tion for why regular exercise can mean-
ingfully delay the onset of diabetes.

In their more recent work “Long-
Term Diabetes Prevention via Physical 
Activity: An Output-Feedback MPC 
Approach” [7], the team takes a de-
cisive step from modeling to control 
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by treating physical activity itself as 
a long-term control input. Using the 
multitimescale physiological model as a 
prediction engine, they design output-
feedback model predictive controllers 
(MPC) that recommend weekly ac-
tivity targets—expressed in terms of 
frequency, duration, and intensity of ex-
ercise sessions—tailored to an individ-
ual’s metabolic state and history. Rather 
than searching for a single “optimal” 
schedule, the framework explicitly ac-
commodates interindividual variability 
and day-to-day fluctuations in adher-
ence, working within guideline-com-
patible ranges of physical activity. The 
controller observes a clinically acces-
sible output, for example, fasting glu-
cose, updates internal state estimates, 
and proposes feasible activity plans to 
keep an individual in a normoglycemic 
regimen over a multiyear horizon. A 
schematic of the resulting closed-loop 
architecture, from physical activity to 
IL-6 dynamics and long-term glucose 
regulation, is shown in Figure 3.

Large-scale in silico experiments 
on virtual prediabetic populations 
suggest that this closed-loop, lifestyle-
based strategy can substantially re-
duce the fraction of individuals who 
progress to diabetes under realistic 
activity regimens. An example simu-
lation for an “average” virtual pa-
tient under the proposed controllers 
is depicted in Figure 4: Figure 4(a) 
shows glycemia trajectories under free 
evolution, a baseline World Health 
Organization (WHO)-inspired recom-
mendation, and the MPC state- and 
output-feedback strategies, while 
Figure 4(b) displays the correspond-
ing prescribed exercise (minutes per 
week) for the two MPC controllers. 
Beyond the specific numerical re-
sults, the concept is powerful: Physi-
cal activity is no longer just a generic 
“do more exercise” recommendation 
but becomes a dosage-controllable 
therapy, governed by the same pre-
dictive, feedback-oriented principles 
that underlie modern drug-delivery 
and process-control systems. Borri 
and colleagues envision such control-
lers as the algorithmic core of future 
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FIGURE 3 Conceptual feedback loop for lifestyle-based diabetes prevention. Physical 
activity serves as a control input that triggers IL-6 release and other exercise-induced 
mechanisms, which in turn influence b-cell function, insulin sensitivity, and long-term 
glucose regulation. The multitimescale model links short-term exercise sessions to slow 
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decision-support tools and digital 
companions that help clinicians and 
patients codesign sustainable, person-
alized physical-activity prescriptions 
for long-term diabetes prevention.

Model-Based Estimation of 
Ventricular CSF Volume for Smart 
Hydrocephalus Shunts
The 2025 IEEE CSS TC-HMS & TC-
SBB Outstanding Student Paper 
Award was given to “Model-based 
Estimation of Ventricular Cerebrospi-
nal Fluid Volume” by Fabian Flüren-
brock, Simon Muntwiler, Leonie 
Korn, Marianne Schmid Daners, and 
Melanie N. Zeilinger [8]. Hydrocepha-
lus is a medical condition character-
ized by disturbed CSF dynamics and 
an excessive accumulation of CSF in 
the brain’s ventricles. Without appro-
priate therapy, such as a shunt system 
that drains excessive CSF from the 
ventricles to another body compart-
ment like the abdomen, patients suf-
fer from alterations in intracranial 
pressure that can lead to severe neu-
rological and physical impairments 
[9]. While assessing ventricular CSF 
volume is key to diagnosing and mon-
itoring hydrocephalus, current clini-
cal practice relies on medical imaging 
technologies, such as magnetic reso-
nance imaging and computed tomog-
raphy to obtain this assessment.

To improve continuous monitoring 
for hydrocephalus patients, research-
ers from the Intelligent Control Sys-
tems Group at ETH Zurich developed 
a model-based estimator for real-time 
estimation of ventricular CSF volume 
[8]. In contrast to other approaches, the 
presented estimator enables patient-
specific calibration and sensor fu-
sion across measurement modalities, 
including intracranial pressure, CSF 
flowthrough a shunt system, and in-
traventricular bioimpedance.

A comprehensive three-step pipe-
line is used to derive the model-based 
CSF volume estimator. 1) Optimal ex-
periment design: A medical intervention 
is designed that maximizes the infor-
mation about a patient’s CSF dynam-
ics while maintaining safety. 2) System 

identification: The unknown parameters 
of a state-space model describing the 
patient’s CSF dynamics are identified 
using maximum likelihood estimation, 
utilizing expectation-maximization and 
nonlinear programming. 3) State estima-
tion: A Kalman filter is designed that 
combines the identified patient model 
with multimodal measurement data for 
real time estimation of the CSF volume.

The proposed model-based esti-
mator was validated through experi-
mental testing with a custom-built 
measurement system and a mecha-
tronic test bench that replicates CSF 
dynamics in vitro (see Figure 5). 
Achieving a normalized root-mean-
square estimation error below 6%, the 
CSF volume estimator demonstrates 
its potential as a clinical tool to im-
prove hydrocephalus patient moni-
toring. Integration into mechatronic 
shunt systems capable of active CSF 
drainage control [10] could further 
enable closed-loop CSF volume regu-
lation, thereby laying the foundation 
for a more physiological hydrocepha-
lus shunt therapy.

In summary, the work featured in 
this column captures where TC-HMS 

is heading: from policy-aware, safe-
ty-critical AI and adaptive anesthe-
sia, through lifestyle-based diabetes 
prevention, to smart hydrocephalus 
shunts that regulate ventricular vol-
ume directly. Across very different 
clinical contexts, the common thread 
is the use of modeling, control, and 
learning to build health-care systems 
that are safer, more transparent, and 
more equitable in practice.

Membership in the TC-HMS is 
free. If your work touches on con-
trol, optimization, AI/ML, or cy-
berphysical systems in health and 
medicine, we warmly invite you to 
join. To do so, simply visit the TC-
HMS page on the CSS website and 
subscribe to the mailing list, or con-
tact the TC chair by e-mail (sergio.
pequito@tecnico.ulisboa.pt) to be 
added. Students, early-career re-
searchers, clinicians, and industry 
colleagues are all welcome. We look 
forward to seeing you at future TC-
HMS meetings at CDC and CCTA, 
as well as related events.

Sérgio Daniel Gonçalves  
Melo Pequito
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FIGURE 5 Schematic representation of the experimental test setup, comprising the me-
chatronic test bench developed in [11] and an illustration of the tetrapolar measurement 
principle to acquire intraventricular bioimpedance (BI). The intracranial pressure (ICP) 
and BI measurement catheter (shown in red) is inserted into the ventricle of the silicone-
carbon brain phantom (shown in black) and connected to the custom-built measurement 
system. Changes in the ventricular CSF volume are induced by compressing the con-
nected bellows using a feedback-controlled linear voice coil motor. The BI measurement 
principle relies on an excitation current iBI (shown as dashed orange arrows) injected at 
the two outer electrodes of the measurement catheter, which induces a voltage drop vBI 
across the two inner electrodes. Since the electrical conductivity of CSF (vCSF) is about 
one order of magnitude higher than that of brain tissue (vBrain), increases in ventricular 
CSF volume cause decreases in BI. 
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THE 19TH IEEE INTERNATIONAL 
SYSTEMS CONFERENCE

O n 7 April 2025, during the 19th 
IEEE International Systems Con-
ference (SysCon 2025), in Montré-

al, Canada, Tyrone Duncan, Bozenna 
Pasik-Duncan, and Hamidou Tembine 
organized the session titled “Master-
ing Uncertainty: Stochastic Systems 
and Rosenblatt Noise.”

The study of stochastic systems is 
inherently interdisciplinary. It bridges 
mathematics, engineering, computer sci-
ence, economics, and biomedical scienc-
es. These systems are pivotal. They help 
us understand brain disorders. They 
model volatile financial markets. They 
are essential for designing resilient au-
tonomous vehicles and smart networks. 
However, a fundamental challenge re-
mains. We must manage randomness 
in interactive environments. Standard 
models often fall short. Real-world dis-
turbances are rarely simple.

The Tutorial

On the afternoon of 7 April 2025, experts 
gathered to address this challenge. The 
tutorial, titled “Stochastic Systems, 
Control, and Game Theory with Rosen-
blatt Noise,” offered an introduction 
to advanced modeling. The session 
focused on Rosenblatt noise, which is a 
specific type of stochastic disturbance 
that is non-Gaussian, non-Poissonian, 
and non-Markovian. Capturing the 
nature of this noise is vital. Figure 1 
exposes the failure of the “approxima-
tion-first” strategy to maintain moment 
structures, contrasting it with the “opti-
mization-first” approach that succeeds 
by respecting the system’s complex 
temporal dynamics.

The organizers guided participants 
to discuss the following key topics 
through three core areas, namely: 
1)  foundations of systems influenced 
by nonstandard noise processes, 2) an 
overview of stochastic optimal control 
and mean-field-type game theory, and 
3) techniques to apply these theories 
to real data.

The tutorial was not purely abstract, 
but emphasized applications. Speak-
ers explored how advanced stochas-
tic methods inform design strategies. 
Key discussions included: 1) “Smart 
Energy Systems: Managing Uncer-
tainties in Renewable Energy Grids”; 
2)  “Blockchain Economics: Modeling 
Token Velocity and Decentralized Fi-
nance Behaviors”; and 3)  “Decision 
Making: Improving Control Strategies 
Under Deep Uncertainty.”

The session aimed to empower the 
next generation of researchers. The 
speakers brought extensive mentor-
ing experience. They provided a solid 
foundation for professional careers. 
The primary goals were to introduce 
advanced stochastic modeling tools, 
highlight applications in energy and 
finance, and equip attendees for inter-
disciplinary research.

Tyrone Duncan, Bozenna Pasik-
Duncan, and Hamidou Tembine led 
the session (Figure 2). The atmosphere 
was collaborative. Participants en-
gaged in hands-on exercises. The 

Some Activities of the Technical Committee on Stochastic Systems  
and Control in 2025
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tutorial successfully bridged the gap 
between mean-field-type game theory 
and pressing engineering problems.

INVITED SESSION ORGANIZED 
AT THE CONFERENCE 
ON CONTROL, DECISION, 
AND INFORMATION 
TECHNOLOGIES 2025
Thanks to the great opportunities pro-
vided by the IEEE 11th International 
Conference on Control, Decision, and 
Information Technologies (CoDIT 
2025, held in Malta, 15–18 July 2025), 
this Technical Committee (TC) orga-
nized a special session (organized by 
Bozenna Pasik-Duncan and George 
Yin) devoted to stochastic systems, 
control, optimization, and applica-
tions. We brought together researchers 
from multidisciplinary communities 
in control and systems theory, applied 
stochastic processes, financial econom-
ics, actuarial sciences, applied math-
ematics, applied probability, biology, 
electrical engineering, ecology, and 
networked science, to review and sub-
stantially update the most recent prog-
ress. For broader impacts, we invited 
researchers from different areas that 
span a wide range of subfields. The 
talks were theoretically oriented to 
application-intensive presentations.

The motivations for putting to-
gether the proposed special session 
stem from emerging and existing 
applications in control systems, com-
munication networks, signal process-
ing, queueing networks, production 
planning, biological systems, eco-
systems, financial engineering, large-
scale systems involving mean-field 
interactions, hybrid systems under the 
influence of random environments, 
and machine learning and neural 
network applications to control and 
systems theory.

Coverage of the Special Session
The talks reflected some of the most 
interesting topics in a focused area, 
namely, stochastic control. Yet, they 
touched upon many cutting-edge 
research topics with a wide range of 
applications. The proposed session 

proved to be invaluable to the scien-
tific community. It could contribute 
to the subsequent development of 

stochastic systems theory and practice 
and have broader impacts on a wide 
variety of interdisciplinary fronts.

TRUE SYSTEM DYNAMICS
dx(t) = (ax+ bu)dt+ dRH (t)

Where R   (t) is Rosenblatt NoiseH

(Non-Gaussian, Long-Range Dependence)

1. Noise Approximation
RH (t) ≈ ξ̃(t)

(Gaussian, FBM, Poisson, or Zero)

2. Surrogate Optimization
infu L(xapprox)

Designing Controllerfor
the Simplified Model

SUBOPTIMAL
PERFORMANCE

K subopt

1. Direct Optimization
infu L(x true)

Retaining Rosenblatt
Properties in the Solver

2. Derivation

Calculation of True Gain
Without Simplification

OPTIMAL SOLUTION
K opt

PATH A: APPROXIMATION FIRST PATH B: OPTIMIZATION FIRST

THE COST GAP
Lsurrogate � Loptimal

Surrogate methods lose temporal correlations and moment

structures, leading to an irreducible error ε > 0.

FIGURE GUIDE: NAVIGATING NOISE DYNAMICS
The Surrogate Pitfall
Simplifying Rosenblatt noise (RH ) to Gaussian
forms (ξ̃) before optimization destroys essential
moment structures, causing unavoidable error ε.

The Analytic Solution
Directly optimizing the loss function L over
the true system dynamics preserves tempo-
ral correlations (long-range dependence),
yielding the optimal gain.

KEY VARIABLES: RH : Rosenblatt Process ξ̃: Gaussian/White Noise Approx. H : Hurst Parameter L : Loss Functional

FIGURE 1 Understanding this noise is critical for systems with long-range dependence. This 
figure contrasts the inevitable performance loss of the “approximation-first” strategy against 
the “optimization-first” framework that yields the true solution.

FIGURE 2 During the IEEE Conference on Decision and Control (CDC) 2025 held in Rio de 
Janeiro, Brazil. From left to right: Dr. Ali Pakniyat from the University of Alabama, USA; 
Prof. Bozenna Pasik-Duncan from University of Kansas, USA; Dr. Julian Barreiro-Gomez 
from Khalifa University, United Arab Emirates; and Dr. Ricardo de Lima Ribeiro from King 
Abdullah University of Science and Technology, Kingdom of Saudi Arabia.
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More Details
Speaker Pawel Domanski (of War-
saw University of Technology, War-
saw, Poland) presented “The Need 
for Non-Gaussian Noise in Control 
System Models, Why Non-Gaussian 
Noise Matters” (joint work with 
Tyrone Duncan and Bozenna Pasik-
Duncan of University of Kansas, 
Lawrence, Kansas, USA). Lukasz 
Stettner (of Polish Academy of Sci-
ences) presented “Markov Control 
of Continuous Time Markov Pro-
cesses with Long Run Functional by 
Time Discretization.” Marcin Pitera 
(Jagiellonian University, Kraców) 
presented “Blackwell Optimality in 
Risk-Sensitive Stochastic Control.” 
Chao Zhu (of University of Wiscon-
sin, Milwaukee) presented “Optimal 
Harvesting Problems with Mean 
Field Interactions” [joint work with 
Kurt L. Helmes (Humboldt Univer-
sity of Berlin, Germany) and Richard 
H. Stockbridge (University of Wis-
consin-Milwaukee)]. Nhu Nguyen 
(of University of Rhode Island) pre-
sented “An Application Stochastic 
Approximation to Decision-Making 
Problems.” Zhuo Jin (Macquarie Uni-
versity, Australia) presented “Opti-
mal Risk Mitigation Strategies for 
Cyber Contagion in Networks: A 
Hybrid Deep Learning Method.”

The session was well received. All 
of the speakers and attendees indi-
cated that we need to continue this 
trend of research. In fact, work has 
been done to organize the subsequent 
invited session for CoDIT 2026.

INTEGRATING RESEARCH AND 
TEACHING WITH ARTIFICIAL 
INTELLIGENCE AND ETHICS
As a pilot program for TC activities, 
we launched a new series of talks for 
students at the University of Kansas. 
A number of researchers from other 
institutions were invited to give talks 
in the series. The objective is to bridge 
research, classroom practice, and control 
theory applications. Among the talks, 
we mention in particular the talk given 
by Tembine Hamidou on ethical respon-
sibility in artificial intelligence (AI)-
enabled control systems. The focus is 
on critical thinking, not automation. AI 
is presented as an accelerator of insight, 
not a substitute for reasoning. Not yet.

A flagship contribution to this se-
ries was Prof. Tembine Hamidou’s 
invited lecture, “Control and AI for 
Graduate Students,” delivered within 
the course on Stochastic Adaptive 
Control. The talk combined theory, 
practice, and ethics. It addressed how 
AI tools reshape research workflows, 
learning habits, and decision making 
in control. The lecture emphasized a 
central message: “Overreliance on AI 
weakens critical thinking.”

When answers appear instantly, re-
flection can disappear. Students were 
encouraged to treat large learning 
models as tools, not crutches. AI must 
amplify human reasoning and insight, 
rather than supplanting professional 
judgment and responsibility. Blind 
copying was explicitly discouraged. 
Responsible use was framed as a pro-
fessional obligation.

The session was highly interactive. 
Students worked through short exercises 
on AI-assisted debugging, data analy-
sis, and scientific writing. Each exer-
cise required human verification and 
theoretical justification. This design 
reinforced accountability. It connected 
AI usage directly to graduate-level 
research practice. Student feedback 
highlighted several takeaways: 1) The 
talk raised awareness of societal de-
pendence on AI. It prompted reflection 
on personal research habits. 2) It dem-
onstrated practical, disciplined, and 
ethical usage of AI tools. The examples 
were concrete and immediately appli-
cable. The material was well aligned 
with stochastic adaptive control, yet 
broadly relevant across disciplines.

We will continue to make these ef-
forts. Ethical risk awareness will be 
integrated into research activities and 
homework assignments. Workshops 
and tutorials are planned for students 
and young professionals. These activi-
ties are aimed at the 2026 International 
Federation of Automatic Control (IFAC) 
World Congress, IEEE Conference on 
Decision and Control 2026, and other 
IEEE and IFAC partner conferences. As 
probability and statistics become foun-
dational in modern control and AI, we 
also plan a webinar series. This series 
will be developed in collaboration with 
world-class statisticians and probabi-
lists. The talk series on “Ethical Con-
cerns in Data Science” was inaugurated 
by Prof. Richard De Veaux. He is the 
author of widely used textbooks on data 
modeling and introductory statistics. 
His lecture set a high standard. It em-
phasized responsibility, transparency, 
and ethical reasoning in data-driven re-
search. Prof. De Veaux will continue to 
inspire and motivate students through 
future contributions to this series.

Bozenna Pasik-Duncan  
Hamidou Tembine  

George Yin
�

The primary goals were to introduce advanced 

stochastic modeling tools, highlight applications 

in energy and finance, and equip attendees for 

interdisciplinary research.
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Report on Diversity, Outreach, and Development Activities

The IEEE Control Systems Society, through its Diversity, 

Outreach, and Development Activities (DODA), plays a piv-

otal role in fostering a vibrant and inclusive global community 

in automatic control. At the heart of these efforts lies the Out-

reach Fund, a program that annually supports more than 10 

innovative initiatives worldwide.

These projects cover a wide spectrum: from inspiring the 

next generation of students and researchers to explore control 

engineering, to organizing scientific workshops and summer 

schools in regions where access to such opportunities is limited.

This article spotlights one recent success story: a DODA-

backed initiative that partnered with the Instrumentation, Con-

trol, and Automation Research Group at the Institut Teknologi 

Bandung in Indonesia to engage and empower Indonesian 

students and young professionals in the field of control sys-

tems. The Workshop Series on Instrumentation, Control, and 

Automation for Future Indonesian Scientists and Engineers 

was held in two parts, providing the opportunity to expand ex-

posure to systems and control engineering across Indonesia.

Future issues of this magazine will showcase additional 

impactful initiatives supported by the Outreach Fund. If this in-

spires you to design and lead your own DODA activity, detailed 

guidelines and application information are available at: https://

ieeecss.org/activities/control-systems-society-outreach-fund

Silvia Mastellone  

Vice-President, Diversity, Outreach,  

and Development Activities

Expanding Horizons in Systems and Control for Indonesia’s Young Scientists

T he Workshop Series on Instru-
mentation, Control, and Auto-
mation (ICA) for Future Indo-

nesian Scientists and Engineers was 
held in two parts in 2025, supported 
by the IEEE Control Systems Society 
(CSS) Diversity, Outreach, and Devel-
opment Activities (DODA) Program. 
The first workshop took place in Bali 
on 3 July 2025 in conjunction with 
the Asian Control Association (ACA) 
Forum, while the second was orga-

nized in Bandung on 27–29 August 
2025 alongside the ninth International 
Conference on Instrumentation, Con-
trol, and Automation (ICA 2025). The 
series was initiated by the ICA Re-
search Group of the Faculty of Indus-
trial Technology, Institut Teknologi 
Bandung (ITB), with the aim of ex-
panding exposure to systems and 
control engineering across Indone-
sia, particularly among students and 
young researchers.

Although systems and control un-
derpin many aspects of modern en-
gineering, awareness of the field in 

Indonesia remains uneven. Students 
and early-career academics from in-
stitutions located outside major urban 
and academic hubs, especially in the 
eastern part of the Indonesian archi-
pelago, often have limited access to 
advanced courses, research groups, 
or professional networks in this area. 
Participation by Indonesian-affiliated 
researchers in major international 
events, such as the IEEE Conference 
on Decision and Control (CDC), IEEE 
Conference on Control Technology 
and Applications (CCTA), and the In-
ternational Federation of Automatic 
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Control (IFAC) World Congress also 
remains modest. National-level activ-
ities in control, while steadily grow-
ing, are still developing in visibility 
and reach. These conditions motivat-
ed the creation of this workshop se-
ries to introduce aspiring Indonesian 
scientists and engineers to fundamen-
tal perspectives, emerging research 
directions, and global developments 
in systems and control.

The workshop series was designed 
to broaden exposure to state-of-the-
art research and industrial practice in 
control systems, strengthen regional 
academic communities in instrumen-
tation and automation, and create 
opportunities for young Indonesian 

researchers to engage with the ACA 
and the CSS community. It also aimed 
to inspire the next generation of con-
trol engineering leaders, particularly 
those from eastern and western re-
gions of Indonesia who are geographi-
cally distant from the capital.

BALI WORKSHOP (SERIES 1)
The first workshop was organized 
as part of the ACA Forum, a major 
regional gathering for academic lead-
ers in the field of control systems and 
a pre-event of the 15th Asian Control 
Conference, which Indonesia will host 
in 2026. Bali was chosen to facilitate 
participation by young scientists and 
students residing in eastern Indonesia, 

where opportunities to engage with 
the international control community 
are relatively limited. The morning 
session featured a dedicated workshop 
series delivered by national experts 
from ITB, including Prof. Yul Yunaz-
win Nazaruddin, Dr. Ayu G. Risang-
tuni, Dr. Vebi Nadhira, Dr. Azka Muji 
Burohman, Dr. Augie Widyotriatmo, 
and Prof. Endra Joelianto. Their pre-
sentations covered a wide range of 
emerging themes, artificial intelligence 
(AI) integration in instrumentation and 
automation, intelligent and assistive 
control systems, image-based mea-
surement technologies, data-informa-
tive approaches for system analysis and 
model reduction, autonomous robotic 
decision-making, and cyber-resilient 
Internet of Things and automation, 
providing participants with exposure 
to current developments in modern 
control engineering. The session con-
cluded with a hands-on, interactive 
discussion among participants.

In the afternoon, the workshop 
continued with the ACA Forum 2025: 
“Future Technologies in a Rapidly 
Changing World,” featuring invited 
lectures from prominent research-
ers across Asia, who are also steering 
committee members of ACA, includ-
ing Prof. Lei Guo (Bode Lecture Prize 
Recipient 2019), Prof. Shuzhi Sam Ge 
(former Board of Governors CSS), Prof. 
Keum-Shik Hong, Prof. Zhixin Liu, 
and Prof. Qing-Long Han (IEEE Fellow 
under CSS), along with contributions 
from other leading regional speakers. 
The workshop attracted more than 30 
participants from five universities in 
Bali and East Java. Beyond the techni-
cal program, the event also provided 
a valuable networking platform for 
participants from eastern and western 
Indonesia and members of the broader 
Asian control community (Figure 1).

Structured into three thematic fo-
rums, “Extending Control Horizon,” 
“Aiming Autonomous Agents,” and 
“Having Intelligent Systems,” the ACA 
Forum showcased a diverse spectrum 
of frontier research topics, ranging 
from adaptive and learning-based 
control, stochastic and game-theoretic 

FIGURE 1 Group photo of workshop participants with speakers from ACA professors.

FIGURE 2 Group photo of Indonesian workshop-speakers. From left: Augie Widyotriatmo, 
Ayu Gareta, Vebi Nadhira, Endang Juliastuti, Yul Yunazwin, Azka Muji Burohman, and 
two participants.

Although systems and control underpin many 

aspects of modern engineering, awareness of the 

field in Indonesia remains uneven.
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approaches, and quantum estimation, 
to resilient multiagent coordination, 
autonomous mobility technologies, 
neuromodulation, and data-driven in-
telligent systems. Through these rich 
discussions, participants gained mean-
ingful exposure to current research 
directions and emerging applications 
that will shape the future of control en-
gineering. Overall, the workshop series 
strengthened regional academic capac-
ity and inspired young researchers to 
engage more actively with the Asian 
control community and pursue inter-
disciplinary collaborations (Figure 2).

The sessions introduced participants 
to modern control topics and show-
cased applications being developed 
in Indonesia, including autonomous 
ground vehicles and intelligent instru-
mentation systems. Many attendees 
enthusiastically engaged in discussions 
on how advanced control techniques 
relate to emerging technologies and 
national needs. For several participants, 
this workshop represented their first 
opportunity to interact directly with in-
ternationally recognized researchers in 
the field (Figure 3).

BANDUNG WORKSHOP  
(SERIES 2)
The second workshop was held in 
Bandung as an associated event of 
the ninth International Conference on 
Instrumentation, Control, and Auto-
mation 2025, a biennial conference 
organized by the ICA Research Group 
since 2009 (Figure 4). ICA has consis-
tently served as a national focal point 
for Indonesian researchers in control, 
instrumentation, and related fields, 
providing a venue for exchanging 
ideas with international experts.

The Bandung program began with 
opening remarks by Prof. Karl 
H. Johansson, who presented an in-
troduction to CSS and the DODA 
program. The technical program 
continued with Augie Widyotriat-
mo, Ph.D., delivering “Transforming 
the World Through Learning and 
Control,” followed by Prof. Mustafa 
Khammash, who discussed “What 
Makes a Good Theory?” Prof. Yul 

Yunazwin Nazaruddin then present-
ed “Integrating AI into Instrumenta-
tion, Control and Automation.” After 
the lunch break, Prof. Deddy Kur-
niadi gave a talk on “Multipath Ul-
trasonic Flowmeter in Industry,” and 
Tua Agustinus Tamba, Ph.D., shared 
his work on “End-to-End Design and 
Validation of Safety-Preserving Con-
trol Methods on Low-Cost Robotics 
Platforms.” The program concluded 
with an industry session by Albert 
Ryan of Schneider Electric Indonesia, 
who presented “New Generation of 

Industrial Automation Technology,” 
offering participants insights into cur-
rent industrial challenges and emerg-
ing directions in automation. The day 
closed with a networking session that 
encouraged further exchange among 
participants.

More than 50 participants attended 
the Bandung workshop, representing 
more than 20 Indonesian institutions, 
including universities, research centers, 
government agencies, and industry. 
Participants were invited to join ICA 
plenary sessions, featuring talks by Karl 

FIGURE 3 Participants engaged enthusiastically in Dr. Ayu Gareta’s workshop on soft 
robotic gloves.

FIGURE 4 Bandung Workshop opening address by Prof. Karl H. Johansson (IEEE CSS 
Vice President DODA)

It also aimed to inspire the next generation of 

control engineering leaders, particularly those 

from eastern and western regions of Indonesia 

who are geographically distant from the capital.
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H. Johansson on “Observer Synthesis 
for Nonlinear Systems via Physics-
Informed Learning,” Mustafa Kham-
mash on “Genetic Control Systems for 
Cell Therapy,” Rubita Sudirman from 
Universiti Teknologi Malaysia on “Bio-
signal Monitoring Devices for Cog-
nitive Function Evaluation,” and Dr. 
Augie Widyotriatmo on “Robust Au-
tonomous Systems: Sensing, Controls, 
State Estimation, Digital Twins, Cyber-
Resilience, and Complex Interactions.” 
ICA 2025 itself brought together more 
than 100 participants from across Indo-
nesia and abroad. The workshop and 
conference conclude with a banquet 
and cultural showcase, followed by a 
city tour the next day (Figures 5–8).

Together, the two workshop events 
strengthened awareness of systems 
and control engineering across di-
verse regions of Indonesia. The series 
provided young researchers with ear-
ly exposure to global developments, 
meaningful interactions with lead-
ing scientists, and an understanding 
of how the field connects to national 
industrial needs. The workshops also 
underscored the importance of build-
ing stronger research communities 
and increasing national participation 
in international control forums.
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�FIGURE 8 ICA 2025 banquet, cultural showcase, and city sightseeing.

FIGURE 7 Plenary speakers at ICA 2025: Mustafa Khammash, Rubita Sudirman, Karl H. 
Johansson, and Augie Widyotriatmo.

FIGURE 5 Active engagement of a woman-in-control participant during the workshop.

FIGURE 6 Group photo of the participants and speakers at the Bandung workshop.
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In this issue of IEEE Control Systems, we speak with Mou-

hacine Benosman, principal research scientist at Amazon  

Robotics in Boston, USA, and Martin Guay, a professor at 

Queen’s University in Kingston, Canada.

Before joining Amazon Robotics, Mouhacine Benosman 

worked at Reims University, France; Strathclyde University, 

Scotland; the National University of Singapore; and Mitsubi-

shi Electric Research Labs in Cambridge, USA. He received 

a Ph.D. in applied mathematics in 2002 from Ecole Centrale 

de Nantes, France, and an MA in psychology from Harvard 

University, USA, in 2025. His research interests include mul-

tiagent distributed control with applications to robotics; phys-

ics-informed machine learning for modeling, estimation, and 

control of infinite dimensional systems with applications to fluid 

dynamics; data-driven robust reinforcement learning control; 

and applying psychology theory to artificial intelligence sys-

tems design. He served as an associate editor for IEEE Control 

Systems Letters and for Journal of Optimization Theory and 

Applications and as senior editor of the International Journal of 

Adaptive Control and Signal Processing.

Martin Guay is a full professor at Queen’s University, where 

he received the Queen’s University Chancellor Research 

Award and the Premier Research Excellence Award. He also 

received the Syncrude Innovation Award and the D. G. Fisher 

Award from the Canadian Society of Chemical Engineers. In 

2011, he received, with Dr. Veronica Adetola, the Best Paper 

Award (Theory) from Journal of Process Control (2008-1011). 

He is a Fellow of the Chemical Institute of Canada. He is the 

editor-in-chief of Journal of Process Control and senior editor 

for IEEE Transactions on Automatic Control. He is an associate 

editor for Automatica and The Canadian Chemical Engineer-

ing Journal. His research interests are in control theory and 

process control. 
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MOUHACINE BENOSMAN
Q. How did your education and early 
career lead to your initial and continu-
ing interest in the control field?

Mouhacine: My early academic 
background was in applied math-
ematics, which gave me a strong 
foundation in analytical think-
ing. However, I soon realized that 
I wanted to apply mathematics to 
real-world systems rather than study 
it purely abstractly. Control theory 
struck me as the natural bridge be-
tween mathematical rigor and engi-
neering practice. It not only satisfied 
my interest in dynamical systems 
theory but also opened pathways to-

ward multidisciplinary research in 
areas such as mechatronics, robotics, 
and autonomous systems.

Q. What are some of your research 
interests?

Mouhacine: My early research 
focused on nonl inear dy nami-
cal systems and flexible multibody 
modeling, primarily motivated by 
applications in space robotics. This 
naturally led me to explore robust 
and adaptive nonlinear control, par-
ticularly for fault-tolerant systems 
where resilience is critical. Over time, 
my curiosity expanded toward co-
operative and distributed control of 
multiagent systems.

After more than a decade im-
mersed in model-based “classical” 
control theory, I became increasingly 
interested in how learning meth-
ods could enhance adaptability and 
performance. This shift inspired my 

Mouhacine Benosman.
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current line of research on hybrid 
control frameworks that integrate 
model-based and data-driven ap-
proaches. In recent years, my work 
has centered on robustness and ad-
aptation in reinforcement learning 
control, as well as physics-informed 
and operator-learning methods for 
infinite-dimensional systems, with 
applications to robotics and fluid dy-
namical systems.

Most recently, my research jour-
ney took an interdisciplinary turn: 
I returned to graduate school to 
study psychology, where I started 
investigating psychometric and cog-
nitive frameworks for evaluating ar-
tificial intelligence systems. I aim to 
better understand and design safe 
human-aligned artificial intelligence 
(AI) systems in autonomous decision-
making environments.

Q. What are some of the most prom-
ising opportunities you see in the 
control field? 

Mouhacine: We are entering a 
transformative era defined by large-
scale computing and the rapid evolu-
tion of artificial intelligence. I believe 
control theory will play a pivotal role 
in shaping this revolution, particular-
ly in ensuring that AI-based systems 
are not only efficient but also provably 
safe and reliable.

One especially promising direc-
tion lies in the emerging connection 
between operator learning and dy-
namical systems theory. This bridge 
provides a natural framework for con-
trol theorists to apply their deep un-
derstanding of stability, robustness, 
and safety to the design of learning-
based and AI-driven systems. In many 
ways, the next frontier for control sci-

ence is to embed these classical guar-
antees into the very fabric of modern 
machine learning.
Q. You are the author of a textbook 
in the control field. What topics does 
your book cover?

Mouhacine: Working in industrial 
research doesn’t leave much room for 
writing textbooks, so completing one 
sometimes feels like a small miracle. 
My book focuses on the emerging field 
of hybrid model-based and data-driven 
learning control. It examines how clas-
sical model-based control can provide 
the essential guarantees of safety and 
robustness, while data-driven and ex-
tremum-seeking methods bring adapt-
ability and learning. The central idea is 
that these two paradigms, model-based 
and data-driven, are not competing 

An encounter with a bison in Arizona.

Mouhacine Benosman next to Amazon Robotics’ mobile robots display. At the top of Mount Major in New Hampshire.

We are entering a transformative era defined by 

large-scale computing and the rapid evolution of 

artificial intelligence.
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philosophies but complementary ones, 
capable of producing controllers that 
are both safe and agile.

Q. What are some of your interests 
and activities outside of your profes-
sional career?

Mouhacine: I’ve always loved be-
ing on or in the water. When time 
allows, I volunteer as a certified swim-
ming coach for kids and row with a 
crew team in the Boston area. Beyond 
the water, I like hiking and don’t mind 
getting moderately lost in the forest; it’s 

a good way to reset and think away 
from equations and code.
Q. Thank you for your comments.

Mouhacine: It’s a real privilege to 
represent control practitioners from 
industry in this prestigious feature. 
My sincere thanks to the editors for 
the invitation and for highlighting 
the diverse voices shaping the control 
community.

Profile of Mouhacine Benosman
•	 Current position: Principal research scientist at Amazon Robotics (AR).

•	 Contact information: Amazon Robotics, North Reading, MA 01864 USA.  

E-mail: m_benosman@ieee.org, https://www.linkedin.com/in/mbenos.

•	 IEEE Control Systems Society experience highlights: Associate editor, IEEE 

Control Systems Letters, 2019–2023.

Mouhacine Benosman next to a package 
delivery drone at the Amazon Machine 
Learning Conference.
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MARTIN GUAY
Q. What are some of your research 
interests?

Martin: My current research sits 
at the intersection of nonlinear con-
trol, optimization, and data-driven 
methods, with a particular emphasis 
on control strategies that can operate 
reliably when accurate models are un-
available or costly to obtain. A central 
theme of my work is extremum-seek-
ing and real-time optimization, mo-
tivated by industrial process control 
problems where performance objec-
tives must be optimized online in the 
presence of disturbances, uncertainty, 
and limited measurements. I am es-
pecially interested in model-free and 
learning-based approaches that retain 
strong theoretical guarantees while 
remaining practical for real-world 
implementation.

I am highly interested in design 
methods for nonlinear systems. A 
primary focus has been nonlinear 
model predictive control (MPC) de-
sign techniques and their adaptive 
and robust extensions. MPC remains 
a very powerful technique that facil-
itates performance focused designs 
for general nonlinear systems sub-
ject to constraints. I am also interest-
ed in differential geometric control 

methods. My work in this area has 
favored the application of exterior 
differential systems to feedback 
linearization, observer error linear-
ization, and homotopy operator de-
composition methods.

Applications provide an important 
source of inspiration for my work. 
Process systems, energy-related ap-
plications, and large-scale intercon-
nected systems have all shaped my 

Martin Guay with Dr. Telema Harry and Jeremy Henderson, Stratotegic Founder, at the 
Canadian Space Agency.
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perspective on control research. I am 
particularly motivated by problems 
where control theory can directly im-
pact efficiency, sustainability, and op-
erational reliability.

Ultimately, my goal is to contribute 
control methodologies that are mathe-
matically sound, intuitively grounded, 
and deployable in practice, while men-
toring students to appreciate both the 
elegance of theory and the discipline 
required for real-world control design.
Q. What courses do you teach relat-
ing to control? Do you have a favor-
ite course? How would you describe 
your teaching style?

Martin: Teaching has always been 
more than just transferring knowledge 
for me; it’s about inviting students into 
the world of real-time decision making 
and control intuition. At Queen’s Uni-
versity, I’ve had the pleasure of teach-
ing core chemical engineering and 
control-oriented courses that sit at the 
heart of process dynamics and optimi-
zation. Whether it’s introducing un-
dergraduates to the fundamentals of 
feedback and process control or men-

toring graduate seminars on nonlin-
ear methods and extremum-seeking 
strategies, my classes are structured 
to challenge students to think dy-
namically, to question models, and to 
connect theory to practice. I’ve always 
tried to bring content alive with real 
industrial examples and hands-on 
reasoning, the same way I approach 
research, and it was truly an honor 
to be recognized by students with the 
Golden Apple Award for Teaching for 
my work in the classroom at Queen’s 
Engineering. 

If I had to choose a favorite, it would 
have to be the graduate-level control 
courses focusing on nonlinear sys-
tems analysis, differential geometric 
control, and adaptive control. These 
classes allow students to tackle the 
technical aspects of nonlinear control 
while understanding the impact of 
model uncertainty and explore model-
free and adaptive control methods.

My teaching philosophy leans to-
ward an interactive, question-driven 
style. I encourage students to actively 
participate in the class. Their engage-

ment motivates a curiosity-driven 
approach to frame problems, and to 
connect analytical tools with physi-
cal intuition. The interplay between 
theory and student discovery remains 
one of the most rewarding aspects of 
academic life.
Q. What are some of the most prom-
ising opportunities you see in the 
control field? 

Martin: One of the most promis-
ing opportunities in control lies in the 
growing convergence between data-
driven methods and classical feedback 
theory. Learning, optimization, and 
control are no longer separate activi-
ties; they are increasingly intertwined 
in systems that must adapt and im-
prove performance in real time. The 
challenge is to integrate these ideas 
while preserving the robustness, sta-
bility, and interpretability that have 
always been central to control.

Another exciting direction is real-
time optimization and decision mak-
ing in large-scale, networked systems. 
Energy systems, process networks, 
and autonomous platforms all de-
mand control strategies that operate 
across multiple time and spatial scales, 
often with limited models and incom-
plete information. Control theory is 
uniquely positioned to provide prin-
cipled solutions to these problems.

I believe the control community has 
an important role to play in shaping 
sustainable and resilient technologies. 

Martin Guay at the suspended temple in 
Taiyuan. Martin Guay (and Bonnie) with Denis Dochain (and Martine) and Jaime Moreno in Vienna.

I am particularly motivated by problems where 

control theory can directly impact efficiency, 

sustainability, and operational reliability.
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From improving efficiency in process 
industries to enabling autonomous 
and energy-aware systems, control 
theory offers tools that can have last-
ing societal impact. The most exciting 
opportunities, in my view, lie at the 
intersection of strong theoretical foun-
dations and meaningful real-world 
applications.

I also see tremendous opportu-
nity in model-free and optimiza-
tion-based control methods, such as 
extremum seeking, where feedback 
is used not just to regulate optimal 
behavior. These approaches resonate 
strongly with industrial needs, where 
uncertainty and changing operating 
conditions are the norm rather than 
the exception.

An especially important oppor-
tunity lies in the integration of deep 
learning with control theory. Deep 
learning has demonstrated remark-
able ability to extract structure from 
high-dimensional data, but without 
feedback and dynamical constraints, 
learning alone is often brittle when 
deployed in real systems. Control 
theory provides the language of sta-
bility, robustness, and safety that is 
essential for turning learned models 
and policies into dependable closed-
loop systems. Conversely, learning 
offers control new tools for represen-
tation, adaptation, and scalability in 
complex environments.

There is significant opportunity in 
the integration of differential geomet-
ric control with modern deep learning 
and computational methods for nonlin-

ear systems. Differential geometry has 
given us powerful insights into struc-
ture, invariance, and feedback design 
for nonlinear dynamics, but its practi-
cal deployment has often been limited 
by modeling complexity and compu-
tational burden. Advances in learning 
and numerical methods now make it 
possible to revisit these ideas in a more 
constructive way, using data-driven 
representations and computational 
tools to identify structure, approxi-
mate manifolds, and synthesize feed-
back laws in systems where analytic 
models are incomplete or unavailable. 
This synthesis offers a promising path 
toward nonlinear control designs that 
are both theoretically principled and 
computationally scalable.
Q. You are the author of two books 
in the control field. What topics do 
these books cover?

Martin: The first book, titled Robust  
and Adaptive Model Predictive Con-
trol of Nonlinear Systems, coauthored 
with collaborators D. DeHaan and V. 
Adetola, focuses on how MPC meth-
ods can be extended and adapted 
to handle nonlinear dynamics with 
uncertainties, including robust and 
adaptive approaches that update 
parameters online and address con-
straint handling and estimation is-
sues in real applications. It covers 
theory, design methodology, and 
computational aspects relevant to 
adaptive robust nonlinear MPC. This 
text aligns closely with my long-
standing research interests in nonlin-
ear control, adaptive estimation, and 

real-time optimization and is part of a 
broader literature connecting model-
based control with practical deploy-
ment in uncertain environments. 

The second book, titled Robust Vi-
ability of Hybrid Systems, coauthored 
by Gina Labinaz, offers a systematic 
treatment of hybrid systems, focusing 
on the interaction between continu-
ous-time dynamics and discrete-event 
behavior that arises naturally in many 
engineered systems. The book empha-
sizes hybrid automata and state-based 
representations, which allow continu-
ous dynamics, discrete modes, and 
logic-based switching to be treated 
in a coherent fashion. The book also 
explores control design for hybrid 
systems, including supervisory con-
trol, mode-dependent feedback laws, 
and the prevention of undesirable be-
haviors such as chattering and Zeno 
phenomena. Attention is paid to how 
control objectives and constraints 
propagate across discrete transitions, 
a topic of critical importance in safety-
critical and event-driven applications.
Q. What are some of your interests 
and activities outside of your profes-
sional career?

Martin: Music has always been my 
main interest outside of work. I play 
guitar and bass (as often as I can). My 
influences include fusion jazz and pro-
gressive rock. As a proud Canadian, I 
enjoy playing hockey and fly fishing.
Q. Thank you for your comments.

Martin: Thank you for the oppor-
tunity.

�

Martin Guay at the cottage.
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AN INTRODUCTION TO THE SPECIAL ISSUE

Into the Second Century of 
Extremum Seeking Control
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T
he early promise of extremum seeking control 
(ESC) was alarmingly simple: perturb, observe, 
and adjust. Yet, behind this simplicity lay a subtle 
question that would occupy the community for 
decades: Why does it work? The emergence of rig-

orous stability and convergence proofs around the turn of 

the millennium transformed ESC from an ingenious trick 
into a reliable method. With that transformation came con-
fidence, and with confidence came adoption. Today, ESC 
is deployed across chip manufacturing, wind and photo-
voltaic energy systems, mobile robotics, bioengineering, 
acoustic control, noncooperative games, neuromuscular 
electrical stimulation, biological reactors, oil drilling, addi-
tive manufacturing, and traffic flow optimization for urban 
mobility, among many others.
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What distinguishes ESC from many contemporary data-
driven and learning-based approaches is not merely its 
model-free character but the nature of its guarantees. ESC 
does not rely on large offline datasets nor does it defer per-
formance assurances until after extensive retraining. 
Instead, it operates online, in a closed loop, and comes 
equipped with quantifiable convergence and robustness 
properties that speak directly to the language of control. In 
an era captivated by machine learning, ESC reminds us 
that learning, optimization, and stability need not be 
traded off against one another.

Recent years have witnessed an acceleration of theoreti-
cal and practical developments that have expanded the 
scope of ESC far beyond its original formulations. Exten-
sions to systems with delays, infinite-dimensional dynam-
ics governed by partial differential equations, stochastic 
and nonsmooth dynamics, and hybrid architectures com-
bining continuous-time physics with discrete-time decision 
making have opened new territories for real-time model-
free optimization. These advances are not incremental; they 
represent qualitative shifts that position ESC as a central 
tool for complex cyberphysical systems.

Against this backdrop, the present special issue has an 
ambitious but deliberately focused goal: to provide the 
IEEE Control Systems readership with a coherent snapshot 
of high-momentum directions in extremum seeking 
research and application. Rather than attempting a com-
prehensive survey—a task that would be both monumental 
and quickly outdated—we have curated a set of tutorial-
style contributions that emphasize insight, perspective, 
and connection. Our hope is that readers new to ESC will 
find clear entry points into the field, while experts will dis-
cover resonances across theory and practice.

The first two articles in this special issue focus on theory. 
The first [A1], by Tiago Roux Oliveira, Miroslav Krstić, and 
Tamer Basar, surveys extremum and Nash equilibrium 
seeking for systems with delays and partial differential 
equations, tracing the evolution of ESC from finite-dimen-
sional settings to networks of distributed infinite-dimen-
sional agents. The second [A2], by Jorge I. Poveda and 
Andrew R. Teel, addresses extremum seeking in hybrid 
dynamical systems, where continuous-time dynamics 
intertwine with discrete events, logic, and decision making.

Complementing these theoretical contributions are 
two application-oriented articles. One [A3], by Mouha-
cine Benosman, illustrates how ESC has been translated 
into robust industrial solutions, from electromagnetic 
brakes to fluid dynamic systems, demonstrating the 

method’s ability to survive—and thrive—in demanding 
operational environments. The other [A4], by Alexander 
Scheinker, explores the emerging synergy between extre-
mum seeking and deep generative learning, showing 
how ESC can enhance the robustness of machine learn-
ing-based controllers for time-varying systems, with par-
ticle accelerators providing a compelling case study.

Mirroring the four technical articles, the cover artwork 
of this special issue follows a Warhol-meets-Kurosawa 
(Rashomon) rationale: four colorful variations of a single 
image, symbolizing four distinct perspectives on ESC—dif-
ferent viewpoints on the same underlying idea. In essence, 
extremum seeking is not about knowing the mountain but 
about learning how to climb to its peak.

Taken together, the articles in this special issue portray 
a field that is both mature and restless: mature in its ana-
lytical foundations yet restless in its pursuit of new prob-
lem classes and technological frontiers. If the first century 
of extremum seeking was devoted to discovering and jus-
tifying its core ideas, the second century promises inte-
gration, with hybrid systems, games, infinite-dimensional 
dynamics, and modern learning architectures.

We hope that this special issue will serve not only as a 
reference but also as a catalyst. By gathering diverse per-
spectives in one place, we aim to encourage cross fertiliza-
tion among communities and inspire new collaborations 
across disciplines and continents. Extremum seeking 
began as a practical response to uncertainty. Its future, we 
believe, lies in embracing complexity without relinquish-
ing the rigor that has brought it this far.
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dynamic systems. This special issue of IEEE Control Sys-

tems marks not only a historical milestone but also a turning 

point: an invitation to look forward, into the second century 
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In an era captivated by machine learning, ESC reminds us that learning, 

optimization, and stability need not be traded off against one another.
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noncooperative game. A game is noncooperative if play-
ers cannot form alliances or if all agreements need to be 
self-enforcing (for example, through credible threats), fo-
cusing on predicting individual players’ actions and pay-
offs and analyzing Nash equilibria [50]. A Nash equilib-
rium is an outcome that, once achieved or reached, means 
no player can increase its payoff by changing decisions 
unilaterally [9].

The realization that ES is applicable not only to single-
player optimization (possibly with a vector of inputs max-
imizing a single payoff), in an online model-free setting, 
but also to multiple competing players in the noncoopera-
tive game setting emerged in [21]. Each player employing 
an ES algorithm maximizes its own payoff, irrespective of 
the other players’ actions. It is shown in [21] that, if all 
players employ ES algorithms, they collectively converge 
to a Nash equilibrium. In other words, each of the players 
finds an optimal strategy in an online fashion, even 
though they do not know the analytical forms of the 
payoff functions (neither the other players’ nor their own) 

and neither have access to the actions applied by the other 
players nor to the payoffs achieved by the other players. 
Recent versions of the Nash equilibrium-seeking (NES) 
algorithm originally proposed in [21] can be found in [66], 
where fixed-time convergence is incorporated into time-
varying networks.

Delays and partial differential equations (PDEs) [40], 
[41] in a game context arise in applications like network 
virtualization, software-defined networks, cloud com-
puting, the Internet of Things, context-aware networks, 
green communications, and security [4], [5], [26]. In par-
ticular, differential games with delays are dealt with (in a 
partly or fully model-based fashion) in [12], [13], [17], [24], 
[34], [49], and [64]. PDE dynamics arise in the Black–Scho-
les model of behavior in financial markets [45], [68]. 
Hence, strong motivation exists for designs that ensure 
convergence to Nash equilibria in the presence of delays 
and PDEs.

The development of ES has progressed from static maps 
to finite-dimensional dynamic systems to networks of 
static and dynamic players (see “Summary”). Extensions 
from ordinary differential equation (ODE) dynamics to 
maps and players that incorporate delays, or even PDEs, 
were the next natural step in that progression, driven by 
increasing research challenges [58]. In [59] and in [19] and 
[53], we dealt with classical ES with single payoff func-
tions, where the actuation dynamics is governed by hyper-
bolic and parabolic PDEs, respectively. In [60], we have 
considered noncooperative games in which players act 
through arbitrarily long delays or transport hyperbolic 
PDEs. The delays may be distinct, and, in general, each 
player knows only the length of its own delay. To compen-
sate for distinct delays at the inputs of the players, we have 
employed predictor feedback.

In the first half of this article, we consider noncoopera-
tive games where players act through a more complex and 
complete scenario of PDE dynamics.

First, following a natural transition from the NES design 
through delays to design through parabolic PDEs, we prog-
ress to developing a nonmodel-based strategy for locally 
stable convergence to Nash equilibria in quadratic noncoop-
erative games with player actions subject to diffusion (heat) 
PDE dynamics with distinct diffusion coefficients and each 
player having access only to its own payoff value. The pro-
posed approach employs ES with sinusoidal perturbation 
signals employed to estimate the gradient (first derivative) 
and Hessian (second derivative) of unknown quadratic func-
tions. To compensate for distinct diffusion processes in the 

Strong motivation exists for designs that ensure convergence to Nash 

equilibria in the presence of delays and PDEs.

Summary

TThe development of ES has progressed over the past 

100 years, from static maps to finite-dimensional dy-

namic systems to networks of static and dynamic agents. 

Extensions from ordinary differential equation dynamics 

to maps and agents that incorporate delays or even PDEs 

are the next natural step in that progression through as-

cending research challenges. This article provides an 

overview of results on the algorithm design and theory 

of ES for such infinite-dimensional systems. Both hy-

perbolic and parabolic dynamics are presented: delays 

or transport equations, heat-dominated equations, wave 

equations, and reaction–advection–diffusion equations. 

NES methods are introduced for noncooperative game 

scenarios of the model-free kind and then specialized 

to single-agent optimization. Even heterogeneous PDE 

games, such as a duopoly with one parabolic and one 

hyperbolic agent, are considered. Several engineering 

applications are touched upon for illustration, including 

flow-traffic control for urban mobility, oil-drilling systems, 

deep-sea cable-actuated source seeking, additive manu-

facturing modeled by the Stefan PDE, biological reactors, 

light-source seeking with flexible-beam structures, and 

neuromuscular electrical stimulation.
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inputs of the N players, we employ boundary control with 
averaging-based estimates.

Second, when players are competing in a noncoopera-
tive game, there is no reason to assume that players are 
pursuing even remotely related objectives. One could be 
maximizing its profit, while another could maximize 
some social good. Likewise, there is no reason to assume 
that different players are subject to the same type of phys-
ics. One might be propagating an input through some 
social opinion dynamics, while another may be propagat-
ing it through some epidemiological dynamics. This 
means that, while first we provide useful designs and 
guarantees of Nash equilibrium attainment in the pres-
ence of hyperbolic and parabolic PDE dynamics (exam-
ples of which are delays or heat dynamics), it is of interest 
to see when different players who—unaware of the com-
peting optimization pursuits in different physical 
domains, are employing ES algorithms with compensa-
tion of their own specific PDEs—will be able to achieve 
Nash optimality under the interference of other players 
who are compensating their own PDE dynamics, which 
are from different classes.

In this sense, one could formulate the problem of a 
noncooperative game with dynamics from different 
PDE classes (hyperbolic, parabolic, Korteweg–De Vries, 
Schrödinger, Kuramoto–Sivashinsky, etc.), but we do not 
pursue all such possibilities here. We only demonstrate the 
achievement of convergence to a Nash equilibrium in a 
game with two “heterogeneous” players (a duopoly), where 
one player compensates a transport PDE and the other one 
a heat PDE. While not coupled directly, the coupling of the 
players in the payoff functions and the coupling that results 
from the ES algorithms acting at the boundary conditions 
of the PDEs result in a coupled heterogeneous pair of PDEs 
in the closed-loop system, which also happens to be time 
varying and nonlinear.

In both scenarios (homogeneous or heterogeneous 
games), we apply an adequate small-gain analysis for the 
resulting input-to-state stable (ISS) parabolic PDE–ODE 
loop as well as averaging theory in infinite dimensions, 
because of the infinite-dimensional state of the heat PDEs 
and delays, to obtain local convergence to a small neigh-
borhood of the Nash equilibrium. We quantify the size of 
these residual sets for this distinct class of parabolic–
hyperbolic PDEs. 

The material in this article and the related results [61], 
[62], [63], presented only in conferences but not published 
in journals, constitute the first instance of noncooperative 

games being tackled in a model-free fashion with ES in 
the presence of PDE dynamics, represented by heat PDEs 
and delays. The employment of PDE motion planning (for 
obtaining the probing signals) combined with the PDE–
ISS formulation, the distributed boundary control feed-
back design, and the closed-loop analysis via small-gain 
theorems for PDEs are the main bits of new knowledge 
that a reader already acquainted with ES will gain from 
this article.

We start the second part of the article by highlighting the 
relation between NES and classical ES for infinite-dimen-
sional systems. In this discussion, classes of PDEs more gen-
eral than transport and heat equations are addressed.

The second half of the article is dedicated to a number of 
engineering applications, presenting traffic control, oil-
drilling control, deep-sea cable-actuated control, additive 
manufacturing, bioreactors, light-source seeking with can-
tilever beams, and neuromuscular electrical stimulation 
(NMES) under delays. These applications may attract inter-
est on the basis of either their physical nature or their math-
ematical nature.

Physically, the applications selected to introduce the 
reader to some of the technological possibilities of ES are 
grouped as follows. First, we present an application rep-
resentative of flow: traffic. Next, we show applications 
entailing mechanical vibrations: drill-string instabilities 
in oil drilling and cable oscillations in undersea manipu-
lation and construction. Third, we turn to thermal diffu-
sion in additive manufacturing and the diffusion of 
chemical or biological matter in tubular reactors. Fourth, 
in a light-seeking application, we consider cantilever 
beams (vibrating systems qualitatively different from the 
torsional vibrations in drill strings and translational 
vibrations in cables). Fifth, we consider NMES in patient 
rehabilitation.

The applications featured in the article are selected not 
only for their physical variety but also for their mathemati-
cal typicality. The traffic and NMES applications feature a 
pure transport PDE or delay. The drilling and cable appli-
cations feature second-order hyperbolic PDEs. The additive 
manufacturing and bioreactor applications feature para-
bolic PDEs. Through these applications, the reader is 
exposed to the full spectrum of basic PDE types in which 
ES can be successfully pursued.

Another key motivation for this article is for it to serve 
as a tutorial-style guide to ES and NES in the context of 
systems with delays and PDEs—an area that has seen rapid 
development but remains technically challenging and 

The applications featured in the article are selected not only for their  

physical variety but also for their mathematical typicality.
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fragmented across various subdomains. In this sense, the 
article is also constructed to

	» integrate and systematize the core theoretical tools 
and results from recent developments, including our 
own [58]

	» provide intuitive explanations, design guidelines, 
and application examples to lower the entry barrier 
for students and researchers new to this topic

	» clarify the interplay between finite- and infinite-
dimensional systems as well as delay effects in ES 
and NES algorithms

	» motivate future research by outlining open problems 
and application domains in which these techniques 
can have a strong impact.

The article is organized as follows. The section 
“N-Player Game With Quadratic Payoffs for NES” intro-
duces the standard assumptions (such as diagonal domi-
nance for the Hessian matrix) for noncooperative games 
with N players and quadratic payoff functions. The setup 
taking delays into account is shown in the section “Nonco-
operative Scenario With Delays,” and we consider the 
inclusion of heat PDEs in noncooperative games in the sec-
tion “Noncooperative Games With Heat PDEs.” In these 
two sections, we consider delays and heat PDEs separately, 
each player handling a distinct heat PDE or transport PDE. 
The extension from homogeneous noncooperative games 
to heterogeneous ones is carried out in the section “Nonco-
operative Duopoly With Heterogeneous Transport–Heat 
PDE Dynamics.” In that section, we seek Nash equilibria 
in a quadratic noncooperative duopoly game ( )N 2=  with 
player actions concomitantly subject to transport–heat 
PDE dynamics—one player compensating for a delay 
(transport PDE) and the other one for a heat (diffusion) 

PDE—and each player having access only to its own 
payoff value. Stability analyses for each specific case are 
conducted in the corresponding sections “Heat PDEs 
Case,” “Delay Case,” and “Stability Analysis,” with the 
proofs of the main theorems made available. We illustrate 
the theoretical results numerically on an example com-
bining hyperbolic and parabolic dynamics in a two-
player setting, given in the section “Simulations.” The 
section “From Nash Equilibrium to ES” brings further 
results on ES for infinite-dimensional systems governed 
by a wider class of PDE systems. A series of application 
sections follows, covering traffic control, oil-drilling con-
trol, deep-sea cable-actuated control, additive manufac-
turing, bioreactors, light-source seeking with cantilever 
beams, and NMES under delays, showing the vast space 
of possibilities of designing ES algorithms for real-world 
applications. Concluding remarks are included in the sec-
tion “Conclusions.” 

An outline of the article’s extension of ES results is pro-
vided in “Extensions and Synthesis.” The notation and ter-
minology used in the article are listed in “Notation, 
Norms, and Terminology.”

N-PLAYER GAME WITH QUADRATIC  
PAYOFFS FOR NES
Game theory provides an important framework for the 
mathematical modeling and analysis of scenarios involving 
different players where there is coupling in their actions, in 
the sense that their respective outcomes (outputs) ( )y t Ri !  
do not depend exclusively on their own actions/strategies 
(input signals) ( ) ,t Ri !i  with , , ,i N1 f=  but at least on a 
subset of others’. Moreover, defining [ , , ] ,N

T
1| fi i i=  each 

player’s payoff function ( ) :J RRi
N "i  depends on the 

Extensions and Synthesis

WWe provide a consolidated and generalized treatment of 

both ES and NES in the presence of delays and heteroge-

neous PDE dynamics. We introduce a unified controller design 

framework that accommodates both transport and diffusion as 

well as expanded settings to other classes of PDEs.

The article also introduces new convergence proofs tai-

lored to the integrated framework and general convergence 

results for (N)ES under mixed-type PDE dynamics, which were 

not presented in earlier articles.

Beyond such a more complete and modular treatment of 

delay and PDE compensation in both ES and NES interactions, 

application domains and numerical simulations are developed, 

highlighting the broad applicability of the proposed methods.

In summary, the article extends ES results in several key 

directions, as follows:

•	 Multiplayer generalization: This work develops a general-

ized framework for N-player games, possibly accommo-

dating heterogeneous dynamics and delay profiles. This 

requires extending the controller structure and conver-

gence analysis beyond what was previously established 

in the existing literature.

•	 Heterogeneous infinite-dimensional dynamics: The ar-

ticle deals with mixed-type PDE dynamics (for example, 

combinations of transport and diffusion equations) across 

different agents.

•	 Unified design and analysis: We provide a systematic 

controller design methodology, applicable to a wide range 

of PDE-governed agents, and a unified convergence 

analysis that covers both homogeneous and heteroge-

neous systems. This allows the reader to understand the 

underlying structure behind various NES schemes and 

apply them in broader contexts.

•	 Tutorial exposition: We integrate previously scattered results, 

enhance accessibility, and motivate future developments.
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action ji  of at least one other Player j, .j i=Y  An N-tuple of 
actions, ,i)  is said to be in Nash equilibrium if no Player i can 
improve its payoff by unilaterally deviating from ,ii

)  this 
being so for all i [9].

Consider games where the payoff function of each 
player is quadratic, expressed as a strictly concave1 combi-
nation of their actions

	 ( ( )) ( ) ( ) ( )J t H t t h t c2
1

i jk
i

k

N

j

N

jk
i

j k j
i
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N

j i
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i i i ie= + +
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where ( )t Rj !i  is the decision variable (action) of Player j, 
,Hjk

i  ,hj
i  and c Ri !  are constants, ,H 0ii

i 1  ,H Hjk
i

kj
i=  and 

,0jk
i

kj
i 2e e=  , , .i j k6

1By strict concavity, we mean that ( )Ji i  is strictly concave in ii  for all ,ii-  
this being so for each , , .i N1 f=

Quadratic payoff functions of the previous type are of par-
ticular interest in game theory, first because they constitute 
second-order approximations to other types of nonquadratic 
payoff functions, and second because they are analytically 
tractable, leading in general to closed-form equilibrium solu-
tions that provide insight into the properties and features of 
the equilibrium solution concept under consideration [9].

For the sake of completeness, we provide here, in math-
ematical terms, the definition of a Nash equilibrium 

[ , , ]N
T

1 fi i i=) ) )  in an N-player game:

	 ( , ) ( , ), , { , , }J J i N1Ui i i i i i i i6 f$ ! !i i i i i) ) )
- - � (2)

where Ji  is the payoff function of Player i, and the variable ii  
corresponds to its action, while Ui  is its action set, and ii-  
denotes the actions of the other players. Hence, no player has 
an incentive to unilaterally deviate its action from .i)  In a 

Notation, Norms, and Terminology

TThe 2-norm of the state vector ( )X t  for a finite-dimensional 

system described by an ODE is denoted by single bars 

( ) .X t; ;  By contrast, norms of functions (of x) are denoted by 

double bars. By default, $< < denotes the spatial [ , ]L D0 -2 norm, 

that is, ,[ , ]L D02$ $< < < <=  where we drop the index ([ , ])L D02  if not 

otherwise specified. Since the state variable ( , )u x t  of the in-

finite-dimensional system governed by a PDE is a function of 

two arguments, we should emphasize that taking a norm in one 

of the variables makes the norm a function of the other variable, 

as adopted in [40] and [41]. For example, the [ , ]L D0 -2 norm of 

( , )u x t  in [ , ]x D0!  is ( ) ( ( , ) ) ,yu t u x t dx /D 2 1 2< <= 0  while the [ , ]L D0 -3

norm is defined by ( ) ( ) ( , ) .supu t u t u x t[ , ] [ , ]L D x D0 0< < < < ; ;= =3 !3  

Moreover, the -H1 norm is given by ( ) ( ) ( ) .u t u t u tL Lx
2 2 2
H 2 21< < < < < <= +

We denote the partial derivatives of a function ( , )u x t  as 

( , ) ( , ) / ,u x t u x t xx2 2 2=  ( , ) ( , ) / .u x t u x t tt2 2 2=  We conveniently 

use the compact form ( , )u x tx  and ( , )u x tt  for the former and the 

latter, respectively.

Consider a generic nonlinear system described by x =o

( , , ),f t x e  where ,x Rn!  and ( , , )f t x e  is periodic in t with period T;  

that is, ( , , ) ( , , ).f t T x f t xe e+ =  Thus, for 02e  sufficiently small, 

we can obtain its average model given by ( ),x f xav av=o  with 

( ) / ( , , ) ,yf x T f x d1 0T
av x x= 0  where ( )x tav  denotes the average ver-

sion of the state ( )x t  [S1].

As defined in [S1], a vector function ( , )f t Rn!e  is said to 

be of order ( )O e  over an interval [ , ]t t1 2  if ,  : ( , ) ,k f t k7 ; ; #e e er  

[ , ] [ , ].t t t0 and 1 26 6! !e er  In most cases, we do not provide ex-

plicit values for the constants k and ,er  in which case ( )O e  can 

be interpreted as an order-of-magnitude relation for sufficiently 

small .e

The term “s” stands for either the Laplace variable or the 

differential operator / ,d dt  depending on the context. For a 

transfer function ( )H s0  with a generic input u, the pure convolu-

tion ( ) ( ),h t u t0 )  with ( )h t0  being the impulse response of ( ),H s0  

is also denoted by ( ) ,H s u0  as done in [S2]. The maximum and 

minimum eigenvalues of a square matrix A are denoted by 

( )Amaxm  and ( ),Aminm  respectively.

The definitions of the ISS for ODE-based as well as PDE-

based systems are assumed to be as provided in [S3] and [32], 

respectively.

Let A Rn3  be an open set. By ( ; ),C A0 X  we denote the class 

of continuous functions on A, which take values in .Rm3X  By 

( ; ),C Ak X  where ,k 1$  is an integer, we denote the class of func-

tions on A Rn3  with continuous derivatives of order k, which 

take values in .Rm3X  In addition, ([ , ]; )C a b Rn  is the Banach 

space of continuous functions mapping the interval [ , ]a b  into 

;Rn  see [S4, Chapter 2]. Alternatively, ( )C Xn  denotes an n-times 

continuously differentiable function on the domain .X  In addition, 

R+  stands for the domain of positive real numbers, including 0.

In line with [S5] and [S4], we assume the usual definitions for 

any delayed-system ( ) ( , ),x t f t xt=o  ,t t0$  and ( ) ( ),x t0 pH H+ =  

[ , ],D 0max!H -  where t0  is an arbitrary initial time instant ,t 00 $  

( )x t RN!  is the state vector, D 0max2  is the maximum time de-

lay allowed, the history function of the delayed state is given 

by ( ) ( ) ([ , ]; ),x x t C D 0 Rmaxt
N!H H= + -  and the functional initial 

condition p  is also assumed to be continuous on [ , ] .D 0max-  

Without loss of generality, we take t 00 =  throughout the article.
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duopoly example ( )N 2=  to be considered later, ,RUU1 2= =  
where R  denotes the set of real numbers.

To determine the Nash equilibrium solution in strictly 
concave quadratic games with N players, where each action 
set is the entire real line, one should differentiate Ji  with 
respect to ( ), , , ,t i N1i 6 fi =  setting the resulting expres-
sions equal to zero and solving the set of equations thus 
obtained.

This set of equations, which also provides a sufficient 
condition due to the strict concavity, is

	 , , ,H h i N0 1ij
i

j

N

ij
i

j i
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1
fie + = =)
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/ � (3)

which can be written in compact form as
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Defining the Hessian matrix H and vectors i)  and h by
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(5)

there exists a unique Nash equilibrium at H h1i =-) -  if H 
is invertible:
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For more details, see [9, Chapter 4].

The Basic Idea of NES in a Two-Player Game

LLet players P1 and P2 represent two firms that produce the 

same good, have dominant control over a market, and com-

pete for profit by setting their prices u1  and ,u2  respectively. 

The profit of each firm is the product of the number of units sold 

and the profit per unit, which is the difference between the sale 

price and the marginal or manufacturing cost of the product. In 

mathematical terms, the profits are modeled by

	 ( ) ( ) ( ( ) )J t s t u t mi i i i= - � (S1)

where si  is the number of sales, mi  the marginal cost, and 

,i 1 2! " , for P1 and P2. Intuitively, the profit of each firm will 

be low if it either sets the price very low since the profit per unit 

sold will be low, or if it sets the price too high since then con-

sumers will buy the other firm’s product. The maximum profit 

is expected to lie somewhere in the middle of the price range, 

and it crucially depends on the price level set by the other firm. 

(See Figure S1). 

To model the market behavior, we assume a simple, but 

quite realistic model, where for whatever reason, the consumer 

prefers the product of P1 but is willing to buy the product of P2 

if its price u2  is sufficiently lower than the price .u1  Hence, we 

model the sales for each firm as

	 ( ) ( ), ( ) ( ( ) ( ))s t S s t s t p u t u t1
d1 2 2 1 2= - = - � (S2)

where the total consumer demand Sd  is held fixed for simplici-

ty, the preference of the consumer for P1 is quantified by ,p 02  

and the inequalities u u1 22  and ( ) /u u p Sd1 2 1-  are assumed 

to hold.

Substituting (S2) into (S1) yields expressions for the profits 

( , )J u u1 1 2  and ( , )J u u2 1 2  that are both quadratic functions of the 

prices u1  and ,u2  namely

	
( )

J p
u u u m S p u m u S pmd d

1
1
2

1 2 1 1 1 2 1
=
- + + + - -

� (S3)

	 J p
u u u m u m u

2
2
2

1 2 2 1 2 2=
- + + + � (S4)

and thus, the Nash equilibrium is easily determined to be

	 ( )u m m S p3
1 2 2 d1 1 2= + +) � (S5)

	 ( ) .u m m S p3
1 2 d2 1 2= + +) � (S6)

To make sure the constraints ,u u1 22  ( ) /u u p Sd1 2 1-  are 

satisfied by the Nash equilibrium, we assume that m m1 2-  lies 

in the interval ( , ) .S p S p2d d-  If ,m m1 2=  this condition is auto-

matically satisfied.

For completeness, we provide here the definition of a Nash 

equilibrium [ , ]u u u T
1 2=) ) )  in a two-player game:

	 ( , ) ( , ), , ,J u u J u u u U i 1 2i i i i i i i i6$ ! !) ) )
- - " ,� (S7)

where Ji  is the payoff function of Player i, ui  its action, Ui  

its action set, and u i-  denotes the action of the other player. 

Hence, no player has an incentive to unilaterally deviate its ac-

tion from .u)  In the duopoly example, ,U U R1 2= = +  where R+  

denotes the set of positive real numbers.

(Continued)
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In addition to the following Assumption 1 (formulated 
in [21]), we further assume/formalize the subsequent 
Assumption 2 for noncooperative games.

Assumption 1 
The Hessian matrix H given by (5) is strictly diagonal dom-
inant, that is,

	 , { , }.H H i N1ij
i

ij
i

ii
i

ii
i

j i

N

f1 !e e
!

/ � (7)

Assumption 2
The parameters jk

i
e  and kj

i
e  that appear in the Hessian 

matrix H given by (5) satisfy the following conditions:

	 , , j k1ii
i

jk
i

kj
i 6 !e e e e= = = � (8)

with 0 11 1e  in the payoff functions (1).
By Assumption 1, the Nash equilibrium i)  exists and is 

unique since strictly diagonally dominant matrices are 

nonsingular by the Levy–Desplanques theorem [29]. 
Assumption 2 could be relaxed to consider different values 
of the coupling parameters ie  for each Player i. However, 
without loss of generality, we have assumed the same 
weights for the interconnection channels among the 

y1(t)θ1(t)

θ2(t) y2(t)

PLAYER 1
NES

PLAYER 2
NES

MARKET

e–D1s

e–D2s

FIGURE 1 NES schemes applied by two players N 2=^ h in a duo-
poly market structure with delayed players’ actions.

To attain the Nash strategies (S5) and (S6) without any knowl-

edge of modeling information, such as the consumer’s prefer-

ence p, the total demand ,Sd  or the other firm’s marginal cost 

or price, the firms implement a nonmodel-based real-time opti-

mization strategy, for example, deterministic ES with sinusoidal 

perturbations, to set their price levels. Specifically, P1 and P2 

set their prices, u1  and ,u2  respectively, according to the time-

varying strategy (Figure S1):

	 ( ) ( ) ( )u t k t J ti i i in=ot � (S8)

	 ( ) ( ) ( )u t u t ti i in= +t � (S9)

where ( ) ( ),sint a ti i i in ~ {= +  ,ki  ,ai  0i2~  and , .i 1 2! " ,  Fur-

ther, the frequencies are of the form

	 i i~ ~~= r � (S10)

where ~  is a positive real number and i~r  is a positive rational 

number.

By contrast, the firms are also guaranteed to converge to 

the Nash equilibrium when employing the standard parallel ac-

tion update scheme [9, Proposition 4.1]

	 ( )u u m S p2
1( ) ( )k k

d1
1

2 1= + +
+ � (S11)

	 ( )u u m2
1( ) ( )k k

2
1

1 2= +
+ � (S12)

which requires each firm to know both its own marginal cost and 

the other firm’s price at the previous step of the iteration, and 

also requires P1 to know the total demand Sd  and the consumer 

preference parameter p. In essence, P1 must know nearly all of 

the relevant modeling information. When using the ES algorithm 

(S8) and (S9), the firms only need to measure the value of their 

own payoff functions, J1  and .J2  The convergence of (S11) and 

(S12) is global, whereas the convergence of the Nash-seeking 

strategy for this example can be proved to be semiglobal, follow-

ing [S6], or local, by applying the theory of averaging [S1].
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The Basic Idea of NES in a Two-Player Game (Continued )

FIGURE S1 Deterministic Nash-seeking schemes applied by 
players in a duopoly market structure.
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players to facilitate the proofs of our theorems and also to 
guarantee that the considered noncooperative game is not 
favoring any specific player. See also “The Basic Idea of 
NES in a Two-Player Game.” In what follows, we introduce 

NES in noncooperative games with model-free ES in the 
presence of PDE dynamics. 

NONCOOPERATIVE SCENARIO WITH DELAYS
For the sake of completeness and to keep the material self-
contained, we briefly review the case of noncooperative 
games subject to multiple and distinct delays originally 
addressed in [60]. In this scenario, the purpose of the ES is 
still to estimate the Nash equilibrium vector i)  but without 
allowing any sharing of information among the players. As 
mentioned earlier, each player only needs to measure the 
value of its own payoff function described by

	

( ) ( ( )) ( ) ( )
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(9)

with Ji  given by (1). In this sense, we are able to formulate 
the closed-loop system in a decentralized fashion, where no 
knowledge about the payoffs y i-  or actions ii-  of the other 
players is required, as illustrated in Figure 1.

Predictor

1

θi (t) θi (t – Di)

θ–i(t – D–i)

yi (t)
Ji (.)

Mi (t)

Ni (t)

Si (t)

Uiθi Gi

Hi

ki
ci

e–Dis

e–Dis

s + cis

1

s

t

t

t

FIGURE 2 Block diagram illustrating the NES strategy performed for 
each player. In red is shown the predictor feedback used to com-
pensate the individual delay Di  for the noncooperative case. With 
some abuse of notation, the constants ci  were chosen to denote 
the parameters of the filters / ( ),c s ci i+  but they are not necessarily 
the same constants that appear in the payoff functions given in (1).

Motion Planning for PDEs

TThe field of boundary control of PDEs is almost entirely de-

voted to stabilization problems for PDEs, dealing with the 

design of feedback laws. However, since the PDEs we address 

in this article are linear, the same feedback laws designed for 

stabilization of zero equilibria are capable of also stabilizing 

any other feasible trajectories of these PDEs. To accomplish 

such tasks, we need to be able to first generate such trajecto-

ries as functions of t and x. In other words, we need to be able 

to generate not only the necessary feedback controls but also 

the feedforward controls.

In “Trajectory Generation Examples (Part I)” and “Trajec-

tory Generation Examples (Part II),” we provide an introduction 

to some recently emerging ideas in trajectory generation [42, 

Chapter 12], motion planning [44], or, simply put, open-loop 

control for PDEs.

As we shall see, once we are able to generate a ref-

erence trajectory for the state of the PDE, we can easily 

combine our feedforward and feedback controls to stabilize 

this trajectory. For example, if the control input to the PDE 

is of Dirichlet type ( , )u t1  and we have designed a feed-

back control

	 ( , ) ( , ) ( , )u t k y u y t dy1 1
0

1
= # � (S13)

and if we have generated a state reference trajectory ( , ),u t1r  

then the overall “feedback + feedforward” control law

	 ( , ) ( , ) ( , ) ( ( , ) ( , ))u t u t k y u y t u y t dy1 1 1r r

0

1
= + -# � (S14)

will (exponentially) stabilize the trajectory; namely, it will en-

sure that ( , ) ( , )u x t u x t 0r "-  as t " 3  (for all x, in an appropri-

ate sense).

While trajectory tracking for a state reference is a relevant 

problem, a truly important engineering problem is that of track-

ing an output reference. To solve such a problem, one starts 

from an output reference trajectory, for example, ( , ),u t0r  as 

the desired temporal waveform of the system output ( , )u t0  at 

;x 0=  then generates the state trajectory ( , )u x tr  for all x (in-

cluding ,x 1=  which produces the control reference); and then 

combines this result with a feedback control law to stabilize 

the trajectory ( , )u x tr  and to force the output ( , )u t0  to track the 

output trajectory ( , ) .u t0r

“Trajectory Generation Examples (Part I)” and “Trajectory 

Generation Examples (Part II)” focus on the generation of 

the state trajectory ( , )u x tr  given the output trajectory ( , ),u t0r  

which is often referred to as motion planning. Our coverage is 

driven not by a desire to achieve generality but by a desire to 

achieve clarity. Instead of trying to find a state trajectory for an 

arbitrary output trajectory, we go through a series of examples 

with reference outputs common in practice—polynomial and 

sinusoidal signals (the latter being crucial for the generation 

of the additive dither signals ( )S ti  in NES and ES control prob-

lems)—for a series of different PDEs, including the heat equa-

tion, the wave equation (including Kelvin–Voigt damping), and 

a first-order hyperbolic PDE. We also consider different types 

of outputs, including the “Dirichlet” outputs ( , )u t0  and “Neu-

mann” outputs ( , )u t0x .
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Trajectory Generation Examples (Part I)

EES is an effective real-time optimization method for PDE sys-

tems in cascade with nonlinear quadratic maps. To address 

PDEs in the feedback loop, a boundary control law and a re-

design of the additive probing signal are mandatory. The latter, 

commonly called “trajectory generation” or “motion planning,” 

involves designing perturbation signals that anticipate their prop-

agation through PDEs. Specifically, this requires solving mo-

tion-planning problems for systems governed by parabolic and 

hyperbolic PDEs. In this first part, we address the former cases.

EXAMPLE S-A

As our first example, we consider the plant

	 u ut xx= � (S15)

	 ( )u 0 0x = � (S16)

with reference output

	 ( , ) .u t t t0 1 2r 2= + - � (S17)

In a physical sense, we want to generate a temperature tra-

jectory at x 1=  such that the temperature evolution at x 0=  is 

given by (S17). To find the reference input ( , ),u t1r  we first need 

to construct the full-state trajectory ( , ),u x tr  which simultane-

ously satisfies (S15), (S16), and (S17). Let us search for the 

state trajectory in the following form:

	 ( , ) ( ) ! .u x t a t k
xr

k

k

k 0

=
3

=

/ � (S18)

This is a Taylor series in x with time-varying coefficients 

( )a tk  that need to be determined from (S15)–(S17). From (S17) 

and (S18), we see that

	 ( ) ( , ) .a t u t t t0 1 2r
0

2= = + - � (S19)

The boundary condition (S16) gives

	 ( ) ( , ) .a t u t0 0x
r

1 = = � (S20)

The next step is to substitute (S18) into (S15) as follows:
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We get the recursive relationship

	 ( ) ( ) .a t a tk k2 =+ o � (S22)

Using (S20) and (S19) with (S22) results in
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This gives the reference state trajectory

( , ) ( )u x t t t t x x1 2 1 12
1r 2 2 4= + + + - -

and the input signal

	 ( , ) .u t t t1 12
23r 2= + - � ◊

Note that the output matches the reference output trajec-

tory only if the initial condition of the plant is satisfied by the 

state trajectory, that is, if ( , ) .u x x x0 1 12
12 4= + -  To asymptoti-

cally track the reference signal as t " 3  for an arbitrary initial 

condition, we need to apply feedback.

The basic idea introduced in Example S-A is to use the “spa-

tial Taylor series” representation (S18) and to find the temporal 

coefficients ( )a tk  using a recursion such as (S22). This idea will 

permeate our developments in the subsequent examples. How-

ever, while in Example S-A the Taylor series was finite, in the 

subsequent examples, the series will be infinite and will have to 

be summed.

The subsequent examples, Examples S-B through S-E, will 

deal with sinusoidal reference functions. The following formu-

las are useful when calculating the trajectories for sinusoidal 

reference outputs:

( ) ( ) ! , ( ) ( ) !

( ) ( ), ( ) ( )

( ) ( ), ( ) ( ) .

cosh sinh

cosh cos sinh sin

cos cosh sin sinh
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EXAMPLE S-B

Consider the plant

	 u ut xx= � (S23)

	 ( )u 0 0x = � (S24)

with reference output

	 ( , ) ( ) .sinu t t0r ~= � (S25)

Since ( ) { },sin Imt e j t~ = ~  we can get the reference trajectory 

by setting 0m =  and ja ~=  in [47, Example 12.2]. We have

	 ( , ) { ( ) } .Im coshu x t j x er j t~= ~ � (S26)

Using the identity ( ) / ,j j1 2= +  we get
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Finally, the reference input is

	 ( , ) .sin sinu t e t e t1 2
1

2 2
1

2
r 2 2~ ~ ~ ~= + + -

~ ~-` `j j � (S27)

� ◊
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Without loss of generality, we assume that the inputs have 
distinct known (constant) delays that are ordered so that

	 { , , , }, .D D D D D Ddiag 0N N1 2 1f g# # #= � (10)

Further, given any RN -valued signal f, we introduce

	 ( ) ( ) ( ) ( ) ( ) .f t f t D f t D f t D f t DD
N N

T
1 1 2 2| f= - = - - -6 @

� (11)

Figure 2 presents a schematic diagram that summa-
rizes the proposed Nash equilibrium policy for each ith 
player, where its output is given by (2), where the vector 

( )t Di ii -- -  in Figure 2 represents the delayed actions of 
all other players.

The additive–multiplicative dithers ( ),S ti  ( )M ti  are

	 ( ) ( ( ))sinS t a t Di i i i~= + � (12)

	 ( ) ( )sinM t a t2
i

i
i~= � (13)

with nonzero constant amplitudes a 0i 2  at frequencies 
.i j!~ ~  The additive dither signals ( )S ti  that anticipate 

propagation through delays and PDEs are obtained by 
solving PDE motion-planning problems, as discussed in 
“Motion Planning for PDEs,” “Trajectory Generation Exam-
ples (Part I),” and “Trajectory Generation Examples (Part 
II).” Such probing frequencies i~  can be selected as

	 ( ), , , ,i N1 2Oi i f!~ ~ ~ ~= =l � (14)

where ~  is a positive constant and i~l  is a rational number. 
One possible choice is given in [23] as

	 ,  ( ),  ,  2
1 2i j j j k j kk l!!~ ~ ~ ~ ~ ~ ~ ~ ~+ + +Yl l l l l l l l l$ .� (15)

for all distinct i, j, k, and l.
Considering ( )tiit  as an estimate of ,ii

)  one can define the 
estimation error:

	 ( ) ( ) .t ti i ii i i= - )u t � (16)

The estimate Gi
t  of the unknown gradient of each payoff 

Ji  is given by

	 ( ) ( ) ( ).G t M t y ti i i=t � (17)

Computing the average of the resulting signal leads us to

	 ( ) ( )G t H t Di ij
i

j

N

ij
i

j j
av

1

avie= -
=

ut / � (18)

with P defined as

	 2 LCM 1
i

| #r
~

P = ' 1� (19)

and LCM standing for the least common multiple.
At this point, if we ignore the prediction loop and the 

low-pass filter (both indicated in red) in Figure 2, the con-
trol law ( ) ( )U t k G ti i i= t  could be obtained as in the classical 

ES approach. In this case, from (16) and (18), we could write 
the average version of

	 ( ) ( )t U ti ii =uo � (20)

as

	
( ) ( )

( ).

t k G t

k H t D

i i i

i ij
i

j

N

ij
i

j j

av av

1

av

i

ie

=

= -
=

u

u

o t

/ � (21)

Therefore, by defining

( ) [ ( ), ( ), , ( )]t t t t RN
T Nav

1
av

2
av av| f !i i i i=u u u u

and taking into account all players, one has

	 ( ) ( )t KH t Dav avi i= -u uo � (22)

with { , , }K k kdiag N1| f=  and H given by (5). Equation (22) 
means that, even if KH were a Hurwitz matrix, the equilib-
rium 0e

avi =u  of the closed-loop average system would not 
necessarily be stable for arbitrary values of the time delays 

.Di  This reinforces the demand to employ the prediction 
feedback ( ) ( )U t k G t Di i i i= +t —or even its filtered version—
for each player to collectively stabilize the closed-loop 
system, as illustrated in red in Figure 2.

In such a decentralized scenario, the dither frequencies 
,i~-  the excitation amplitudes ,a i-  and consequently the 

individual control laws ( )U ti-  are not available to Player i. 
Recalling that the models of the payoffs (1) and (2) are also 
assumed to be unknown, it becomes impossible to recon-
struct individually or estimate the Hessian matrix H given 
in (5) by using demodulating signals, such as those in [59].

Following the nonsharing information paradigm, the ith 
player is only able to estimate the element Hii

i  of the H matrix 
(5) by itself, this being so for all players. Therefore, only the 
diagonal of H can be properly recovered in the average sense. 
In this way, the signal ( )N ti  is now simply defined as

	 ( ) ( ) ( )sinN t N t
a

t16
2
1

i ii
i

i2
2| ~= = -` j� (23)

according to [59]. Then, the average version of

	 ( ) ( ) ( )H t N t y ti i i=t � (24)

is given by

	 ( ) ( ) ( ) .H t N t y t Hi i i ii
iav

 av= =t 6 @ � (25)

To compensate for the time delays, the following predic-
tor-based update law was proposed in [60]:

	 ( ) ( )t U ti ii =ot � (26)

	 ( ) ( ) ( ) ( ) ( )U t c U t c k G t H t U di i i i i i i i
t D

t

i
x x=- + +

-

o t tc m# � (27)
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for positive constants ki  and ci  (see also “Basic Idea of Predic-
tor Feedback Design for ODE Systems With Actuator Delay” 
and “Backstepping Boundary Control of Transport PDEs”).

NONCOOPERATIVE GAMES WITH HEAT PDEs
Recapitulating, the optimality of the respective outcomes 
(outputs) of Players i and j, respectively, ( )y t Ri !  and 

( ) ,y t Rj !  does not depend exclusively on their own strate-
gies (input signals) ( )t Ri !H  and ( ) .t Rj !H  Moreover, 
defining : [ , , ] ,N

T
1 fH H H=  each player’s payoff function Ji  

also depends on jH  of the other player j, .j i=Y  An N-tuple of 
[ , , ]* * *

N
T

1 fH H H=  is said to be in Nash equilibrium if no 
Player i can improve its payoff by unilaterally deviating 
from ,*iH  this being so for all { , , }i N1 f!  [9].

Trajectory Generation Examples (Part II)

AAll of the examples in “Trajectory Generation Examples 

(Part I)” have dealt with Dirichlet-type outputs ( , ).u t0  The 

next example deals with a Neumann-type output, ( , ).u t0x  In 

addition, only parabolic PDEs so far have been considered. 

The remaining examples deal with hyperbolic PDEs.

Example S-C

Consider the wave equation

	 u utt xx= � (S28)

	 ( )u 0 0= � (S29)

with the reference output

	 ( , ) ( ).sinu t t0x
r ~= � (S30)

Searching for ( , )u x tr  in the form of ( , ) ( ) ( / !),u x t a t x kr
k k

k
0R= 3
=  

we get

, ( ) ( ) { }

( )

sin Ima a t t e

a ta

0 j t

i i

0 1

2

~= = =

=

~

+ p

which gives

( ) ( ) { }.Im

a

a t j e

0k

k
k j t

2

2 1
2~

=

= ~
+

The state reference becomes

( , ) ( ) !
( )

( )

( )

( ) ( )

Im

Im sinh

Im sin

sin sin

u x t j
e

k
j x

j
e j x

e x

x t

2 1

1

r
j t k

k

j t

j t

2 1

0~
~

~
~

~
~

~
~ ~

=
+

=

=

=

3~

~

~

+

=

)

'

' 1

1

3/

and the reference input is

	 ( , )
( )

( ) .
sin

sinu t t1r

~
~

~= � (S31)

Note that, for the same desired reference output trajectory, 

the reference input for the heat equation—Example S-B in 

“Trajectory Generation Examples (Part I)”—has a much more 

complicated form.� G

Example S-D

Consider the more complex case of a wave equation with Kel-

vin–Voigt damping:

	 ( )u d u1tt t xx2e = + � (S32)

	 ( )u 0 0x = � (S33)

and with the reference output

	 ( , ) ( ) .sinu t t0r ~= � (S34)

Following the procedure in the previous examples, one can 

obtain the following reference state trajectory:

( , )

.

sin

sin

u x t e t x

e t x

r x

d

d

x

d

d

2
1

2 1

1 1

2 1

1 1

d

d

d

d

2 1

1 1

2 2

2 2

2 1

1 1

2 2

2 2

2 2

2 2

2 2

2 2

#

#

~ f~

~ f~

= +

+ -

f ~

~

~

f ~

~

~

+

+ +

-

+

+ +

~

~

~

~

+

+ -

+

+ -

` `
` `

jj
jj

;

B
� G

Example S-E

Consider the first-order hyperbolic PDE

	 ( )u u gu 0t x= + � (S35)

with the reference output

	 ( , ) ( ) .sinu t t0r ~= � (S36)

Searching for the reference trajectory in the form of 

( , ) ( ) !( / ),u x t a t x kr
k k

k
0R= 3
=  we get

( ) { }

( ) {( ) }

{( ) ( ) }

( ) .

sin Im

Im

Im

Im

a t e

a a gu j g e

a a j g j e

j
g

j e

0

1

j t

j t

k k
k j t

k j t

0

1 0

1

1

~

~

~ ~

~
~

= =

= - = -

= = -

= -

~

~

~

~

+

+

o

o

c m' 1

The reference trajectory becomes

( , ) { !
( )

}

{[ ] }

[ ( ) ( ( ))] ( ( ))

Im

Im

cos cos sin

u x t e k
j x

e

e e

t t x t x

1

1

r j t
j
g

k

k

j t

j
g

j
g j x j t

g

1

~

~ ~ ~

= + -

= + -

=- - + + +

3
~

~
~

~ ~
~ ~

~

=

`
`

j
j/

which gives the reference input

	 ( , ) [ ( ( )) ( ( )] ( ( )) .cos cos sinu t
g

t t t1 1 1r

~
~ ~ ~= + - + + � (S37)

� G

In the particular case of classical transport PDEs (or pure 

delays), when g 0= , the reference input becomes simply a 

phase-shifted sinusoidal function, that is, ( , ) ( ( )).sinu t t1 1r ~= +
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As shown in Figures 3 and 4, distinct heat equations (with 
Dirichlet actuation) are assumed in the vector of player actions 

( )t R2!i , in the particular duopoly game with .N 2=
In the N-player game, the propagated actuator vector 

( )t RN!H  is given by

	 ( ) ( , ), { , , }t t i N0 1i i 6 f!aH = � (28)

	 ( , ) ( , ), ( , )x t x t x D0t i xx i i2 2 !a a= � (29)

	 ( , )t0 0x i2 a = � (30)

	 ( , ) ( )D t ti i ia i= � (31)

where : [ , ] ,D0 R Ri i "#a +  and each domain length Di  is 
known. The solution of (28)–(31) is given by [40, Chapter 15]

	 ( , )
( )
( )

( )
cosh
cosh

x t
D s
x s

tLi
i

i
1 )a i= - = G � (32)

where ( )·L 1-  denotes the inverse Laplace transformation, 
and * is the convolution operator.

Given this relation, we define the diffusion operator for 
the PDE (28)–(31) with boundary input and measurement 
given by { , , }diagD D DN1 f=  with

[ ( )]
( )

( ), ( ) ( ) .
cosh

t
D s

t t t1 subject toD L Di
i

1 ){ { iH= =- ; 6E @
� (33)

As in (1), we consider games in which the payoff func-
tion ( ) ( [ ( )]) ( ( ))y t J t J tDi i ii H= =  of each player is quadratic 
[9], expressed as a strictly concave combination of their 
actions propagated through distinct heat PDE dynamics

y1(t)θ1(t)

θ2(t) y2(t)

PLAYER 1
NES

PLAYER 2
NES

Heat PDE 1

Heat PDE 2

NONCOOPERATIVE
GAME

FIGURE 3 NES in a duopoly N 2=^ h noncooperative game with 
players acting through heat PDE dynamics.

Basic Idea of Predictor Feedback Design for ODE Systems With Actuator Delay

HHere we consider the linear infinite-dimensional system

	 ( ) ( ) ( )X t AX t BU t D= + -o � (S38)

where X Rn!  ( , )A B  is a controllable pair, and the input signal 

( )U t  is delayed by D units of time.

Given a stabilizing gain vector K for the undelayed system, 

namely, given a vector K such that the matrix A BK+  is Hur-

witz, our wish is to have a control that achieves

	 ( ) ( ).U t D KX t- = � (S39)

This control can be alternatively written as

	 ( ) ( )U t KX t D= + � (S40)

and it appears to be nonimplementable since it requires future 

values of the state. However, with the variation-of-constants 

formula, treating the current state ( )X t  as the initial condition, 

we have

	 ( ) ( ) ( ) , .X t D e X t e BU d t 0( )AD A t

t D

t
6 $i i+ = + i-

-
# � (S41)

This yields a feedback law

	 ( ) ( ) ( ) ,U t K e X t e BU d t 0( )AD A t

t D

t
6 $i i= + i-

-
; E# � (S42)

which is implementable, but it is infinite dimensional since it 

contains the distributed delay term involving past controls, 

( ) .y e BU d( )t A t i ii-

t D-
 The closed-loop system is delay compen-

sated:

	 ( ) ( ) ( ),X t A BK X t t D$= +o � (S43)

but this is true only after the control “kicks in” at t D= . During 

the interval [ , ]t D0! , the system state is governed by

	 ( ) ( ) ( ) , [ , ].X t e X e BU D d t D0 0( )At A tt

0
6 !x x= + -x-# � (S44)

The feedback law (S42) was introduced within the frame-

work of “finite spectrum assignment” [S7], [S8] and the “re-

duction approach” [7]. In the section “Backstepping Boundary 

Control of Transport PDEs” we derive the same control law, 

but in a considerably more complicated way, which will pay 

dividends by providing us with an explicit Lyapunov–Krasovskii 

function and the ability to conduct stability analysis in the time 

domain, as discussed in [44]. (See also “Boundary Control and 

Backstepping for PDEs” and “Backstepping Boundary Control 

of Transport PDEs.”)
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	 ( ( )) ( ) ( ) ( )J t H t t h t c2
1

i jk
i

k

N

j

N

jk
i

j k j
i

j

N

j i
11 1
eH H H H= + +

== =

// / � (34)

where ( ) : ,J R Ri
N "H  obtained by replacing i  for H  in (1). 

Equations (2)–(6) can be repeated here simply replacing 
R* N!i  for ,R* N!H  where *H  represents the Nash equilib-

rium defined in (2).
The objective is to design an ES-based strategy to reach the 

Nash equilibrium in noncooperative games subjected to heat 
PDEs in the decision variables of the players (input signals).

Since our goal is to find the unknown optimal inputs *H  
(and *i ), we define the estimation errors

	 ( ) ( ) , ( ) ( )t t t t* *i i i j H H= - = -u t t � (35)

where the vectors ( )tit  and ( )tHt  are estimates of *i  and 
.*H  To make (35) coherent with the optimizer of the static 

map ,*H  we apply the diffusion operator (33) to iiu  in (35) 
and get

	 ( ) : ( , ), { , , }t t i N0 1i i 6 f!j a= r � (36)

	 ( , ) ( , ), ( , )x t x t x D0t i xx i i2 2 !a a=r r � (37)

	 ( , )t0 0x i2 a =r � (38)

	 ( , ) ( )D t ti i ia i=r u � (39)

where : [ , ]D0 R Ri i "#a +r  and ( ) : [ ( )] ( )t t tD *j i H H= = -u t  is 
the propagated estimation error ( )tiu  through the diffusion 
domain. For ( ) ,lim tt ci i="3  we have ( ) ,lim tt c ciH H= ="3

where the index c indicates a constant signal. Indeed, from 
(32), for a constant input ,ci i=  one has { } /sL c ci i= , and 
applying the Laplace limit theorem, we get [ ]lim Dt i cii ="3

( /( )) .( )lim cosh s Ds ci i ci0 i i=" " ,  In the particular case 
,*ci i i= =  one has

	 .* *iH = � (40)

Figure 4 depicts a schematic diagram that summarizes 
the proposed Nash equilibrium policy for each player, 
where their outputs are given by

	 ( ) ( ( )) .y t J ti i H= � (41)

From the solution of the trajectory generation prob-
lem [42, Chapter 12] (see “Trajectory Generation Exam-
ples (Part I), Example S-B”), the additive dither signals in 
the presence of heat PDE dynamics [19] are defined 
according to

	
( ) sin

sin

S t a e t D

a e t D

2
1

2

2
1

2

i i
D

i
i

i

i
D

i
i

i

2

2

i
i

i
i

~
~

~
~

= +

+ -

~

~
-

`

`

j

j
�

(42)

and the multiplicative demodulation signals are given by

	 ( ) ( )sinM t a t2
i

i
i~= � (43)

with nonzero constant amplitudes a 0i2  at frequencies 
.i j!~ ~  Such probing frequencies i~  can be selected as

	 ( ), { , , }i N1Oii 6 f!~ ~ ~ ~= =l � (44)

where ~  is a positive constant and i~l  is a rational number—
one possible choice is given in [23].

Following the nonsharing information paradigm, only 
the diagonal elements of H can be properly recovered in the 
average sense by players. In this sense, the signals ( )N ti  are 
simply defined by [23]

	 ( ) ( ) .sinN t
a

t16
2
1

i
i

i2
2 ~= -` j � (45)

Then, the average version of

	 ( ) ( ) ( )H t N t y ti i i=t � (46)

is given by

	 ( ) ( ) ( ) .H t N t y t Hi i i ii
iav

 av= =t 6 @ � (47)

Taking into account ( )tiit  as estimates of ,*ii  one can 
define from (35) the individual estimation errors

	 ( ) ( ) , ( ) ( ) .t t t t* *
i i i i i ii i i j H H= - = -u t t � (48)

The estimates of the unknown gradients of the payoff 
functions are given by

	 ( ) ( ) ( )G t M t y ti i i=t � (49)

Player 1
Heat PDE

Compensator

1 U1θ1

S1(t)

S2(t)

N1(t)

M1(t)

y1(t)
J1 (.)

J2 (.)
y2(t)

M2(t)

N2(t)

U2

s

Player 2
Heat PDE

Compensator

1
s

t

θ2
t

G1
t

H1
t

G2
t

H2
t

∂t α1(x,t) = ∂xx α1(x, t)θ 1
(t

) 
=

 α
1(

D
1,

 t)
θ 2

(t
) 

=
 α

2(
D

2,
 t)

Θ1(t) = α1(0, t)

Θ2(t) = α2(0, t)
∂t α2(x,t) = ∂xx α2(x, t)

FIGURE 4 Block diagram illustrating the NES strategy performed 
for each player .N 2=^ h  In magenta are shown the boundary con-
trollers used to compensate the individual heat PDEs for the non-
cooperative game.
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and computing the average of the resulting signal leads us to

	 ( ) ( )G t H tav avj=t � (50)

where the Hessian H is given in (5).
Additionally, from the block diagram in Figure 4, for 

arbitrary N, one has

	 ( ) ( ), { , , }t U t i N1i i 6 f!i =to � (51)

and consequently

	 ( ) ( ), { , , }t U t i N1i i 6 f!i =uo � (52)

since ( ) ( )t ti i=u to o , once *i  is constant. Taking the time deriva-
tive of (36)–(39) and with the help of (35) and (52), the propa-
gated error dynamics are written as

	 ( ) ( , ), { , , }t u t i N0 1i i 6 f!j =o � (53)

	 ( , ) ( , ), ( , )u x t u x t x D0t i xx i i2 2 != � (54)

	 ( , )u t0 0x i2 = � (55)

	 ( , ) ( )u D t U ti i i= � (56)

where : [ , ]u D0 RRi i "# +  and ( , ) ( , ): .u x t x ti it2 a= r

Hence, from (50) and (53)–(56), it is possible to find a 
compact form for the overall average estimated gradient 
according to

	 ( ) ( ) [ ( )]G t H t H U tDav av avj= =
o ot � (57)

where ( ) : [ ( ), , ( )] ,t t t RN
T N

1
av av avf !j j j=  ( ) : [ ( ), ,G t G t1

av av f=t t

( )] ,G t RN
T Nav !t  and ( ) : [ ( ), , ( )]U t U t U t RN

T N
1

av av avf !=  are the 
average versions of ( ): [ ( ),t t1j j= , ( )] ,tN

Tf j  ( ): [ ( ), ,G t G t1 f=t t  
( )] ,G tN

Tt  and ( ) : [ ( ), , ( )]U t U t U tN
T

1 f=  respectively.

Boundary Control and Backstepping for PDEs

TTwo PDE control settings exist:

•	 “in domain” control (actuation penetrates inside the do-

main of the PDE system or is evenly distributed every-

where in the domain, likewise with sensing)

•	 “boundary” control (actuation and sensing are only 

through the boundary conditions).

In this sense, boundary control is physically more realistic 

because actuation and sensing are nonintrusive (think fluid flow 

where actuation is from the walls). For instance, a “body force” 

actuation of electromagnetic type is also possible, but it has low 

control authority, and its spatial distribution typically has a pat-

tern that favors the near-wall region. Moreover, boundary control 

is a harder problem because the “input operator” (the analog of 

the B matrix in the linear time-invariant finite-dimensional model 

x Ax Bu= +o ) and the output operator (the analog of the C matrix 

in y Cx= ) are unbounded operators.

Many feedback designs for PDEs are inapplicable by 

boundary control. This article is devoted exclusively to bound-

ary control, using backstepping for PDEs [42], with which de-

stabilizing effects that appear throughout the spatial domain [0, 

D] can be eliminated. We illustrate the idea of PDE backstep-

ping for the parabolic class. One seeks a change of variables 

and feedback that transform the PDE system with boundary 

control (at ):x D=

	 ( , ) ( , ) ( , ) ( , ), [ , ]u x t u x t f x y u y t x D0t xx
x

0
!= + # � (S45)

	 ( , ) ( )u D t U t= � (S46)

into a target system

	 ( , ) ( , ), [ , ]w x t w x t x D0t xx != � (S47)

	 ( , )w D t 0= � (S48)

that has to be exponentially stable. The spatial kernel function 

( , )f x y  in the integral operator in (S45) may contain delta func-

tions like ( )x yd -  and ( ).yd  The coordinate transformation

	 ( , ) ( , ) ( , ) ( , )w x t u x t k x y u y t dy
x

0
= - # � (S49)

is proposed in [42] and preceding publications by Krstić and 

his coauthors, where ( , )k x y  is the gain kernel and the integral 

in (S49) is a Volterra integral transformation. Since the coordi-

nate transformation (S49) is invertible [42], the stability of the 

target system translates into stability of the original system. 

Hence, with the boundary controller chosen as

	 ( ) ( , ) ( , ) ( , )U t u D t k D y u y t dy
D

0
= = # � (S50)

the original system (S45) and (S46) with the controller (S50) 

is exponentially stable. The gain kernel ( , )k x y  has to satisfy 

Goursat PDE conditions that arise from substituting the trans-

formation (S49) into the target system (S47) and (S48) along 

with the original system equations (S45) and (S46).

Remark S1

There also exists ODE backstepping, especially integrator 

backstepping [S9], where the feedback law is propagated 

“backward” through a chain of integrators. The name back-

stepping for PDEs is caused by the triangular structure of the 

Volterra integral transformation, similar to ODE backstepping.

Detailed backstepping boundary control methods for trans-

port and heat PDEs are presented in “Backstepping Boundary 

Control of Transport PDEs” and “Backstepping Boundary Con-

trol of Heat PDEs,” respectively.

REFERENCE
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Now, we use an ES strategy based on boundary con-
trol to compensate for the diffusion operator [ ]·D  in 
(57) due to the multiple and distinct heat PDEs in 
the players’ actions. Basically, control laws must be able 
to ensure exponential stabilization of ( )G tavt  and 

consequently of ( )tavj = ( ) .t *avH H-t  From (50), it is clear 
that, if H is invertible, ( )t 0av "j  as ( ) .G t 0av "t  Hence, the 
convergence of ( )tavj  to the origin results in the conver-
gence of ( )tH  to a small neighborhood of the Nash equi-
librium point * *iH = —see (40)—via averaging theory 

Backstepping Boundary Control of Transport PDEs

TThe delay in the system (S38) of “Basic Idea of Predictor 

Feedback Design for ODE Systems With Actuator Delay” 

can be modeled by the following first-order hyperbolic PDE, 

also referred to as the “transport PDE”:

	 ( , ) ( , )u x t u x tt x= � (S51)

	 ( , ) ( ) .u D t U t= � (S52)

The solution to this equation is

	 ( , ) ( )u x t U t x D= + - � (S53)

and, therefore, the output

	 ( , ) ( )u t U t D0 = - � (S54)

gives the delayed input. The system (S51) can now be written as

	 ( ) ( ) ( , ) .X t AX t Bu t0= +o � (S55)

Equations (S51)–(S55) form an ODE–PDE cascade that is 

driven by the input U from the boundary of the PDE (Figure S2).

Suppose a static state feedback control has been designed 

for a system with no delay (that is, with D 0= ) such that

	 ( ) ( )U t KX t= � (S56)

is a stabilizing controller; that is, the matrix ( )A BK+  is Hurwitz. 

Consider the backstepping transformation

	 ( , ) ( , ) ( , ) ( , ) ( ) ( )w x t u x t q x y u y t dy x X t
x

T

0

c= - -# � (S57)

with which we want to map the system (S51)–(S55) into the 

target system

	 ( ) ( ) ( ) ( , )X t A BK X t Bw t0= + +o � (S58)

	 ( , ) ( , )w x t w x tt x= � (S59)

	 ( , )w D t 0= � (S60)

from the ODE–PDE system

	 ( ) ( ) ( , )X t AX t Bu t0= +o � (S61)

	 ( , ) ( , )u x t u x tt x= � (S62)

	 ( , ) ( ) .u D t U t= � (S63)

The transformation (S57) applied to (S58)–(S63) yields

	 ( , ) ( , )q x y q x y 0x y+ = � (S64)

	 ( , ) ( )q x x B0 Tc= � (S65)

	 ( ) ( )x A xTc c=l � (S66)

and

	 ( ) .K0 Tc = � (S67)

The solution to the ODE (S66) is

	 ( ) .x KeT Axc = � (S68)

A general solution to (S64) is

	 ( , ) ( )q x y x yz= - � (S69)

where the function z  is determined from (S65). We get

	 ( , ) .q x y Ke B( )A x y= - � (S70)

We can now plug the gains ( )xc  and ( , )q x y  into the trans-

formation (S57) and set x D=  to get the control law

	 ( , ) ( , ) ( ) .u D t Ke Bu y t dy Ke X t( )D A D y AD

0
= +-# � (S71)

The controller (S71) is expressed in terms of the transport 

delay state ( , ) .u y t  Using (S53), one can also derive the repre-

sentation in terms of the input signal ( ):U t

	 ( ) ( ) ( )U t K e X t e BU d( )AD A t

t D

t
i i= + i-

-
; E# � (S72)

which is identical to the controller (S42) in “Basic Idea of 

Predictor Feedback Design for ODE Systems With Actuator 

Delay.”FIGURE S2 Linear system ( ) ( ) ( )X t AX t BU t D= + -o  with actuator 
delay D.

0
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U(t) X (t)U(t – D)
 X

.
 = AX + BU (t – D)
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[25], without allowing sharing of any information 
among the players.

Decentralized PDE Boundary Control Using Only the 
Known Diagonal Terms of the Hessian
In this sense, we can formulate the closed-loop system in a 
decentralized manner, where no knowledge of the payoff or 
actions of any other player is required.

Inspired by [61], where ES was considered for PDE 
compensation but not in the context of games, we propose 
the following boundary-based update laws ( ) ( )t U ti ii =to , 

{ , , }:i N1 f!

	
( ) ( )

( ) ( ) ( ) ( , )

U t c U t

c k G t H t D u t d

i i i

i i i i i i
D

0

i
x x x

=-

+ + -

o

t tc m# � (58)

for positive constants k 0i2  and ,c 0i2  to compensate for 
the heat PDEs in (53)–(56). Again, with some abuse of nota-
tion, constants ci  were chosen to denote the parameters of 
the control laws, but they are not related to those that 
appear in the payoff functions given in (34).

As discussed in [19, Remark 2], the boundary control 
law (58) could be rewritten as

	
( ) ( )

( ) ( ) ( ) ( ) ( )sin
U t c U t

c k G t H t t t a t
i i i

i i i i i i i ii ~H

=-

+ + - +

o

t t t^ h6 @� (59)

using the diffusion equations ( , ) ( , ),x t x tt i xx i2 2a a=  i6 !  
, , N1 f" , and the integration by parts associated with 

(28)–(31) and (35), and recalling that ( ) ( )sina t ti i i ij ~ H+ = -

,*iH  analogously to [19, Equation (25)]. 

ISS-Like Properties for Parabolic  
PDE Representation
For the sake of simplicity, let us assume that ci " 3+  in 
(58), resulting in the following general expression (see 
“Backstepping Boundary Control of Heat PDEs”):

	 ( ) ( ) ( ) ( ) ( , ) .U t k G t H t D u t di i i i i i
D

0

i
x x x= + -t tc m# � (60)

Recalling (53)–(56), the infinite-dimensional closed-loop 
system (57) and (60) in its average version can be written in 
the corresponding PDE representation form as

	 ( ) ( , )G t Hu t0av av=
ot � (61)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t xx
2av av2 2 != - � (62)

	 ( , )u t0 0x
av2 = � (63)

	 ( , ) ( )u t U t1av av= � (64)

with { , , }D D Ddiag N1 f= .

In the reduction-like approach [7] (or finite-spectrum 
assignment), we use the transformation (for { , , }i N1 f! ):

	
( ) ( ) ( ) ( , )

( ) ( ) ( , )

G t G t H D u t d

G t H D u t d1

i i ij
i

j

N

ij
i

j j
D

i ij
i

j

N

ij
i

j j

1 0

1

2

0

1

av av av

av av

j

x x x

e p p p

e= + -

= + -

=

=

r t

t

/

/

#

# � (65)

where y y( ) ( , ) ( ) ( , ) .D u t d D u t d1D
j j j j

21av avj
x x x p p p- = -0 0  With 

some mathematical manipulations, it is not difficult to see 
that Gavr  satisfies

	 ( ) ( ) .G t HU tav av=ro � (66)

Now, after adding and subtracting the next terms in 
blue and red in (60), it is rewritten as

	

( ) ( ) ( ) ( ) ( , )

( ) ( , )

( ) ( , )

U t k G t H t D u t d

k

H D u t d

H D u t d

i i i i i i
D

i

ij
i

j i
ij
i

j j
D

ij
i

j i
ij
i

j j
D

0

0

0

i

j

j

x x x

e x x x

e x x x

= + -

+

-

-

-

!

!

t tc

o/

/

#

#

#

�

(67)

whose average compact form is

	 ( ) ( ) ( , )U t KG t K D tav av ave z= +r � (68)

where the matrix , ,K k kdiag N1| f= " , with entries ,k 0i2  and 
the auxiliary variable ( , ) [ ( , ), , ( , )]D t D t D t RN

T N
1| f !z z z=  is 

defined as

	
( , ) ( ) ( )

( , ) ( ) ( , ) .

D t H D u d

t H D u t d1 1

i ij
i

j i
j j

D

i ij
i

j i
j j

0

2

0

1

j

|

|

z x x x

z p p p

=- -

=- -

!

!

/

/

#

#
�

(69)

Then, it is possible to find a compact form for the overall 
average game from (66) and (68), such as

	 ( ) ( ) ( , )G t HKG t HK t1av av ave z= +r ro � (70)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t xx
av 2 av2 2 != - � (71)

	 ( , )u t0 0x
av2 = � (72)

	 ( , ) ( ) ( , ) .u t KG t K t1 1av av ave z= +r � (73)

From (70), if HK is Hurwitz, it is clear that the dynam-
ics of the ODE state variable ( )G tavr  is exponentially ISS 
[32] with respect to the PDE state ( , )u x t  by means of the 
function ( , ) .t1avz  Moreover, the PDE subsystem (71) is ISS 
[32] with respect to ( )G tavr  in the boundary condition 

( , ) .u t1av
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STABILITY ANALYSES
We will now show that the ODE–PDE loops [for example, 
(70)–(73)], for the corresponding delay and heat case, contain 
small parameters e  that can lead to closed-loop stability if 

they are chosen sufficiently small. To attain i)  in real time, 
without any model information (except for the delays or dif-
fusion domains ),Di  each Player i employs the noncoopera-
tive ES strategy (27) or (58) via boundary control feedback.

Backstepping Boundary Control of Heat PDEs

NNext, we consider the cascade of a heat equation and a lin-

ear time-invariant finite-dimensional system given by

	 ( ) ( ) ( , )X t AX t Bu t0= +o � (S73)

	 ( , ) ( , )u x t u x tt xx= � (S74)

	 ( , )u t0 0x = � (S75)

	 ( , ) ( )u D t U t= � (S76)

where X Rn!  is the ODE state, U is the scalar input to the 

entire system, and ( , )u x t  is the state of the PDE dynamics 

of the diffusive actuator. The cascade system is depicted in 

Figure S3.

The length of the PDE domain D is arbitrary. Thus, we take 

the diffusion coefficient to be unity without loss of generality. 

We assume that the pair ( , )A B  is stabilizable and take K to be 

a known vector such that A BK+  is Hurwitz.

Next, we state a controller that compensates for the diffu-

sive actuator dynamics and guarantees the exponential stabil-

ity of the resulting closed-loop system (see Figure S4).

We start by formulating an infinite-dimensional transforma-

tion of the form

	 ( , ) ( , ) ( , ) ( , ) ( ) ( )w x t u x t q x y u y t dy x X t
x

0
c= - -# � (S77)

with kernels ( , )q x y  and ( )xc  to be derived, which should 

transform the plant (S73)–(S76) along with the control law

	
( ) ( )

( , )

U t K I
I

X t

e d
I

Bu y t dy

e0
0

0

I
A

D

I
A

D yD

0
0

0
0

00
p

=

+
p-

6

;

;

;

;

;

@ E

E E

E

E

'

1##
�

(S78)

into the “target system”

	 ( ) ( ) ( ) ( , )X t A BK X t Bw t0= + +o � (S79)

	 ( , ) ( , )w x t w x tt xx= � (S80)

	 ( , )w t0 0x = � (S81)

	 ( , ) .w D t 0= � (S82)

Combining (S73)–(S82), ( )xc  and ( , )q x y  satisfy

	 ( ) ( )x x Ac c=m � (S83)

	 ( ) K0c = � (S84)

	 ( )0 0c =l � (S85)

which happens to represent a second-order ODE in x, and

	 ( , ) ( , )q x y q x yxx yy= � (S86)

	 ( , )q x x 0= � (S87)

	 ( , ) ( )q x x B0y c= - � (S88)

which is a second-order hyperbolic PDE of the Goursat type. 

We then proceed to solve this cascade system explicitly. The 

explicit solution to the ODE (S83)–(S85) is readily found as

	 ( )x K e
I

0
0

I
A

x
0

0c =
c m6 ;;@ EE

� (S89)

and the explicit solution to the PDE (S86)–(S88) is

	 ( , ) ( ) .q x y Bd
x y

0
c v v=

-# � (S90)

In a manner similar to finding the kernels ( , )q x y  and ( )xc  

of the direct transformation, the inverse transformation (S77) 

can be found. To summarize, the direct and inverse backstep-

ping transformations are given by

	 ( , ) ( , ) ( ) ( , ) ( ) ( )w x t u x t m x y u y t dy KM x X t
x

0
= - - -# � (S91)

	 ( , ) ( , ) ( ) ( , ) ( ) ( )u x t w x t n x y w y t dy KN x X t
x

0
= + - +# � (S92)

where

	 ( ) ( )m s KM Bd
s

0
p p= # � (S93)

	 ( ) ( )n s KN Bd
s

0
p p= # � (S94)

	 e( )M I
I

0
0

I
A0
0p =
p6 ;;@ EE

� (S95)

	 ( ) .N I e
I

0
0

I
A BK0

0p =
p

+

6 ;;@ EE
� (S96)

FIGURE S3 The cascade of the heat equation PDE dynamics of 
the actuator with the ODE dynamics of the plant.

U(t)
u(D,t)

u(x,t)

u(0,t)

X(t)

Heat Eq. PDE
(Actuator)

ODE
(Plant)

Actuation Diffusion Process

x = 0

dX/dt = AX + Bu

x = D

FIGURE S4 An arbitrary ODE controlled through a diffusion process.
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Heat PDEs Case
The next theorem provides the stability/convergence prop-
erties of the closed-loop ES feedback for the N-player non-
cooperative game with heat PDEs.

Theorem 1 
Consider the closed-loop system (61)–(64) under Assump-
tions 1 and 2, and multiple heat PDEs (28)–(31) with distinct 
diffusion coefficients Di  for the N-player quadratic nonco-
operative game with payoff functions given in (34) and (41) 
and control laws ( )U ti  defined in (58). There exist c 0i2  and 

02~  sufficiently large as well as 02e  sufficiently small, 
such that the closed-loop system with state ( ),tij  ( , ),u x ti  

, , ,i N16 f! " ,  has a unique locally exponentially stable 
periodic solution in t of period P in (19), with i~  in (44) of 
order ( )O ~  according to (14), denoted by ( ),tij

P  ( , ),u x ti
P  

that satisfies :t 06 $

	 ( ) ( , ) .t u x t dx 1O
/

i
i

i
D2

1

2
2

0

1 2
i

#j
~

+P P

=

`e jo6 6@ @/ # � (74)

In particular,

	 | ( ) | | |lim sup t a 1O
t ~

H H- = +
"

)

3+

` j� (75)

	 | ( ) | | |lim sup t a e 1O ( ) /max

t

D 2ii i
~

- = +
"

)

3

~

+

` j� (76)

where ,a a a T
1 2= 6 @  and i H=) )  is the unique (unknown) 

Nash equilibrium given by (6).

Proof
See “Proof of Theorem 1.”� Y

Delay Case
On the other hand, the derivative of (18) is

	 ( ) ( ) .G t H t Di ij
i

j

N

ij
i

j j
av

1

avie= -
=

uo ot / � (77)

By delaying by Di  units the time argument of both sides 
of the average version of (20), we obtain

	 ( ) ( ) .t D U t Di i i i
av avi - = -uo � (78)

Thus, (77) can be rewritten as

	 ( ) ( ) .G t H U t Di ij
i

j

N

ij
i

j j
av

1

ave= -
=

ot / � (79)

Taking into account all players, from (18) and (79), it is pos-
sible to find a compact form for the overall average estimated 
gradient ( ) ( ), , ( )G t G t G t RN

T Nav
1
av av| f !=t t t6 @  according to

	 ( ) ( )G t H t Dav avi= -ut � (80)

	 ( ) ( )G t HU t Dav av= -
ot � (81)

where H is given in (5), and

( ) ( ), ( ), , ( ) .U t U t U t U t RN
T Nav

1
av

2
av av| f != 6 @

The next theorem provides the stability/convergence 
properties of the closed-loop ES feedback for the N-player 
noncooperative game with delays and nonsharing of 
information.

Theorem 2 
Consider the closed-loop system (78) or (79), under Assump-
tions 1 and 2, and multiple and distinct input delays Di  for 
the N-player quadratic noncooperative game without infor-
mation sharing, with payoff functions given in (9) and con-
trol laws ( )U ti  defined in (27). There exist c 0i2  and 02~  
sufficiently large as well as 02e  sufficiently small such 
that the closed-loop system with state ( ),t Di ii -u  ( ),Ui x  

, ,t D ti6 !x -6 @  and , , ,i N1 26 f!  has a unique locally 
exponentially stable periodic solution in t of period P in 
(19), denoted by ( ),t Di ii -Pu  ( ),Ui x

P  ,t D ti6 !x -6 @ satisfying 
:t 06 $

	 ( ) ( ) .t D U d 1O
/

i i
i

N

i
t D

t2

1

2
1 2

i
#i x x

~
- +P P

= -

u `e jo6 6@ @/ # � (82)

In particular,

	 | ( ) | | |lim sup t a 1O
t

i i
~

- = +
"

)

3+

` j� (83)

where [ ] ,a a a aN
T

1 2f=  and i)  is the unique Nash equilib-
rium given by (6).

Proof 
See “Proof of Theorem 2.”� Y

NONCOOPERATIVE DUOPOLY WITH 
HETEROGENEOUS TRANSPORT–HEAT  
PDE DYNAMICS 
Here, we propose a nonmodel-based strategy for locally 
stable convergence to a Nash equilibrium in a quadratic 
noncooperative game with player actions ( )t Ri !H  subject 
to heterogeneous PDE dynamics. For simplicity, we con-
sider the duopoly scenario ),(N 2=  where different players 
use different types of PDEs, one player compensating for a 
delay (transport PDE) and the other a heat (diffusion) PDE, 
with each player having access only to its own payoff value, 

( ) ,y t Ri !  for , .i 1 2! " ,  Heretofore, we solved NES prob-
lems with homogeneous games, where the PDE dynamics 
of distinct nature were not allowed.
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Quadratic Payoffs and Heterogeneous PDEs
As shown in Figures 5 and 6, now distinct (transport and 
heat) PDE equations (with Dirichlet actuation) are assumed 
in the vector of player actions ( ) .t R2!i  Thus, the propa-
gated actuator vector ( ) ( ), ( )t t t RT

1 2
2| !H H H= 6 @  is given by 

the following transport PDE for player :P1

	 ( ) ( ) ( , )t t D t01 1 1 1i aH = - = � (84)

	 ( , ) ( , ), ( , )x t x t x D0t x1 1 12 2 !a a= � (85)

	 ( , )t0 0x 12 a = � (86)

	 ( , ) ( )D t t1 1 1a i= � (87)

and the next heat PDE for player P2

	 ( ) ( , )t t02 2aH = � (88)

	 ( , ) ( , ), ( , )x t x t x D0t xx2 2 22 2 !a a= � (89)

	 ( , )t0 0x 22 a = � (90)

	 ( , ) ( )D t t2 2 2a i= � (91)

Proof of Theorem 1

TThe proof of Theorem 1 follows steps similar to those used 

to prove the results about ES under diffusion PDEs in [19, 

Theorem 1] or even [59, Theorem 1] for pure delays (transport 

PDEs). In this sense, we will simply point out the main differ-

ences for the case of games (not classical ES), instead of giv-

ing a full independent proof.

While in [19, Theorem 1] and [59, Theorem 1] it was pos-

sible to prove local exponential stability of the average closed-

loop system using a Lyapunov functional, a different approach 

is adopted here for NES in noncooperative games. We will 

show that it is possible to guarantee the local exponential sta-

bility for the average closed-loop system (70)–(73) by means 

of a small-gain analysis.

First, consider the equivalent parabolic PDE–ODE repre-

sentation (70)–(73) rewritten for each Player i, { , , }:i N16 f!

	 ( ) ( ) ( , )G t H k G t H k t1i ii
i

i i ii
i

i i
av av ave z= +r ro � (S97)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t i i xx i
2av av2 2 != - � (S98)

	 ( , )u t0 0x i
av2 = � (S99)

	 ( , ) ( ) ( , ) .u t k G t k t1 1i i i i i
av av ave z= +r � (S100)

Hence, the average closed-loop system (S97)–(S100) 

satisfies all of the assumptions (A1) to (A7) of the Small-

Gain Theorem [32, Theorem 8.2, p. 205] for the para-

bolic PDE–ODE loops with ( ) ,p z 1=  ( ) ,r z Di
2=  ( ) ,q z 0=   

( , , ) ( ),F G u H k G H k0 1 
i ii

i
i i ii

i
i i

av av av ave z= +r r  ( , , ) ,g x G u 0i
av av =r  ( , ) ,f x t 0=   

( , , ) ( , ),u G b u t0 0i i i0 1
av av av{ =r  ,b 01 1  ,b 12 =  ( , , )u G0 i1

av av{ =r   

( ),k G k 1 
i i i i

av ave z+r  ,a 11 =  ,a 02 =  (| | , / | |maxL H k H1 3ii
i

i ii
ie=

),k k Di H j
2  ,K 10 =  ,B C 00 0= =  0c  of order ( ),O e  /K 1 31 =  

,k k Di H j
2e  B ki1 = , C 01 = , 1c  of order ( ),1O  ,K B 02 2= =  and 

.i j!  The constant k 0H 2  is defined just after inequality (S101). 

Assumption (A6) of [32, Theorem 8.2, p. 205] holds with ,M 1=  

,| |/ H k k D1 3 ii
i

i H j3
2c e=  and | | ,H kii

i
iv =  as can be readily veri-

fied by means of the variation-of-constants formula

	
( ) ( | | ) ( )

( | | ( )) ( , )

exp

exp

G t H k t G

H k t s H k s ds

0

1

i ii
i

i i

ii
i

i ii
i

i i
0

1

av av

ave z

= -

+ - +

r r

#

and from the application of the Cauchy–Schwarz inequality to 

the term ( , )t1i
avz  in (69):  

	

( , )  ( ) [ ( , )]

 [ ( , )]

t H D d u t d

k D u t d

1 1

3
1

i ij
i

j i

N

j j

H j
j i

N

j

2

0

1 2 2
1

0

1 2 2
1

2 2

0

1 2
1

av av

av

##

#

z x x p p

p p

-
!

!

c

c

cm

m

m/

/

# #

#� (S101)

since | | | |H k H1
ij
i

H ii
i1 1

e
 according to Assumptions 1 and 2, 

where kH  is a positive constant of order ( ) .1O  It follows that 

the small-gain condition [32, Inequality (8.3.24)]

	
( , )

( , )
max

max
K K K

B B B
1

1
0 0 1 1

1
2

3 0 0 1 1 3
1

2

1
1

c c v

c c c c v

+

+

-

- � (S102)

holds, provided 0 11 1e  is sufficiently small. Therefore, if such 

a small-gain condition holds, then [32, Theorem 8.2, p. 205] al-

lows us to conclude that there exist constants , 02d D  such that 

for every ([ , ]),u C 0 10
0av !  ,G Rn

0
av !r  the unique generalized so-

lution of this initial-boundary value problem, with ( , )u x u0 0
av av=  

and ( ) ,G G0 0
av av=r r  satisfies the following estimate:

	 ( ) ( ) ( ) .expG t u t G u t0 0
av av av av# dD+ + -3 3
r r` j � (S103)

Therefore, we conclude that the origin of the average 

closed-loop system (70)–(73) is exponentially stable under the 

assumption of 0 11 1e  being sufficiently small. Then, from 

(50) and (65), we conclude the same results in the norm

	 ( ) ( , )t u x t dx
/

i
i

N

i
D2

1

2

0

1 2
av avi

j +
=

e o6 6@ @/ # � (S104)

since H is nonsingular, that is, | ( )| | || ( )|.t H G ti
1av av#j - t

As developed in [19, Theorem 1], the next steps of the 

proof would be the application of the local averaging theory for 

infinite-dimensional systems in [25, Section 2] (see also “Av-

eraging Theorem for General Infinite-Dimensional Systems”), 

showing that the periodic solutions satisfy (74) for ~  sufficient-

ly large and then the conclusion of the attractiveness of the 

Nash equilibrium H)  according to (75). The final residual set for 

the error ( )ti i- )  in (76) depends on | |a e ( ) /max D 2i ~  due to the 

amplitude of ( )S ti  in (42).
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where : , ,D0 R Ri i "#a +6 @  , ,i 1 26 ! " ,  and each domain 
length Di  is known.

The solution of (84)–(87) [40, Chapter 2] is simply

	 ( , ) ( )x t t x D1 1 1a i= + - � (92)

which represents a delayed action for player P1  at 
,x 0=  whereas the solution of (88)–(91) is given by [40, 

Chapter 15]

	 ( , )
( )
( )

( )
cosh
cosh

x t
D s
x s

tL2
1

2
2)a i= - = G � (93)

where ( )L 1 $-  denotes the inverse Laplace transforma-
tion, and )  is the convolution operator. Given these rela-
tions, we define the heterogeneous transport–diffusion 
operator ,diag HH H1 2= " ,  for the PDEs (84)–(87) and 
(88)–(91) with boundary inputs and measurements 
given by

	
( )

( ),

( ) ( ) .

( ) ( ), ( ) ( )

( )
cosh

t t x D t t

t
D s

t

t t

1
 such that

such that

L

H H

H

H

2
1

2

2 2 2

1 1 1 1 1

) {

i

{ { i

{

H

H

=

=

= + - =

-

6
6 ;

6

6@
@

@
E

@
�

(94)

Averaging Theorem for General Infinite-Dimensional Systems [25]

CConsider the infinite-dimensional system, defined in the 

Banach space X

	 ( , )z z J t zA ~= +o � (S105)

where ( ) ,z z0 X0 !=  and the operator : ( )A D A X"  generates 

an analytic semigroup. Moreover, the nonlinearity :J R XX "#+  

with ( , )t J t z7 ~  is Fréchet differentiable in z and strongly con-

tinuous and periodic in t uniformly with respect to z in a compact 

subset of .X  Along with (S105), the average system

	 ( )z z J zA 0av av av= +o � (S106)

with ( ) / ( , )ylim TJ z J z d1T
T

0 av avx x= "3 0
 is considered. Suppose 

that z D0 Xav ! 1=  is an exponentially stable equilibrium 

point of the average system (S106). Then, for some 02~r  and 

,2~ ~r  we have the following:

1)	 There exists a unique exponentially stable periodic 

solution ( , / ),t z t 17 ~r  continuous in t and / ,1 ~  with 

( , / ) ( / )Oz t 1 1< < #~ ~r  for .t 02

2)	 With ( ) ( / )Oz z 0 1av0< <# ~- , the solution estimate of (S105) 

is given by

	 ( ) ( / ), .Oz t z t1 0av 2< <# ~- � (S107)

3)	 For ( / )Oz 10< < # ~ , and the stable manifold theorem, it 

holds that

	 ( ) ( , / ) ,z t z t Ce t1 0t 2< <#~- c-r � (S108)

for some , .C 02c

Proof of Theorem 2

TThe proof of Theorem 2 follows the same structure of that of 

Theorem 1, but now considering the equivalent hyperbolic 

PDE–ODE representation for each Player i, { , , }:i N16 f!

	 ( ) ( ) ( , )G t H k G t H k t1i ii
i

i i ii
i

i i
av av ave z= +r ro � (S109)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1 t i i x i
1av av2 2 != - � (S110)

	 ( , ) ( ) ( , )u t k G t k t1 1ıi i i i i
av av avz= +r � (S111)

where ,H 0ii
i 1  ,k 0i2  ,0 11 1e  ,D 0i

12-  and

	 ( , ) : ( , ) .t H D u t d1i ij
i

j i
j j

0

1
z p p=-

!

/ # � (S112)

In this case, the average closed-loop system (S109)–(S111) 

satisfies both assumptions (H1) and (H2) of the Small-Gain 

Theorem [32, Theorem 8.1, p. 198] for the hyperbolic PDE–

ODE loops rather than [32, Theorem 8.2, p. 205] employed in 

the proof of Theorem 1; this latter oriented for parabolic PDE–

ODE interconnections—see “Small-Gain Theorem for ODE 

and Hyperbolic PDE Loops.” 

It follows that the small-gain condition in [32, Theorem 8.1, 

p. 198] holds, provided 0 11 1e  is sufficiently small. There-

fore, if such a small-gain condition holds, then [32, Theorem 

8.1, p. 198] allows us to conclude that the origin of the aver-

age closed-loop system (S109)–(S111) is exponentially stable. 

Then, from (80) and the following transformation [7]:

	

( ) ( ) ( )

( ) ( , )

G t G t H U d

G t H u t d

i i ij
i

j

N

ij
i

j
t D

t

i ij
i

j

N

ij
i

j
D

1

1 0

av av av

av av

j

j

x x

e p p

e= +

= +

= -

=

r t

t

/

/

#

#
� (S113)

we can conclude the same results in the norm

	 ( ) ( ) .t D u d
/

i i
i

N

i
D2

1

2

0

1 2
av avi

i x x- +
=

ue o6 6@ @/ # � (S114)

The application of the local averaging theory for functional 

differential equations in [25] (see also “Averaging Theorem for 

Functional Differential Equations”) shows that the periodic so-

lutions satisfy inequality (82) and leads to the conclusion of 

the attractiveness of the Nash equilibrium *i  according to (83).
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We consider games where the payoff function ( )y ti = 
( ( )),J ti H  , ,i 1 26 ! " ,  of each player is quadratic [9], 

expressed as a strictly concave combination of their actions 
propagated through distinct transport–heat PDE dynamics

	
( ( )) ( ) ( )

( ) ( )

( ) ( )J t H t H t H t t

h t h t c
2 21

11
1

1
2 22

1

2
2

1
1

1 2
1

2 1

12
1

1 2eH H H

H H

H H= + +

+ + +

�
(95)

	
( ( )) ( ) ( )

( ) ( )

( ) ( )J t H t H t H t t

h t h t c
2 22

11
2

1
2 22

2

2
2

1
2

1 2
2

2 2

21
2

1 2eH H H

H H

H H= + +

+ + +

�
(96)

where ( ),J1 H  ( ) : ,J R R2
2 "H  ,Hjk

i  ,hj
i  c Ri !  are constants, 

,H 0ii
i 1  , , , ,i j k 1 26 ! " ,  and 02e  without loss of generality.
For the sake of completeness, we provide here, in math-

ematical terms, the definition of a Nash equilibrium H =)  
, T

1 2H H) )6 @  in a two-player game:

	 ( , ) ( , ) ( , ) ( , ) .J J J Jand1 1 2 1 1 2 2 1 2 2 1 2$ $H H H H H H H H) ) ) ) ) ) � (97)

Hence, no player has any incentive to unilaterally devi-
ate its action from .H)

As done before to determine (6) in the general case, 
the Nash equilibrium solution H h1H =-) -  for the duo-
poly is simply

	 .
H
H

H
H

h
h

1

2

11
1

21
2

22
2

1
1
1

2
2

12
1

e

eH
H
=-

)

)

-

; = =E G G � (98)

The objective is to design an ES-based strategy to reach 
the Nash equilibrium in heterogeneous noncooperative 
games subjected to transport–heat PDEs in the decision 
variables of the players (input signals).

Since our goal is to find the unknown optimal inputs H)  
(and ),i)  we define the estimation errors

	 ( ) ( ) , ( ) ( )t t t ti i i j H H= - = -) )u t t � (99)

where the vectors ( )tit  and ( )tHt  are estimates of i)  and .H)  
To make (99) coherent with the optimizer of the static map 

,H)  we apply the heterogeneous transport–diffusion opera-
tor (94) to iiu  in (99), arriving at

	 ( ) ( ) ( , )t t D t01 1 1 1|j i a= - = ru � (100)

	 ( , ) ( , ), ( , )x t x t x D0t x1 1 12 2 !a a=r r � (101)

	 ( , )t0 0x 12 a =r � (102)

	 ( , ) ( )D t t1 1 1a i=r u � (103)

and
	 ( ) ( , )t t02 2|j a= r � (104)

	 ( , ) ( , ), ( , )x t x t x D0t xx2 2 22 2 !a a=r r � (105)

	 ( , )t0 0x 22 a =r � (106)

	 ( , ) ( )D t t2 2 2a i=r u � (107)

where : , ,D0 R Ri i "#a +r 6 @  , ,i 1 26 ! " ,  and ( ) ( )t tH|j i= =u6 @  
( )tH H- )t  is the propagated estimation error ( )tiu  through 

the transport–diffusion domain. For ( ) ,lim tt ci i="3  we 
have ( ) ,lim tt c ci iH= ="3  where the index c indicates a 
constant signal. Indeed, from (94), for a constant input 

,ci i=  we have lim Ht c c1 1 1i i="3 6 @  for Player .P1  For 
Player ,P2  we have / ,sL c c2 2i i=" ,  and applying the 
Laplace limit theorem, we get lim limHt c s 02 2i =" "3 6 @  

/ .cosh s Dc c2 2 2i i=^ h" ,  Thus, in the particular case 
,ci i i= = )  one has

	 .iH =) ) � (108)

Figure 6 depicts a schematic diagram that summarizes 
the proposed Nash equilibrium policy for each player. 

y1(t)θ1(t)

θ2(t) y2(t)

PLAYER 1
NES

PLAYER 2
NES

Transport PDE

Heat PDE

HETEROGENEOUS
NONCOOPERATIVE

GAME

FIGURE 5 NES in a heterogeneous noncooperative game with play-
ers acting through transport–heat PDE dynamics.

Player 1
Transport PDE
Compensator

1 U1θ1

S1(t)

S2(t)

N1(t)

M1(t)

y1(t)
J1 (.)

J2 (.)
y2(t)

M2(t)

N2(t)

U2

s

Player 2
Heat PDE

Compensator

1
s

t

θ2
t

G1
t

H1
t

G2
t

H2
t

∂t α1 (x, t) = ∂x α1(x, t)θ 1
(t

) 
=

 α
1(

D
1,

 t)
θ 2

(t
) 

=
 α

2(
D

2,
 t)

Θ1(t) = α1(0, t)

Θ2(t) = α2(0, t)
∂t α2 (x, t) = ∂xx α2(x, t)

FIGURE 6 Block diagram illustrating the NES strategy performed 
for each player. In magenta are shown the boundary controllers 
used to compensate for the individual transport–heat PDEs for the 
heterogeneous noncooperative game.
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While the signals ( ),M ti  ( ),N ti  ( ),H ti
t  and ( ),G ti

t  , ,i 1 26 ! " ,  
are the same as in the sections “Noncooperative Scenario 
With Delays” and “Noncooperative Games With Heat 
PDEs,” the additive dither signals in the presence of trans-
port–heat PDE dynamics [19], [67] are redefined according 
to
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( ) .

sin

sin
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S t a t D

S t a e t D

a e t D
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2
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2
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= +
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Z

[

\

]
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� (109)

Hence, computing the average of ( )G t1
t  and ( )G t2

t  leads 
us to

	
( ) ( )
( ) ( ) ( )

.
( )G t H t H t

G t H t H t
1
av

11
1

1
av av

2
av

21
2

1
av

22
2

2
av

12
1

2j

e j j

e j= +

= +

t

t) � (110)

Additionally, from the block diagram in Figure 6, 
one has

	 ( ) ( ), ( ) ( ), ,t U t t U t i 1 2i i i i 6 !i i= =uo ot " ,� (111)

since ( ) ( ),t ti i=uo ot  once i)  is constant. Taking the time 
derivative of (100)–(103) and (104)–(107), with the help 
of (99) and (111), the propagated error dynamics can be 
written as

	 ( ) ( , ) ( )t u t U t D01 1 1j = = -o � (112)

	 ( , ) ( , ), ( , )u x t u x t x D0t x1 1 12 2 != � (113)

	 ( , )u t0 0x 12 = � (114)

	 ( , ) ( )u D t U t1 1 1= � (115)

and

Small-Gain Theorem for ODE and Hyperbolic PDE Loops [32, Theorem 8.1, p. 198]

CConsider generalized solutions of the following initial-bound-

ary value problem:

	 ( ) ( ( ), ( , ), ( )),x t F x t u z t v t t 06 $=o � (S115)

	
( , ) ( , ) ( ) ( , ) ( , ( ), ( , ))

( , ), ( , ) [ , ]

u z t cu z t a z u z t g z x t u z t

f z t z t 0 1 R

t z

#6 !

+ = + +

+
�

(S116)

	
( , ) ( ( ), ( , ), ( )), , ( , ) ,

( ) .

u t d t u z t x t t u z u

x x

0 0 0

0
0

0

6 ${= =

=
� (S117)

The state of the system (S115)–(S117) is ( ( , ), ( ))u z t x t !  

([ , ] ) ,C 0 1 R Rn0 # #+  while the other variables ( ; ),d C R Rq0! +  

([ , ] )f C 0 1 R0 #! +  and ( ; )v C R Rm0! +  are external inputs. We 

assume that ( , ) ([ , ])C0 0 0 1 Rn0 #!  is an equilibrium point for 

the input-free system; that is, ( , , ) ,F 0 0 0 0=  ( , , ) ,g z 0 0 0=  and 

( , , ) .0 0 0 0{ =  Now, we assume that the ODE subsystem satis-

fies the ISS property:

(H1) There exist constants , ,M 02v  , ,b 03 3 $c  such that 

for every ,x Rn
0 !  ([ , ] ),u C 0 1 R0 #! +  and ( ; ),v C R Rm0! +  the 

unique solution ( ; )x C R Rn1! +  of (S115) with ( )x x0 0=  satis-

fies the following estimate, :t 06 $

	 ( ) ( ) ( ) ( ) .exp maxx t M x t u s b v s
s t

0
0

3 3# v c- + +3
# #
^ h �(S118)

We next need to estimate the static gain of the interconnec-

tions. To this purpose, we employ the following further assumption:

(H2) There exist constants , , , ,b A B 02 1 2 $c c  such that 

the following growth conditions hold for every ( ; ),x C R Rn1! +  

([ , ] ),u C 0 1 R0 #! +  and ( ; ):d C R Rq0! +

	 ( , , ) , [ , ]g z x u A u x z 0 11 6# !c+3 � (S119)

	 ( , , ) .d u x B u x b d2 2#{ c+ +3 � (S120)

Let c 02  a be a given constant and ([ , ])a C 0 10!  be a given 

function. Consider the mappings as : ([ , ]) ,RF C 0 1 R Rn m n0 "# #  

: [ , ] ([ , ]) ,g C0 1 0 1R Rn 0 "# #  : ([ , ])R C 0 1 R Rq n0 "# #{  be-

ing continuous mappings with ( , , )F 0 0 0 0=  for which there 

exist constants ,L 02  [ , [N 0 1!r  such that the inequalities 

(| ( , , ) ( , , )|) | ( , , ) ( , , )| | |max g z x u g z y w F x u v F y w v L x yz0 1 #- + - -# #  

|| ||L u w+ - 3and | ( , , ) ( , , )| | | || ||d u x d w y N x y N u w#{ {- - + - 3
r  

hold for all , ([ , ]),u w C 0 10!  , ,x y Rn!  ,v Rm!  and .d Rq!  

Suppose that assumptions (H1) and (H2) hold and that the fol-

lowing small-gain condition is satisfied:

( ) ( ) ( ) ( ) ( ( ))

( ) ( ) ( ( )) ( ) ( )
,

max max

max max

A c p z p l dl B p z

A c B p z p z p l dl
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z z
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1 3
1

0 1 0
2 3
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1 3
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c c c c
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+ + +

+ + +

# # # #

# # # #

-

-

c

c

m

m

#

#
� (S121)

with ( ): ( )expp z c a w dw
z1

0
= -c m#  for [ , ]z 0 1!  [recall (8.2.11) and 

(8.2.14)] in [32, Section 8.2]. Then, there exist constants , , 02d cH  

such that, for every , ,Cu 0 10
0! ^ h6 @  x Rn

0 ! , ( ; )d C R Rq0! +  with 

( ) ( ( ), , )u d u x0 00 0 0{= , ([ , ] ),f C 0 1 R0 #! +  and ( ; ),v C R Rm0! +  

the unique generalized solution of the initial-boundary value prob-

lem (S115), (S116), (S117) satisfies the following estimate:

	

( ) ( ) ( )

( ) ( ) ( ) ,

.

exp

max max max

x t u t x u t

v s f s d s

t 0
s t s t s t

0 0

0 0 0

6

#

$

d

c

H+ + -

+ + +

3 3

3
# # # # # #
^

^
^ ^h

h
h h8 B �

(S122)

Analogous small-gain results for parabolic PDE–ODE 

loops and parabolic–hyperbolic PDE loops can be found in 

[32, Theorem 8.2, p. 205] and [32, Theorem 11.2 (11.5), p. 269 

(277)], respectively. Such theorems are used in “Proof of Theo-

rem 1,” “Proof of Theorem 2,” and “Proof of Theorem 3.”

aIf the scalar c 01  is considered, the direction of convection must be reversed 
such that the boundary ( , )u t0  is replaced by ( , )u t1  and vice versa.
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	 ( ) ( , )t u t02 2j =o � (116)

	 ( , ) ( , ), ( , )u x t u x t x D0t xx2 2 22 2 != � (117)

	 ( , )u t0 0x 22 = � (118)

	 ( , ) ( )u D t U t2 2 2= � (119)

where : , ,u D0 R Ri i "# +6 @  ( , ) ( , ),u x t x ti t i| 2 a= r  , ,i 1 26 ! " ,  
and ( , ) ( , ) ( , ) .x t x t x ti i i ia a b H= - - )r  The term ( , )x tib  is the 
PDE state of the trajectory generation problem [42, Chapter 12] 
solved to obtain ( ) ( , )S t D t1 1 1b=  and ( ) ( , )S t D t2 2 2b=  in 
(109)—for more details, see [53, Equations (19)–(22)].

Hence, from (110), (112)–(115), and (116)–(119), it is possi-
ble to find a compact form for the overall average estimated 
gradient according to

	 ( ) ( )G t H tav avj=t � (120)

	 ( ) ( ) ( )G t H t H U tHav av avj= =
o ot 6 @� (121)

where the Hessian H is given in (98), and ( ) ( ),t tav
1
av|j j= 6  

( ) ,t RT
2
av 2!j @  ( ) ( ), ( ) ,G t G t G t R

Tav
1
av

2
av 2| !=t t t6 @  and ( ) ( ),U t U tav

1
av|=6  

( )U t RT
2
av 2!@  are the average versions of ( ) ( ), ( ) ,t t t T

1 2|j j j= 6 @  
( ) [ ( ), ( )] ,G t G t G t T

1 2|=t t t  and ( ) ( ), ( ) ,U t U t U t T
1 2|= 6 @  respectively. 

Decentralized PDE Boundary Control Using Only  
the Known Diagonal Terms of the Hessian
The control laws must be able to ensure the exponential sta-
bilization of ( )G tavt  by compensating the heterogeneous 
transport–diffusion operator H $6 @ in (121). Following [19] 
and [59], we propose the following boundary-based update 
laws ( ) ( ),t U ti ii =ot  , :i 1 2! " ,

( ) ( ) ( ) ( ) ( , )

( ) ( ) ( ) ( ) ( ) ( , )

U t c U t c k G t H t u t d

U t c U t c k G t H t D u t d

D
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2 2 2 2 2 2 2 2 2
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m
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]]

]]

#

#
� (122)

for positive constants ,k 012  ,k 022  ,c 012  and c 022  to 
compensate for the transport–heat PDEs in (112)–(115) and 
(116)–(119). As before in the sections “Noncooperative 

Scenario with Delays” and “Noncooperative Games with 
Heat PDEs,” and with some abuse of notation, the constants 
c1  and c2  were chosen to denote the parameters of the con-
trol laws, but they have no relation to those that appear in 
the payoffs given by (95) and (96).

The boundary control law (122) could be rewritten as

( ) ( ) ( ) ( ) ( , )

( ) ( ) ( ) ( ) ( ( ) ( )
( ))sin

U t c U t c k G t H t U t d

U t c U t c k G t H t t t
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t D
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c m
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Z
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]
]

]]

#
�

(123)

using the relation ( , ) ( )u x t U t x D1 1 1= + -  for the trans-
port PDE and the diffusion equation ( , ) ( , )x t x tt xx2 22 2a a=  
as well as the integration by parts associated with (88)–
(91) and (99) and recalling that ( ) ( ) ,sina t t2 2 2 2 2j ~ H H+ = - )  
analogously to [19, Equation (25)].

ISS-Like Properties for Hyperbolic–Parabolic  
PDE Representation
For simplicity, we assume ,c c1 2 " 3+  in (122), resulting in 
the following general expressions:

	
( ) ( ) ( ) ( , )

( ) ( ) ( ) ( ) ( , ) .

U t k G t H t u t d

U t k G t H t D u t d

D

D
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x x

x x x
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c

m

m
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#
�

(124)

Recalling (112)–(115) and (116)–(119), the infinite-dimen-
sional closed-loop system (121) and (124) in its average ver-
sion can be written in the corresponding PDE representation 
form, given by

	 ( ) ( , ) ( , )G t H u t H u t0 01
av

11
1

1
av

12
1

2
ave= +

ot � (125)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t x1
av

1
1

1
av2 2 != - � (126)

	 ( , )u t0 0x 1
av2 = � (127)

	 ( , ) ( )u t U t11
av

1
av= � (128)

and

Averaging Theorem for Functional Differential Equations [25]

CConsider the delay system

	 ( ) ( / , ),x t f t x t 0t 6 $e=o � (S123)

where e  is a real parameter, ( ) ( )x x tt H H= +  for 

,r 0# #H-  and :f RR n"#X+  is a continuous functional 

from a neighborhood X  of 0 of the supremum-normed Ban-

ach space ([ , ]; )X C r 0 Rn= -  of continuous functions from 

[ , ]r 0-  to .Rn  Assume that ( , )f t {  is periodic in t uniformly 

with respect to {  in compact subsets of X  and that f has 

a continuous Fréchet derivative ( , ) /f t2 2{ {  in {  on .R #X+  

If y y0 ! X=  is an exponentially stable equilibrium for the 

average system

	 ( ) ( ),y t f y t 0t0 6 $=o � (S124)

where 0( ) / ( , ) ,ylim Tf f s ds1T
T

0 { {= "3  then, for some 00 2e  

and ,0 01 #e e  there is a unique periodic solution ( , )t x t*7 e  of 

(S123) with the properties of being continuous in t and e , satisfying 

( , ) ( ),Ox t y*
0; ;#e e-  for ,t R! +  and such that there is 02t  so 

that if ( ; )x · {  is a solution of (S123) with ( )x s {=  and ,y0 1; ;{ t-  

then ( ) ( , ,)x t x t Ce ( )t s; ;#e- ) c- -  for C 02  and .02c
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	 ( ) ( , ) ( , )G t H u t H u t0 02
av

21
2

1
av

22
2

2
 ave= +

ot � (129)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t xx2
av

2
2

2
av2 2 != - � (130)

	 ( , )u t0 0x 2
av2 = � (131)

	 ( , ) ( ) .u t U t12
av

2
av= � (132)

In the reduction-like approach [7] (or finite-spectrum 
assignment), we use the following transformations to write

	
( ) ( )

( ) ( , )

( , )G t G t H u t d

H D u t d

D

D

1
av

1
av

12
1

12
1

2 2
av

0

11
1

11
1

1
av

0

2

1
e

e x x x

x x= +

+ -

r t

#
#

�
(133)

and

	
( ) ( )

( , )

( ) ( , )G t G t H D u t d

H u t d

D

D

2
av

2
av

2
av

21
2

21
2 av

0

22
2

22
2

2
0

1
1

2
e

e x x

x x x= +

+

-r t

#
#

�
(134)

where 111
1

22
2e e= =  and .12

1
21
2e e e= =

With some mathematical manipulations, it is not diffi-
cult to see that Gavr  satisfies

	 ( ) ( ) .G t HU tav av=ro � (135)

After adding and subtracting the next terms in blue and 
red in (124), it can be rewritten as

	

( ) ( ) ( ) ( , )

( ) ( , )

( ) ( , )

U t k G t H t u t d

k

H D u t d

H D u t d

D

D

D

1 1 1 1 1
0

1

12
1

2 2
0

12
1

2 2
0

1

2

2

x x

e x x x

e x x x

= +

+

-

-

-

t tc

m

#
#
#

�

(136)

	
( ) ( ) ( ) ( ) ( , )

( , ) ( , )

U t k G t H t D u t d

H u t d H u t d

D

D D

2 2 2 2 2 2
0

21
2

1
0

21
2

1
0

2

1 1

x x x

e x x e x x

= + -

+ -

t tc

m

#
# #

�
(137)

whose average compact form is

	 ( ) ( ) ( , )U t KG t K D tav av ave z= +r � (138)

where the matrix ,K k kdiag 1 2|= " , with entries ,k 012  
,k 022  and the auxiliary variable ( , )D tz  is defined as

	

( , )
( ) ( , )

( , )

( , )
( ) ( , )

( , )

D t
H D u t d

H u t d

t
H D u t d

H D u t d
1

1

D

D

12
1

2 2
0

21
2

1
0

12
1

2
2

0

1
2

21
2

1
0

1
1

2

1|

|

z
x x x

x x

z
p p p

p p

=-
-

=-
-

R

T

S
S
SS

>

V

X

W
W
WW

H

#
#
#
#

�

(139)

since y y( ) ( , ) ( ) ( , ) ,D u t d D u t d1j j j j
D 21j

x x x p p p- = -0 0  for j !
, .1 2" ,  Then, it is possible to find a compact form for the 

overall average game from (135) and (138), such as

	 ( ) ( ) ( , )G t HKG t HK t1av av ave z= +r ro � (140)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t x1
av

1
1

1
av2 2 != - � (141)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t xx2
av

2
2

2
av2 2 != - � (142)

	 ( , )u t0 0x
av2 = � (143)

	 ( , ) ( ) ( , ) .u t KG t K t1 1av av ave z= +r � (144)

From (140), if HK is Hurwitz, it is clear that the dynamics 
of the ODE state variable ( )G tavr  is exponentially ISS [32] 
with respect to the PDE state ( , ) ( , ), ( , )u x t u x t u x t Tav

1
av

2
av= 6 @  

using the function ( , ) .t1avz  Moreover, the PDE subsystem 
(141) and (142) is ISS [32] with respect to ( )G tavr  in the bound-
ary condition ( , ) .u t1av

Stability Analysis
Next, we will show here that this hyperbolic–parabolic 
PDE–ODE loop (140)–(144) contains a small parameter e  
that can lead to closed-loop stability if it is chosen suffi-
ciently small. To this end, we assume the following particu-
lar condition for duopoly games [21], which is equivalent to 
Assumptions 1 and 2 when payoff functions of the form of 
(95) and (96) are considered.

Assumption 3
The Hessian matrix H given by (98) is strictly diagonal 
dominant, that is

	
|
| | | |

.
| | |H H

H H21
2

22
2

12
1

11
1

1
1e

e
) � (145)

The next theorem provides the stability/convergence 
properties of the closed-loop error system of the proposed 
ES feedback for the two-player noncooperative game with 
transport–heat PDEs.

Theorem 3 
Consider the closed-loop system (112)–(119) under trans-
port–heat PDEs (84)–(91) of distinct transport–diffusion 
coefficients D1  and D2  for the heterogeneous duopoly qua-
dratic game with payoff functions ( ) ( ( )),y t J ti i H=  , ,i 1 26 ! " ,  
given in (95) and (96), satisfying Assumption 3 and control 
laws ( )U ti  defined in (122) or (123). Thus, there exist ,c 012  

,c 022  and 02~  sufficiently large as well as 02e  suffi-
ciently small such that the closed-loop error system with 
state ( ),tij  ( , ),u x ti  , ,i 1 26 ! " ,  has a unique locally exponen-
tially stable periodic solution in t of period P in (19), denoted 
by ( ),tij

P  ( , )u x ti
P  and satisfying :t 06 $

	 ( ) ( , ) .t u x t dx 1O
/

i
i

i
D2

1

2
2

0

1 2
i

#j
~

+P P

=

`e jo6 6@ @/ # � (146)

In particular,

	 | ( ) | | |lim sup t a 1O*

t ~
H H- = +

" 3+

` j� (147)
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	 | ( ) |lim sup t a 1O
t

1 1 1i i
~

- = +
"

)

3+

` j� (148)

	 | ( ) |lim sup t a e 1O /

t

D
2 2 2

22i i
~

- = +
"

)

3

~

+

` j� (149)

where a a a T
1 2= 6 @  and i H=) )  is the unique (unknown) 

Nash equilibrium given by (98).

Proof
See “Proof of Theorem 3.”� Y

SIMULATIONS
Because of space limitations, we will restrict ourselves to a 
unique numerical example considering a heterogeneous 
noncooperative game with two players that employ the 
proposed ES strategy for PDE compensation of the section 
“Noncooperative Duopoly With Heterogeneous Trans-
port–Heat PDE Dynamics.” See also “Derivation of Com-
putational Simulation Models for PDEs.” We revisit the 
example in [62] and consider the following payoff functions 
from (95) and (96) subject to transport–heat PDEs (84)–(87) 
and (88)–(91) with distinct transport–diffusion coefficients 
D 301 =  and D 32 =  in the players’ decisions, , :i 1 2! " ,

	
( ( )) ( )

( ) ,
( ) ( ) ( )J t t t t t

t

5 5
150 3 000

250  
 

 1 1
2

2

1 2 1eH H

H

H H H=- +

- -

+
�

(150)

	
( ( )) ( )

( ) ,
( ) ( ) ( )J t t t t t

t

5 5
150 2 500

150  
 

 2 2
2

2

1 2 1eH H

H

H H H=- +

+ +

-
�

(151)

which, according to (98), yield the unique Nash equilibrium

	 , .
4

100 30
4

60 50
1 1 2 2 2 2i

e
i

e

eeH H= =
-
+ = =

-
+) ) ) ) � (152)

To attain (152), the players implement the nonmodel-
based real-time optimization strategy acting through the 
transport–heat PDE dynamics (see Figure 6). For comparison 
purposes, except for transport–heat PDEs in the input sig-
nals of the players, the plant and the controller parameters 
were chosen similarly to those in [21] in the simulation tests: 

,1e =  . ,a 0 0751 =  . ,a 0 052 =  ,k 21 =  ,k 52 =  .26 75 rad/s, 1~ =  
22 rad/s,2~ =  ( ) ( ) ,0 0 501 1i i= =t  and ( ) ( ) / .0 0 110 32 2 2i i i= = =)t  

In addition, the time constants of the boundary control fil-
ters were set to .c c 1001 2= =

We can verify that the ES approach proposed in [21] is 
effective when transport–heat PDEs are not present in the 
decision variables. However, in the presence of the trans-
port–heat PDEs in the input signals 1i  and ,2i  but without 
considering any kind of PDE compensation, the game col-
lapses with the explosion of its variables (curves not 
shown). On the other hand, Figure 7(a) and (b) shows that 
the proposed boundary control-based scheme fixes this 
with a remarkable evolution in searching the Nash 

equilibrium and simultaneously compensating for the 
effect of the transport–heat PDEs in our heterogeneous 
noncooperative game.

The evolutions of the infinite-dimensional states ( , )x t1a  
and ( , )x t2a  modeled by the transport-heat PDEs (84)–(87) 
and (88)–(91) are shown in Figure 8(a)–(d). The values of the 
boundary inputs ( )t1i  and ( )t2i , as well as the boundary 
outputs ( )t1H  and ( )t2H , are highlighted in black and red, 
respectively. The initial condition is in blue.

This first set of simulations indicates that, even under an 
adversarial scenario of strong coupling between the players 
with ,1e =  the proposed approach has behaved successfully. 
This suggests that our stability analysis may be conservative, 
and the theoretical assumption 0 11 1e  may be relaxed, 
given the performance of the closed-loop control system. In 
Figure 9(a)–(c), the different values of . ,0 75e =  . ,0 5e =  and 

.0 25e =  are considered to evaluate the robustness of the pro-
posed scheme under different levels of coupling between the 
two players and the corresponding impact on the transient 
responses.

FROM NASH EQUILIBRIUM TO EXTREMUM SEEKING
We now present the scalar ES design for distinct families of 
PDEs. According to Remark 1, scalar ES is a particular case 
of NES with a single agent. See also “Fundamentals of ES.” 

Remark 1
Note that the material in the previous sections addressed 
the following special cases:

	» multivariable static ES [53], [59], as corollaries of The-
orems 1, 2 and 3, when h hN1 ==  and ,1e =

	» scalar static ES, when simply N 1=
In this case, the ES goal is to optimize in real time an 

unknown static map ( ):Q ·

	 ( ) ( ( ))y t Q tH= � (153)

with maximum or minimum unknown output y)  and opti-
mizer ,H)  by measuring the output ( )y t  and adjusting the 
input ( ) .tH  As illustrated in the block diagram of Figure 10, 
the input H  of the map is governed by a PDE, which must 
be properly compensated for by means of an appropriate 
boundary control law.

For maximization problems, the unknown nonlinear 
map is assumed to be locally quadratic, such that

	 ( ) ( )Q y H
2

2H H H= + -) ) � (154)

where , ,y R!H) )  and the Hessian H 01  is also unknown 
(when ,H 02  we have a minimization problem). Hence, the 
output of the static map is given by

	 ( ) ( ( ) ) .y t y H t2
2H H= + -) ) � (155)
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Proof of Theorem 3

FFirst, consider the equivalent hyperbolic/parabolic PDE–

ODE representation (140)–(144) rewritten for each Player 

,Pi  { , }:i 1 2!

	 ( ) ( ) ( , )G t H k G t H k t1i ii
i

i i ii
i

i i
av av ave z= +r ro � (S125)

	 ( , ) ( , ),  ( , )u x t D u x t x 0 1t x1 1
1

1
av av2 2 != - � (S126)

	 ( , ) ( , ), ( , )u x t D u x t x 0 1t xx2 2
2

2
av av2 2 != - � (S127)

	 ( , )u t0 0x i
av2 = � (S128)

	 ( , ) ( ) ( , ) .u t k G t k t1 1i i i i i
av av ave z= +r � (S129)

For Player ,P1  the average closed-loop system, given by 

(S125) and (S126) and (S128) and (S129), satisfies both as-

sumptions (H1) and (H2) of the Small-Gain Theorem [32, Theo-

rem 8.1, p. 198] for the hyperbolic PDE–ODE loop with ,n 1=  

( ) ( ),x t G t1
av= r  ( ( ), ( , ), ( )) ( ) ( )F G t u x t v t H k G t v t1 1 11

1
1 1

av av av e= +r r  with 

( ) ( , ),v t H k t111
1

1 1
avz=  /c D1 1= , ( ) ,a x 0=  ( , ( ), ( , )) ,g x G t u x t 01 1

av av =r  

( , ) ,f x t 0=  ( ( ), ( , ), ( )) ( ) ( ),d t u x t G t k G t d t1 1 1 1
av av av{ e= +r r  where 

( ) ( , ),d t k t11 1
avz=  ,N k1=  | | ,L H k11

1
1=  B 0= , ,k2 1c =  ,b2 e=  

and .A 01c= =  Notice that Assumption (H1) holds with ,M 1=  

,03c =  | | ,H k11
1

1v =  and b 032  being an appropriate constant 

of order (ı),O  as can be easily verified using the variation-of-

constants formula (for i 1= )

	
( ) ( )

( ) ( , )

exp

exp

G t H k t G

H k t s H k s ds

0

1

i ii
i

i i

ii
i

i ii
i

i i
0

1

av av

ave z

= -

+ - +

r r`
`
j

j# � (S130)

and from the application of the Cauchy–Schwarz inequality to 

the term ( , )t1avz  in (139): 

	
( , ) ( ) [ ( , )]

[ ( , )]

t H D d u t d

k D u t d

1 1

3
1 av

H

1 12
1

2
2 2

0

1 2
1

2
2

0

1 2
1

2
2

2
2

0

1 2
1

av av##

#

z x x p p

p p

-c

c

cm

m

m# #

#� (S131)

since ( / )H k H1ij
i

H ii
i1 1; ; ; ;e  according to Assumption 3, where 

kH  is a positive constant of order ( ) .1O  Therefore, if 0 11 1e  

is sufficiently small, then [32, Theorem 8.1, p. 198] allows us to 

conclude that there exist constants , 01 1 2d D  such that, for ev-

ery ([ , ]),u C 0 1,1 0
0av !  ,G R,1 0

av !r  the unique generalized solution 

of this initial-boundary value problem, with ( , )u x u0 ,1 1 0
av av=  and 

( ) ,G G0 ,
v

1 1 0
a av=r r  satisfies the following estimate, :t 06 $

	 av

( ) ( ) ( )

( )

exp

max

G t u t G u t

u s

, ,

 

s t

1 1 1 1 0 1 0 1

1
0

2

av av av av# d

c e

D+ + - +

+

3 3

3# #

r r

r `
`

j
j

�
(S132)

for some adequate constant (| | , ) .max H k k1 11
1

1 12cr

For Player ,P2  the average closed-loop system (S125) 

and (S127)–(S129) satisfies all of the assumptions (A1) to 

(A7) of the Small-Gain Theorem [32, Theorem 8.2, p.  205] 

for the parabolic PDE–ODE loop with ,n 1=  ( ) ,p x 1=  

( ) ,r x D2
2=  ( ) ,q x 0=  ( ( ), ( , ), ( )) ( ) ( ),F G t u x t v t H k G t v t2 2 22

2
2 2

av av av e= +r r  

( ) ( , ),v t H k t122
2

2 2
avz=  ( , ( ), ( , )) ,g x G t u x t 02 2

av av =r  ( , ) ,f x t 0=  ( ( ),d t0{  

( , ), ( )) ( , ),b uu x t G t t02 2 1 1
av av av=r  ,b 011  ,b 12 =  ( ( ), ( , ),d t u x t1 2

av{

( )) ( ) ( ),G t k G t d t2 2 2
av av e= +r r  ( ) ( , ),d t k t12 2

avz=  ,a 11 =  ,a 02 =  

| | ,L H k22
2

2=  | | ,K b0 1=  ,B C 00 0= =  0c  of order ( ),1O  ,K 01 =  

,B k1 2=  ,C1 e=  1c  of order ( ),1O  and .K B 02 2= =  Assump-

tion (A6) of [32, Theorem 8.2, p. 205] holds with M 1= , 03c = , 

| |H k22
2

2v = , and b 03 2  being of order ( ),O e  as can be readily 

verified by means of the variation-of-constants formula (S130), 

with ,i 2=  and from the application of the Cauchy–Schwarz 

inequality to the term ( , )t12
avz  in (139):

	
( , ) [ ( , )]

[ ( , )]

t H D d u t d

k D u t d

1

H

2 21
2

1
2

0

1 2
1

1
2

0

1 2
1

1 1
2

0

1 2
1

av av

av

##

#

z x p p

p p

c

c

cm

m

m# #

#
�

(S133)

with the same k 0H2  defined just after (S131). Hence, it follows 

that the small-gain condition in [32, Inequality (8.3.24)] holds, 

provided 0 11 1e  is sufficiently small. Thus, [32, Theorem 

8.2, p. 205] allows us to conclude that there exist constants 

, 02 22d D  such that

	
( ) ( ) ( )

( )

exp

max

G t u t G u t

u s

, ,

 

s t

2 2 2 2 0 2 0 2

2
0

1

av av av av

av

# d

c e

D+ + - +

+

3 3

3# #

r r

r

`
`

j
j �

(S134)

,t 06 $  for some adequate constant (| | , ),max H k k2 22
2

2 22cr  

( , ) ,u x u0 ,2 2 0
av av=  and ( ) .G G0 ,2 2 0

av av=r r  Since the inequalities 

(S132) and (S134) are similar to those found in [32, Theorem 

11.2, p. 269]—see inequalities (11.2.23) and (11.2.24)—we can 

finally invoke [32, Theorem 11.5, p. 277], under the condition of 

0 11 1e  sufficiently small, to conclude that

	
( ) ( ) ( ) ( )

exp

G t G t u t u t

G G u u t, , , ,

1 2 1 2

1 0 2 0 1 0 2 0

av av av av

av av av av

#

dD

+ + +

+ + + -

3 3

3 3

r r

r r` ^j h� (S135)

,t 06 $  for some 02d  and .02D

Therefore, we conclude that the origin of the average closed-

loop system (140)–(144) is exponentially stable under the as-

sumption of 0 11 1e  being sufficiently small. Then, from (120), 

(133), and (134), we conclude the same results in the norm

	 ( ) ( , ) .t u x t dx
/

i
i

i
D2

1

2
2

0

1 2
av avi

j +
=

e o6 6@ @/ # � (S136)

After applying the averaging theory for infinite-dimen-

sional systems in [25, Section 2] (see “Averaging Theorem 

for General Infinite-Dimensional Systems”), we can show 

that (146) and (147) are indeed satisfied. The final residual 

sets for the errors ( )ti ii i- )  in (148) and (149) depend on a1  

and a e /D
2

22 ~  due to the amplitude of the additive dithers 

( )S ti  in (109), for { , } .i 1 2!
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For the sake of simplicity, we have considered scalar maps 
with one single input and one single output, but a more gen-
eral setup of multiple-input, single-output maps ( RN!H  and 

)y R!  could also be addressed, as done in [53] and [59].
While the multiplicative perturbation signals ( )M t = 

( / ) ( )sina t2 ~  and ( ) ( )( / )cosN t a t8 2 ~=-  follow classical ES 

designs [23], [43], the additive dither ( )S t  must be rede-
signed using the trajectory generation paradigm [42, Chap-
ter 12]. We then show the ES design for the simplest cases of 
hyperbolic and parabolic PDEs: transport (delay) and heat 
(diffusion) PDEs. While in the case of a delay, it suffices to 
advance the sinusoidal perturbation in time, in the case of 

Derivation of Computational Simulation Models for PDEs

TThe boundary control laws in this article are implemented by 

using a modal transformation and PDEs by the finite difference 

method [S10]. In the following, the simulation model of the diffusion 

PDE and the corresponding controller are specifically derived.

SIMULATION OF DIFFUSION PDE VIA FINITE 

DIFFERENCES

Consider the diffusion process (28)–(31), which we note here 

as a reminder

	 ( ) ( , )t t0aH = � (S137)

	 ( , ) ( , ), ( , )x t x t x D0t xx !a a= � (S138)

	 ( , )t0 0xa = � (S139)

	 ( , ) ( ) .D t ta i= � (S140)

First, we normalize the spatial coordinate and the associ-

ated PDE state, such that

	 , ( , ) ( , ) .D
x t x tp a p a= =u � (S141)

Then, we have the following relation:

	 ( , ) ( , ), ( , ) ( , ) .x t D t x t
D

t1 1
x xx 2a a p a a p= =p ppu u � (S142)

Thus, the scaled diffusion process is

	 ( , ) ( , ), ( , )t
D

t1 0 1t 2 !a p a p p= ppu u � (S143)

	 ( , )t0 0a =pu � (S144)

	 ( , ) ( ).t t1a i=u � (S145)

To simulate the normalized diffusion process (S143)–(S145), 

we are using the well-known finite difference method [S10]. 

We discretize the spatial space in N 1+  elements with width 

/h N1=  such that

	 ( ) ( , ), [ , ].fort ih t i N0i !a a=u u � (S146)

The spatial derivative terms are calculated by the (central) 

difference quotients

	 ( , )
( ) ( )

ih t h
t ti i1

a
a a

=
+

p
+u � (S147)

	 ( , )
( ) ( ) ( )

.ih t
h

t t t2i i i
2

1 1
a

a a a
=

- +
pp

+ -u � (S148)

Hence, the PDE system (S137)–(S140) can be written as N 

ODEs and three algebraic equations derived from the bound-

ary conditions

	 ( ) ( )t t0aH = u � (S149)

	 ( ) ( )t t0 1a a=u u � (S150)

	 ( )
( ) ( ) ( )

, [ , ]t
D h

t t t
i N1 2

1 1i
i i i

2 2
1 1

!a
a a a

=
- +

-
+ -u
u u uo � (S151)

	 ( )tNa i=u oo � (S152)

	 ( ) ( )t tNa i=u � (S153)

where (S150) results from the Neumann boundary condition.

SIMULATION OF THE CONTROLLER VIA MODAL 

TRANSFORMATION

In the modal transformation, we rewrite the infinite-dimension-

al closed-loop system as

	 ( ) ( ) ( , ( ))z t z t J t z t~C= +o � (S154)

where C  generates an analytic semigroup, ( , ( ))J t z t~  satis-

fies the smoothness properties, and ( ) ( ) ( ) ( )z t t V t U tj= <6 @  is 

an infinite-dimensional state vector. Now, we only consider the 

states ( )V t  and ( )U t . Since ( )V t  is the infinite-dimensional part 

of the state vector, we approximate this with a finite-dimension-

al state vector ( )V tr , by considering only the first L states/modes 

( ) , , , .V t v v vL1 2 f= ) ) )r 6 @  Hence, we arrive at the simulation model 

for the controller
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with the eigenvalues

	 ( ) , , ,
D

k k L
4

2 1 1 2k 2

2
2 fm r=- - = � (S156)

/ / ( ) ,D D k2 4 2 1k
2 2 2a r= -^ h  / ( ) ( ) ,/D D k2 2 2 1 1k

kb r=- - -^ h  

and , , .k 1 2 f=  The ODE system (S155) with L 1+  states can 

be simply implemented in Matlab/Simulink.
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the heat dynamics, one has to employ a solution to the 
motion-planning problem, where the output of the heat 
PDE system is a sinusoid at one of its boundaries, and the 
input is the signal that must be applied on the other bound-
ary to generate a sinusoid at the output. This input signal 
happens to consist of sinusoidal and exponential functions.

ES for Transport Hyperbolic PDE
In this case, the following infinite-dimensional and averag-
ing-based predictor feedback is introduced to compensate 
for the delay [40]:

	 ( ) ( ) ( ) ( )U t s c
c k G t H t U d

t D

t
x x=

+
+

-

t8 B' 1# � (156)

where k 02  and c 02  are sufficiently large; that is, the pre-
dictor feedback is of the form of a low-pass filtered nonav-
erage version of 

	
( ) ( )

( ) ( ) .

U t kG t D

k G t H U d
t D

t

av av

av av v v

= +

= +
-

8 B# � (157)

The signal

	 ( ) ( ) ( )H t N t y t=t � (158)

in (156) is used to obtain an estimate of the unknown Hes-
sian H, and the additive dither is given by

	 ( ) ( ( )).sinS t a t D~= + � (159)

ES for Diffusion-Dominated Parabolic PDE
In the case of a diffusion process in the actuation dynamics, 
the trajectory generation problem to be solved for motion-
planning design [47, Chapter 12] is

	 ( ) ( , )S t D t| b= � (160)

	 ( , ) ( , ), ( , )x t x t x D0t xx2 2 !b b= � (161)

	 ( , )t0 0x2 b = � (162)

	 ( , ) ( )sint a t0b ~= � (163)

where : [ , ] .D0 R R"#b +  The explicit solution of (160) is 
given by

( ) .sin sinS t ae t D ae t D2
1

2 2
1

2
D D2 2~

~
~

~= + + -
~ ~-` `j j

� (164)

On the other hand, we write the average-based infinite-
dimensional control law to compensate for the diffusion 
process by

	 ( ) ( ) ( ) ( ) ( , )U t s c
c K G t H t D r u r t dr

D

0
=
+

+ -t; E) 3# � (165)

where c 02  is sufficiently large.
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FIGURE 9 Action time histories for P1  and P2  for distinct values of 
the coupling coefficient. (a) . .0 75e =  The dashed lines denote 
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FIGURE 10 A general block diagram for implementation of ES con-
trol design for PDE connections (in red) at the input of nonlinear 
convex maps ( ) .Q ·  Although the multiplicative perturbation sig-
nals ( )M t  and ( )N t  are the same as in the classical ES designs 
[23], [43], the additive dither ( )S t  (in blue) must be redesigned 
using the trajectory generation paradigm [42, Chapter 12], and the 
application of an adequate boundary control law (in blue) for PDE 
compensation is necessary.
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ES for Distinct Families of PDEs
To show that the proposed ES approach for infinite-dimen-
sional systems is general and applicable to a wider class of 
PDEs, we have formulated in Table 1 the stabilizing boundary 
control law ( )U t  and given the explicit solutions to the trajec-
tory generation problem of ( )S t  for five other classes of 

distributed parameter systems [42]: 1) reaction–advection–dif-
fusion (RAD) PDEs [52], [54], 2) wave equations [55], [56], 3) 
hyperbolic transport PDEs —for constant delays [59], 4) time-
varying delays [69], and 5) distributed delays [76], [77].

Regarding the transport and diffusion cases explored 
in the NES sections, the term ( , )u x t  that appears in ( )U t  

Fundamentals of ES

EES is a method for real-time nonmodel-based optimization. 

Though ES was introduced more than a century ago, in 

1922, the “turn of the 21st century” has been its golden age, 

both in terms of the development of theory and in terms of its 

adoption in industry and in fields outside of control engineer-

ing. We provide an overview of the basic gradient-based ver-

sion of ES with periodic signals for static maps (free of infinite-

dimensional dynamics).

Many versions of ES exist, with various approaches to their 

study of stability [43], [S11], [S6]. The most common version 

employs perturbation signals for the purpose of estimating the 

gradient of the unknown map that is being optimized. To under-

stand the basic idea of ES, it is best to first consider the case of 

a static single-input map of the quadratic form

	 ( ) ( )f f f
2

2i i i= + -) )m � (S157)

where f) , fm and i)  are all unknown, as shown in Figure S5.

Three different i ’s appear in Figure S5: i)  is the unknown 

optimizer of the map, ( )tit  is the real-time estimate of ,i)  and 

( )ti  is the actual input into the map. The actual input ( )ti  

is based on the estimate ( )tit  but is perturbed by the signal 

( )sina t~  for the purpose of estimating the unknown gradient 

( )f · i i- )m  of the map ( )f i  in (S157). The sinusoid is only one 

choice for a perturbation signal—many other perturbations, 

from square waves to stochastic noise, can be used in lieu of 

sinusoids, provided that they are of zero mean. The estimate 

( )tit  is generated with the integrator /k s  with the adaptation 

gain k controlling the speed of estimation.

The ES algorithm is successful if the error between the es-

timate ( )tit  and the unknown ,i)  namely the signal

	 ( ) ( )t ti i i= - )u t � (S158)

converges toward zero or some small neighborhood of zero 

as .t " 3+  Based on Figure S5, the estimate ( )tit  is governed 

by the differential equation ( ) ( ),sink t fi ~ i=t
o  which means that 

the estimation error is governed by

	 ( ) ( ( )) .sin sindt
d k a t f f a t2

2i ~ i ~= + +)
u um; E � (S159)

Expanding the right-hand side, one obtains
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A theoretically rigorous time-averaging procedure [S1, Sec-

tion 10.4] allows one to replace the previous sinusoidal signals 

by their means, yielding the “average system” [S1, p. 404]:

	 dt
d kf a

2

0
2

av
av

i
i=

1

u um
A

� (S161)

which is exponentially stable. The averaging theory guarantees 

that there exists a sufficiently large ~  such that, if the initial 

estimate ( )0it  is sufficiently close to the unknown ,i)  one has

	 ( ) ( ) ( ), .t e a t0 1 0O O
kf a t2

2

6# $i i i i
~

- - + +) )
m c m � (S162)

For the user, the inequality (S162) guarantees that, if a is 

chosen small and ~  is chosen large, the input ( )ti  exponen-

tially converges to a small interval—of order ( )( / ) a1O ~ + —

around the unknown i)  and, consequently, the output ( ( ))f ti  

converges to the vicinity of the optimal output .f)

REFERENCE
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FIGURE S5 The simplest perturbation-based ES scheme for a 
quadratic single-input map ( )f i  in (S1). The user only needs to 
know the sign of ,fm  namely, whether the quadratic map has a 
maximum or a minimum, and has to choose the adaptation gain 
k such that ( ) .sgn sgnk f=- m^ h  The user has to also choose the 
frequency ~  as relatively large compared to a, k, and .fm
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of Table 1 is the state of the infinite-dimensional system 
corresponding to a copy of the PDE model of actuator 
dynamics.

In [57], differently from what has been done that has 
dealt with PDEs at the input into an unknown map, and in 
which we have already advanced from transport PDEs to 
RAD PDEs to wave PDEs according to Table 1, the authors 
consider one last configuration in which the input path-
way to the map contains a cascade of PDEs from distinct 
classes. There, we deal with PDEs with input delays, such 
as the notorious problem of a wave PDE with an input 
delay, where, if the delay is left uncompensated, an 

arbitrarily short delay destroys the closed-loop stability. 
Then, we move forward to an even more challenging class 
of problems for parabolic–hyperbolic cascades of PDEs, 
focusing on a heat equation at the input of a wave PDE. The 
treatment of such systems with PDE–PDE cascades is 
again performed by means of boundary control. Local 
exponential stability and convergence to a small neighbor-
hood of the unknown extremum point are guaranteed by 
using a backstepping transformation and averaging in 
infinite dimensions.

PDE–PDE cascades have a great deal in common with 
PDE–ODE cascades. For instance, a cascade of a delay into a 

RAD equation ( , ) ( , ) ( , ) ( , ), [ , ]PDE : x t x t b x t x t x 0 1t xx x2 2 2 !a e a a ma= + +  
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c ke G t H t e m u t d1 1

b b
2 2

0

1
c v v v=

+
+ -e e

v- t; E' 1#  

( ) , : / ( ) ,cosh sinhx x b x b k2 4 0 0ı 2 2$c
p

e p e
p

p e m
e

= + = -c cm m  

( ) ( ) , , ,sinhm x x b1 0 0 02 $ $v
p
e

e
p

v e m
e

- = -c m  

 ( ) ( ) !
( )

( ) !
( )

,Trajectory generation: S t e k
a t b

k
a t

2 2 2 1
b k

k

k
2

2

0

2

e
= +

+

3

e
-

=

/  

: ( ) ( )sin cosa a t a tn
k

n
k

2 2 1k k
n

k
k n n

k
n

k
k n n

2
0

2 2

0

2 1 2 1~ p ~
e

~ p ~
e

= +
+

=

-

=

- - +c cm m/ /  

Wave dynamics ( , ) ( , ), [ , ]PDE : x t x t x D0tt xx2 2 !a a=  
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( )
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( ) ( ), ( ): ( )Trajectory generation: sinS t a t t t D t~ z= = -  

( ) ( ( ( ))),  ( ) ( ( ( )))Demodulation: sin cosM t a t D t N t
a

t D t2 8 22~ ~= - =- -  

Distributed delay ( , ) ( , ), [ , ], ( ) ( )PDE: x t x t x D y Q t d0t x
D

0
2 2 !a a v b vH= = -c m#  

 ( ) ( ) ( ) ( ( )) ( , )BC (Dirichlet): U t s c
c k G t H t u D t d1

D

0
b v v v=

+
+ - -t; E' 1#  

( ) ( ) ( ( )) ( )Trajectory generation: sinS t a t d
D

0c ~
~ p b p= +#  

BC: boundary control.

TABLE 1  ES for distinct classes of PDE systems.
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PDE is a much more generalized version of an integrator 
with an input delay. However, in a delay–integrator cascade, 
the design can be pursued within the predictor feedback 
framework, with backstepping just employed for an inter-
pretation and for analysis; whereas, in delay–PDE cascades, 
a predictor for a PDE is too complicated a mathematical 
object to be of value. Instead, the design is pursued entirely 
by the backstepping approach. Similarly, while the heat–
integrator cascade became familiar and was dealt with 
through the backstepping design, a more general backstep-
ping design is applied to a heat–wave PDE cascade in a part 
of the reference [57].

Although our goal in this article is to avoid numbing the 
reader with lengthy proofs, it is worth providing a general 
picture of how we carry out the steps to prove the stability 
results of the ES feedback loop in the presence of PDEs in 
Figure 10. Figure 11 shows the structure of the proof, 
divided into six main steps. We take advantage of this 
opportunity to highlight that our analysis presents a care-
fully constructed sequence of analytical steps, a predictor-
based infinite-dimensional backstepping transformation, a 
synthesis of a Lyapunov functional (rather than small-gain 
analysis), and the computation of a Lyapunov estimate, for 
the overall infinite-dimensional system with nonlineari-
ties, stochastic perturbations, and distributed delays. This 
analysis process, involving so many steps, has a large 
number of possible permutations—all but one would be 
wrong. We show how to properly sequence the steps of 
averaging, backstepping, and Lyapunov functional 

analysis to prove stability. This “analysis pathway” will 
serve the needs of future researchers who deal with sto-
chastic ES under delays. The complete details can be found 
in the authors’ book [66].

APPLICATIONS
For the distinct cases involving ES plus PDEs in Table 1, 
we dedicated the remainder of the article to some select 
applications: 

1)	 traffic control for linearized Lighthill–Whitham–
Richards (LWR) macroscopic PDE models trans-
formed into constant delays [59], [84]

2)	 optimal oil-drilling control with ES for wave models [1]
3)	 deep-sea cable-actuated source seeking modeled by wave 

PDEs with Kelvin–Voigt damping [72]
4)	 additive manufacturing modeled by the Stefan PDE 

[22], [36]
5)	 bioreactors considering ES for models described by 

parabolic PDEs (reaction–diffusion equations), see 
[14] and [30]

6)	 light-source seeking with infinite-dimensional models 
represented by Euler–Bernoulli beam equations [42, 
Chapter 8]

7)	 NMES problem for ES with time-varying delays 
[65], [69].

We offer a tutorial-style guide that synthesizes existing 
results for ES while presenting new insights and practical 
examples in engineering applications.

TRAFFIC CONGESTION 
CONTROL WITH A 
DOWNSTREAM BOTTLENECK
This section develops boundary con-
trol for freeway traffic with a down-
stream bottleneck [84]. Traffic on a 
freeway segment with a capacity 
drop at the outlet of the segment is a 
common phenomenon that leads to a 
traffic bottleneck problem. The capac-
ity drop can be caused by lane drops, 
hills, tunnels, bridges, or curvature 
on the road. If the incoming traffic 
flow remains unchanged, traffic con-
gestion forms upstream of the bottle-
neck because the upstream traffic 
demand exceeds its capacity. There-
fore, it is important to regulate the 
flow of traffic in the segment to avoid 

Original Closed-Loop System
(Step 1)

Average Closed-Loop System
(Step 2)

Transformation into
Target System

With Backstepping Method
(Step 3)

Practical Convergence to the Extremum
Through Averaging Theorem

(Step 6)

Local Stability of the Original
Average System

(Step 5)

Lyapunov-
Krasovskii

Method Exponential Stability of the
Target System

(Step 4)

FIGURE 11 Structure of the stability proof for the closed-loop system. We provide theoretical 
stability guarantees for PDE systems in real-time optimization.

We show how to properly sequence the steps of averaging, backstepping, and 

Lyapunov functional analysis to prove stability.
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overloading the bottleneck area. Traffic densities on the free-
way segment are described with the LWR macroscopic PDE 
model. To mitigate traffic congestion upstream of the bottle-
neck, the incoming flow at the inlet of the freeway segment 
is controlled so that an optimal density is reached that maxi-
mizes the outgoing flow. The density and traffic flow rela-
tion at the bottleneck area, described with a fundamental 
diagram, is considered to be unknown. We tackle this prob-
lem using ES control with delay compensation for LWR 
PDEs [84]. ES control, a nonmodel-based approach for real-
time optimization, is adopted to find the optimal density for 
the unknown fundamental diagram. A predictor feedback 
control design is proposed to compensate for the delay effect 
of traffic dynamics in the freeway segment.

Problem Statement
We consider a traffic congestion problem on a freeway seg-
ment with a lane-drop bottleneck downstream of the seg-
ment. The freeway segment upstream of the bottleneck and 
the lane-drop area are shown in Figure 12, which illustrates 
the clear “Zone C” and the bottleneck “Zone B.” The flow is 
conserved through the clear Zone C to the bottleneck Zone 
B. Local road capacity changes are due to the lane drop in 
Zone B, which could be caused by working zones, accidents, 
or lane closures. To prevent the traffic in Zone B from over-
flowing its capacity and then causing congestion in the free-
way segment, we aim to find the optimal density ahead of 
Zone C that maximizes the outgoing flux of Zone B, given 
the unknown density–flow relation. The traffic dynamics in 
Zone C is described with the macroscopic LWR traffic 
model for the aggregated values of traffic density.

Because of the reduction in lanes in Zone B, the fundamen-
tal diagram of the flow and density relation usually changes, 
leading to a capacity drop in Zone B. The control objective is 
to find the optimal input density at the inlet of Zone C that 
drives the measurable output flux of Zone B to its unknown 
optimal value in an unknown fundamental diagram.

LWR Traffic Model
The traffic dynamics in Zone C, upstream of Zone B, is 
described with a first-order hyperbolic LWR model. The 
traffic density ( , )x tt  in Zone C is governed by the follow-
ing nonlinear hyperbolic PDE, where [ , ],x L0!  [ , ):t 0 3!

	 ( ( )) .Q 0t x C2 2t t+ = � (166)

The fundamental diagram of the traffic flow and density 
function ( )QC t  is given by ( ) ( ),Q VC t t t=  where the traffic 

velocity follows an equilibrium velocity–density relation ( ).V t  
There are different models that describe the flux and density 
relationship. A basic and popular choice is Greenshield’s 
model for ( ),V t  which is given by ( ) / ,V v 1f mt t t= - ^^ hh  
where v Rf !

+  is defined as the maximum velocity and 
Rm !t +  is the maximum density for Zone C [84]. Then the 

fundamental diagram of the flow and density function 
( )QC t  is in a quadratic form of density

	 ( ) .Q
v

vC
m

f
f

2t
t
t t=- + � (167)

A critical value of density segregates traffic into a free-
flow regime, whose density is smaller than the critical 
value, and a congested regime, whose density is greater 
than the critical value. The critical density may be assumed 
as /2c mt t=  for (167) [84]. For the fundamental diagram 
calibrated with the freeway empirical data, the critical den-
sity usually appears at %20  of the maximum value of the 
density [15], [18].

In practice, the quadratic fundamental diagram some-
times does not fit well with traffic density–flow field data. 
There are several other equilibrium models, for example, 
the Greenberg model, the Underwood model, and the dif-
fusion model, for which the fundamental diagrams are 
nonlinear functions; see [84] and the references therein. 
However, by Taylor expansion, a second-order differentia-
ble nonlinear function can be approximated by a quadratic 
function in the neighborhood of its extremum. The follow-
ing assumption is made for the nonlinear fundamental dia-
gram. The stability results derived here are valid locally for 
the general form of the fundamental diagram ( )Q t  that 
satisfies the following assumption. Here we can adopt 
other density–flow relations for the fundamental diagram 

( ),Q t  but we require Assumption 4 to be satisfied.

Assumption 4
The fundamental diagram ( )Q t  is a smooth function, and 
it holds that ( ) , ( ) .0 0Q Qc c 1t t=l m

0

Zone C
Zone Bqin

qout

L

FIGURE 12 Traffic on a freeway segment with lane drop.

We offer a tutorial-style guide that synthesizes existing results for ES while 

presenting new insights and practical examples in engineering applications.
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Under Assumption 4, the fundamental diagram can 
be approximated around the critical density ct  as fol-
lows: ( ) ( )/ ( ( ) ) ,( )q t2Q Qc c

2t t t t= + -m  where ( )q Qc ct=  
is defined as the road capacity or the maximum flow, 
with ( ) 0Q 1tm .

Lane-Drop Bottleneck Control Problem
Because of the reduction in the number of lanes from Zone 
C to Zone B, we consider the equilibrium density–flow rela-
tion of Zone B as shown in Figure 13, as pointed out in [75]. 
There is a capacity drop CT  of QB  in Zone B compared to 
QC  in Zone C after congestion has formed upstream of the 
lane-drop area. The capacity drop caused by a sudden lane 
drop is hard to measure in real time, and the traffic dynam-
ics of Zone B is affected by the lane-changing and merging 
activities. Therefore, we assume that the fundamental dia-
gram ( )QB t  of Zone B is unknown.

In Figure 13, the capacity is

	 ( ) (( ) )C Q Q 1C c BT t d t= - + * � (168)

	 ( ) (( ) )q Q Q 1C Bt d t= = +* ** � (169)

where CT  is unknown. R!t* +  represents the optimal den-
sity that keeps Zone C in the free regime, while ( )1 d t+ *  
reaches the critical density of Zone B so that the discharging 
flow rate reaches its maximum value .q R!* +  The ratio d  
accounts for the density discontinuity before the outlet in 
Zone C and after the outlet in Zone B. We assume that CT  
and d  are unknown, and therefore the optimal density and 
flow rate ( , )qt **  are unknown.

When there is a lane-drop bottleneck presenting down-
stream, the density at the outlet of Zone C is ( , ),L tt  gov-
erned by the PDE in (166) for [ , ],x L0!  [ , ).t 0 3!  The inlet 
boundary flow is ( ) ( ( , )).q t Q t0Cin t=  The output measure-
ment of traffic flow in Zone B, ( ),q tout  is given by ( )Q t  with 
outlet density ( , ),L tt  ( ) ( ( , )),q t Q L tout t=  where the 

function ( )Q t  of the outlet boundary x L=  connecting 
Zone C and Zone B is defined as follows:

( ( , ))
( ( , )),
( ) (( ) ),
(( ) ( , )),

( , )
( , )
( , )

Q L t
Q L t
Q q Q
Q L t

L t
L t
L t

1
1

C

C B

B

1

2
t

t

t d t

d t

t t

t t

t t

= = = +

+

=* * *

*

*

*

* � (170)

so that the flow is conserved through the boundary, enter-
ing from Zone C to Zone B. Note that, when the optimal 
density t*  is reached, the flow rate at the outlet of Zone C 
and the input of Zone C reaches equilibrium and its maxi-
mum value .q*

The control objective is to design the traffic flow input 
( )q tin  so that the outgoing flow in the lane-drop area Zone B, 
( ),q tout  is maximized. We aim to find the optimal outlet 

density ( , )L tt t= *  that maximizes ( )q tout  of Zone B and 
then use the PDE that describes the dynamics of traffic in 
Zone C to obtain the desirable flow input ( )q tin  from the 
inlet of Zone C. Here we approximate ( )q tout  with a function 
that satisfies Assumption 4, and ( )q tout  can be written as

	 ( ) ( ( , ) )q t q H L t2out
2t t= + - ** � (171)

where H 01  is the unknown Hessian of the approximated 
static map ( ).q tout

Note that we use a static fundamental diagram to model 
traffic in the bottleneck Zone B. Therefore, our model 
cannot capture the propagating traffic waves upstream 
from Zone B to Zone C when Zone B is very congested. 
Since this result is focused on maximizing the discharging 
flow rate at the bottleneck area, the ES control seeks the 
optimal traffic density value in its neighborhood. In bottle-
neck Zone B, the closer the outlet traffic density ( , )L tt  is to 
the optimal value ,t*  where ( )Q 0t =l  is satisfied, the 
smaller is the propagating characteristic speed of the traffic 
waves ( ).Q tl  Therefore, the spillback traffic from Zone B to 
Zone C is negligible in our model.

To find the unknown optimal density at the bottleneck 
area, we design ES control for the unknown static map 

( )Q t  with actuation dynamics governed by a nonlinear 
hyperbolic PDE in (166). Next, we linearize the nonlinear 
PDE, and the traffic dynamics can be represented by the 
delay effect for the control input design.

Linearized Reference Error System
We linearize the nonlinear LWR model around a constant 
reference density ,Rr !t

+  which is assumed to be close to 

qc
Qc(ρ) QB(ρ)

ρc
ρm

q * q *

ρ* (1 + δ)ρ*

�C

FIGURE 13 Quadratic fundamental diagram for the clear Zone C 
and the bottleneck Zone B.

We provide theoretical stability guarantees for PDE systems  

in real-time optimization.
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the optimal density .t*  Note that the reference density rt  is 
in the free regime of ( )Q t  of Zone C and thus is smaller 
than the critical density ;ct  therefore, the following is satis-
fied: .r c1t t  Define the reference error density as

	 ( , ) ( , )x t x t rt t t= -u � (172)

and the reference flux qr  to be ( ) .q Q 0r r 2t=  By the gov-
erning equation (166) along with (167), the linearized refer-
ence error model is derived as

	 ( , ) ( , )x t u x t 0t x2 2t t+ =u u � (173)

	 ( , ) ( , )t t0 0 rt t t= -u � (174)

where the constant transport speed u is given by u= 
( ) ( ) ( ) .Q V Vr rr r
t t t t= +t t t t= =
l l  The equilibrium velocity–

ensity relation ( )V t  is a strictly decreasing function. The ref-
erence density rt  is in the left half plane of the fundamental 
diagram ( ),Qc t  which yields the following inequality for the 
propagation speed: .u 02  We define the input density as 
_( ) ( , )t t0t=  and the linearized input at the inlet to be

	 _ _( ) ( ) .t t rt= -u � (175)

The linearized error dynamics in (173) and (174) is a 
transport PDE with an explicit solution for /t x u2  and 
thus is represented with input density _( , ) ./x t t x ut = -u u ^ ^ hh  
The density variation at the outlet is

	 _( , )L t t Dt = -u u ^ h� (176)

where the time delay is / .D L u=  Therefore, the density at 
the outlet is given by a delayed input density variation and 
the reference

	 ( , ) ( , ) .L t L trt t t= + u � (177)

Finally, substituting (176) and (177) into the static map 
(171), we arrive at the following:

	
_

_

( ) ( )

.

q t q H t D

q H t D
2

2

rout
2

2

t t

t

= + - + -

= + - -

**

* *

u

^
^
^

h
h h �

(178)

The control objective is to regulate 
the input ( )q tin  so that _ t D-^ h 
reaches an unknown optimal ,t*  and 
the maximum of the uncertain qua-
dratic flux–density map ( )q tout  can be 
achieved. We can apply the method 
of ES for static maps with delays, 
originally developed in [59]. The ES 
control is designed to find the extre-
mum of the unknown map.

In practice, control of the density 
at the inlet can be realized with the 
coordinated operation of a ramp 

metering and a variable speed limit (VSL) at the inlet, 
which is widely used in freeway traffic management [11], 
[27], [33], [47], [83], [85], [86]. The controlled density at the 
inlet is implemented by _( ) ( ) ,/t q t vcin=  where vc  is the 
speed limit implemented by the VSL, and ( )q tin  is actuated 
by an on-ramp metering upstream of the inlet. Note that 
the linearized model is valid at the optimal density t*  since 
the reference density is assumed to be chosen near the opti-
mal value.

Online Optimization by ES Control
Here, we present the design of ES control with delay by fol-
lowing the procedure in [67]. The block diagram of the 
delay-compensated ES algorithm applied to the LWR PDE 
model is depicted in Figure 14.

Let _( )tt  be the estimate of ,t*  and ( )e t  be the estimation 
error defined as

	 _( ) ( )e t t t= - *t � (179)

where _( )tt  is an integrator of the predictor-based feedback 
signal ( )U t  as _( ) ( ).t U t=ot  From Figure 14, the error dynam-
ics can be written as

	 ( ) ( )e t D U t D- = -o � (180)

given the delayed estimation error dynamics modeled by 
( , ) ( )( / ) .x t U t x ue = -

We introduce the additive perturbation ( )S t

	 ( ) ( )sinS t a t D~= +^ h� (181)

and the multiplicative demodulation signals ( ( ), ( ))M t N t  
given by

	 ( ) , ( )sin cosM t a t N t
a

t2 8 22~ ~= =-^ ^h h� (182)

where a and ~  are, respectively, the amplitude and fre-
quency of a slow periodic perturbation signal ( )sina t~  
introduced later. Using the demodulation signals, we 

LWR PDE Model
qout(t)ρ(L, t)ρ(0, t) =   (t)

(0, t) = U(t)

∂t ρ + ∂x(ρV( ρ)) = 0

∂t   + u∂x  = 0

QB(.)

M(t)
U(t)

(t)

(t)

S(t)

G
k

H N(t)

Predictor Feedback With Hessian Estimate

1
s

1
s

c
c + c

FIGURE 14 Block diagram for implementation of ES control design for the nonlinear LWR 
PDE model.
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calculate estimates of the gradient and Hessian of the cost 
function, denoted as ( ( ), ( )):G t H tt

	 ( ) ( ) ( ), ( ) ( ) ( )G t M t q t H t N t q tout out= =t � (183)

where ( )H tt  is the estimate of the unknown Hessian H. The 
averaging of ( )G t  and ( )H tt  yields

	 ( ) ( ), ( ) .G t He t D H Nq Hav av av out av= - = =t � (184)

Taking the average of (180), we have ( ) ( ),e t D U t Dav av- = -o  
where ( )U tav  is the averaged value for ( )U t  to be designed 
later. Substituting this equation into (184) yields

	 ( ) ( ).G t HU t Dav av= -o � (185)

The motivation for the predictor feedback design is to 
compensate for the delay by feeding back future states in 
the equivalent averaged system ( ).G t Dav +  Given an arbi-
trary control gain ,k 02  we aim to design

	 ( ) ( ),U t kG t D t 0av av 6 $= + � (186)

which requires knowledge of future states. Therefore, we 
obtain the following by plugging (186) into (180):

	 ( ) ( ) ( ), .e t U t kHe t t Dav av av 6 $= =o � (187)

Recalling that , ,k H0 02 1  the equilibrium of the aver-
age system ( )e t 0av =  is exponentially stable. Applying 
the variation-of-constants formula, ( ) ( )G t D G tav av+ = + 

( ) ( ) ,H t U d
t D

t
av av x x

-

t #  and from (186), one has

	 ( ) ( ) ( ) ( )U t k G t H t U d
t D

t
av av av av x x= +

-

t` j# � (188)

which represents the future state ( )G t Dav +  in (185) in 
terms of the average control signal ( )Uav x  for [ , ].t D t!x -  
The control input is infinite dimensional by its use of his-
tory over the past D time units.

For the stability analysis in which the averaging the-
orem for infinite-dimensional systems is used, we 
employ a low-pass filter for the previous basic predictor 
feedback controller and then derive an infinite-dimen-
sional and averaging-based predictor feedback given by

	 ( ) ( ) ( ) ( )U t k G t H t U dT
t D

t
x x= +

-

t` j$ .# � (189)

where k 02  is an arbitrary control gain, and the Hessian 
estimate ( )H tt  is updated according to (183), satisfying the 
average property in (184). { }·T  is the low-pass filter opera-
tor defined by

	 ( ) ( )t s c
c tT L 1 ){ {=
+

-" $, . � (190)

where c R! +  is the corner frequency, L 1-  is the inverse 
Laplace transformation, and )  represents convolution 
in time.

Hence, according to [49, Theorem 1], we can conclude that

	 _( ) ( / )lim sup t a 1O
t

t ~- = +
"

*

3+
� (191)

	 ( ) ( / ).lim sup q t q a 1O
t

out
2 2~- = +

"

*

3+
� (192)

OPTIMAL OIL-DRILLING CONTROL
A common type of instability in oil drilling is a friction-
induced stick-slip oscillation (see [10] and the references 
therein), which results in torsional vibrations of the drill 
string and can severely damage the drilling facilities (see 
Figure 2 from [1]).

Figure 15 shows a modern land-based drilling rig. The 
tower operates like the derrick of a crane: the traveling 
block is connected by several steel drill lines with one 
attached to the deadline anchor and the other being spooled 
on a drum controlled by ac induction motors. Another elec-
tric motor, called the top drive, is connected to the traveling 
block. The top drive is used to rotate the drill string, a set of 
hundreds of drill pipes (each about 30 ft long) that conducts 
the bore hole assembly (BHA). The BHA contains several 
sensors (for pressure, temperature, and vibration, among 
others) and the drill bit itself. There are several different 
types of drill bit designs and materials for drilling different 
geological formations.

In analogy, the rig operates similarly to a drill press, 
but with a drill bit that is several inches wide (4–36 in. is a 
common range) and up to several miles long (an onshore 

Drill Lines

Traveling Block

Top Drive

Drill String

Drill Floor

FIGURE 15 The topside of a drilling rig.
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well can be as shallow as 200 yards 
or as deep as 2 miles). By rotating 
this drill string and using its weight 
to generate an axial force, the BHA 
mills the rocks, drilling the well. 
Because of the small diameter when 
compared to its length, the drill 
string is subject to axial and tor-
sional effects, much like a flexible 
rod. Because of this elasticity, the 
force and velocity propagation can 
be modeled by wave equations.

In this particular model, the actu-
ation is the velocity of the traveling 
block, that is, the axial velocity of the 
drill string on the surface. Although 
not considered here, the rotational 
velocity also influences the rate of 
penetration (ROP) in a real scenario. The model output is 
the weight on hook, which somewhat models the weight 
on bit (WOB). The WOB estimates the contact between the 
drill bit and the rock formation, and it is the downhole 
boundary condition to be controlled. In [1], the authors 
have discussed the feasibility of controlling the hook load 
to optimize the ROP while drilling.

The key point that enables such an approach is the 
concept of bit foundering [1], that is, the fact that the ROP 
tapers off (and sometimes starts decreasing) with increas-
ing weight on the bit past the foundering point. This makes 
the static mapping between the ROP and the WOB upward 
convex in an interval around the foundering point. This 
transfers to an upward convex static mapping between the 
equilibrium hook load setpoint and feed rate. Conse-
quently, these signals can be used as the plant input and 
output for the design of a drilling control system. Hence, 
this physical application motivates our ES scheme for static 
maps with actuation dynamics described by wave PDEs, 
as depicted in Figure 16.

DEEP-SEA CABLE-ACTUATED SOURCE SEEKING
This application involving deep-sea cable-actuated source 
seeking is illustrated in Figure 17. In this scenario, a sensor 
is suspended on a cable and moved from the sea surface 
using a surface vessel. The sensor operates without posi-
tion awareness, primarily because of the challenging 
undersea environment. The task at hand is to locate the 
source signal as closely as possible. No external fluid flow 
(for example, water current) is considered, and the dynam-
ics of the boat is ignored for simplicity [20].

The algorithm proposed here is designed to be appli-
cable to such a source-seeking scenario. The objective of 
source seeking is to find the source of a signal of an 
unknown concentration field, which can be chemical, 
acoustic, electromagnetic, etc. The sensor captures this 
field, and its strength decays with distance, reaching a 

maximum at position xe  (relative to the coordinate system 
of the surface vessel). Beyond finding the source signal, it 
also ensures the stabilization of the cable’s motion. As the 
signal source becomes deeper or the cable length increases, 
the task becomes less demanding for the surface vessel 
because of the high natural frequency of the longer cable, 
which reduces the need for rapid vessel motion. Neverthe-
less, achieving stability in the PDE-compensating ES algo-
rithm may require more extensive memory.

0
Surface Vessel

xe

Cable

Sensor

Source Signal

FIGURE 17 Motivating example of underwater search: xe  repre-
sents the relative linear position of the source signal with respect 
to the sensor. The control task aims to drive the sensor to the 
source signal, meaning that ( )x t 0e "  (or to a small neighborhood 
of zero) as .t " 3+

Wave Process

θ(t) Θ(t)

(Θ�� y�)

y(t)

x = D x = 0

y

Θ

Static Map Q (Θ)

� Mechanical (Water, Sound,
Seismic) and Light Waves

� Acoustics, Electromagnetics
and Fluid Dynamics

FIGURE 16 Cascade of wave PDE with a static map ( ( )) ( ( )) .y t Q tH H=  The extremum 
( )y t y= )  is achieved for ( ) .tH H= )  Wave PDEs are used generally to model different 

sorts of processes, such as mechanical, acoustic, electromagnetic, and fluid dynamics 
processes.
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The cable of this application is represented by a string 
described by the following PDE model over an interval 

[ , ]:x D0!

	 ( )d1tt t xx2fa a= + � (193)

	 ( , )t0 0xa = � (194)

	 ( , )t0 measureda = � (195)

	 ( , )D t controlled.a = � (196)

Equations (193)–(196) represent the dynamics of a string 
controlled at the end ,x D=  pinned to the surface vessel, 
and with a free end at ,x 0=  where the sensor is located. The 
solution ( , )x ta  of (193) represents the state variable of the 
PDE dynamics governing the motion of the cable. Equations 
(194)–(196) serve as boundary conditions. The constants ,f  d, 
and D are positive. The constant D physically corresponds to 
the length of the cable. The value /1 f  represents the “stiff-
ness” of the string, which can be expressed as / ,E t  where E 
denotes Young’s modulus and t  the density of the material. 
The term d t2  models the “Kelvin–Voigt” damping, repre-
senting the internal material damping, not the damping that 
arises from the viscous interaction of the string with the sur-
rounding medium. We assume that this model takes into 
account a small amount of damping (d), which is a realistic 
consideration in any material. We do not rely on the Kelvin–
Voigt term as a source of energy dissipation; instead, we use 
it as a means of enhancing the controllability of the model 
(193)–(196).

Scalar Maps With Actuation PDE Dynamics
Now, we consider the actuation dynamics described by a 
wave equation containing Kelvin–Voigt damping with 

,1f =  ( ) ,t R!i  and the sensor ( )t R!H  given by

	 ( ) ( , )t t0aH = � (197)

	 ( , ) ( , ) ( , )x t x t d x ttt xx xxt2 2 2a a a= + � (198)

	 ( , )t0 0x2 a = � (199)

	 ( , ) ( )D t ta i= � (200)

where : [ , ] ,D0 R R"#a +  and D is the known domain 
length, as mentioned before. The output signal measured 
with the sensor is represented by the unknown static map

	 ( ) ( ( ))y t Q tH= � (201)

with input ( )tH  in (197).
We assume that the unknown nonlinear map is locally 

quadratic, as in (154), resulting in (155). Adopting the pro-
posed scheme in [59] and combining (197)–(200) with the ES 
approach, the closed-loop ES with actuation dynamics gov-
erned by the Kelvin–Voigt PDE is illustrated in Figure 18.

Trajectory Generation for the Probing Signal
The perturbation ( )S t  is adapted from the basic ES scheme to 
accommodate actuation dynamics. The trajectory generation 
problem, as described in [42, Chapter 12], is outlined as follows:

	 ( ) ( , )S t D t| b= � (202)

	 ( , ) ( , ) ( , )x t x t d x ttt xx xxt2 2 2b b b= + � (203)

	 ( , )t0 0x2 b = � (204)

	 ( , ) ( )sint a t0b ~= � (205)

where : [ , ] .D0 R R"#b +  The explicit solution of (202) is 
derived for the reference trajectory

( , ) ( , ) ( ), ( , ) ( , ) ( ).sinD t D t S t t t a t0 0r r| |b b b b ~= = = = � (206)

This solution is found by postulating the reference solu-
tion ( , )x trb  as a power series of the spatial variable with 
time-dependent coefficients: ( , ) ( ) / !,x t a t x ir

i i
i

0b R= 3
=  as in 

[44]. The string reference solution is given by [73]

	 ( , ) ( ) ( )cosh coshx t a
j

j x e j x e2
r j t j tb v v=- -~ ~-r6 @� (207)

with / j d1v ~ ~= +  and vr  being its complex conjugate. 
Equation (207) can be written as the purely real function
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where the real functions ( )b ~r  and 
( )b ~t  are defined as

	 ( )
( )d

d
2 1
1 1

2 2

2 2
b ~ ~

~

~=
+
+ +r � (209)

	 ( )
( )

.
d

d
2 1
1 1

2 2

2 2
b ~ ~

~

~=
+
+ -t � (210)

On the other hand, the demodula-
tion signals ( )M t  and ( ),N t  used for 
estimating the gradient and Hessian, 

Kelvin–Voigt Compensator
U(t)

S(t)

y(t)

M(t)

N(t)

H(t)

G(t)

Q(.)
Θ(t) = α(0, t)α(D, t) = θ(t)

∂tt α(x, t) = ∂xx α(x, t) + d∂xxt α(x, t)

θ(t) 1
s

FIGURE 18 Gradient ES control loop.
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respectively, of the static map by multiplying them by the 
output ( ),y t  are defined in [23] as

	 ( ) ( ) ( ) ( ) ( )cosH t N t y t N t
a

twith 8 22 ~= =-t � (211)

	 ( ) ( ) ( ) ( ) ( ).sinG t M t y t M t a twith 2
~= = � (212)

Estimation Errors and Error Dynamics
Since our objective is to find ,H)  which corresponds to the 
optimal unknown actuator ( ),ti  we introduce the follow-
ing estimates and estimation errors:

	 ( ) ( ) ( ), ( ) ( ) ( )sint t S t t t a ti i ~H H= - = -t t � (213)

	 ( ) ( ) , ( ) ( ) .t t t t| |i i jH H H= - = -) )u t t � (214)

Let : [ , ]D0 R R"#a +r  be defined as ( , ) ( , )x t x t|a a= -r

( , ) .x tb H- )  Manipulating (197)–(200) and (202)–(205) with 
the help of (213) and (214), we get

	 ( ) ( , )t t0j a= r � (215)

	 ( , ) ( , ) ( , )x t x t d x ttt xx xxt2 2 2a a a= +r r r � (216)

	 ( , )t0 0x2 a =r � (217)

	 ( , ) ( ).D t ta i=r u � (218)

The error dynamics is obtained by taking the time deriv-
ative of (215)–(218) and using ( )U ti =uo  and ( , ) ( , ):u x t x tta= r

	 ( ) ( , )t u t0j =o � (219)

	 ( , ) ( , ) ( , )u x t u x t d u x ttt xx xxt2 2 2= + � (220)

	 ( , )u t0 0x2 = � (221)

	 ( , ) ( ).u D t U t= � (222)

Boundary ES Control Law
We consider the PDE–ODE cascade shown in Figure 19 and 
use the backstepping transformation

( , ) ( , ) ( , ) ( , ) ( )w x t u x t K k x u t d K t
x

av
0

av avv v v j= - -r r# � (223)

to transform the original (219)–(222) into the target system

	 ( ) ( ) ( , ),t K t w t K0 0av av 1j j= +r ro � (224)

	 ( ) ( ),w d w cw c1 0tt t xx2 2= + - � (225)

	 ( , )w t0 0x = � (226)

	 ( , ) .w D t 0= � (227)

The gain kernel PDE ( , )k x v  comes from the solution of 
(see [42, Section 4.2])

	 , ( , ) , ( , ) .k k ck k x k x x c x0 0 2xx = + = =vv v � (228)

The solution to the PDE in (228) is obtained through a sum-
mation of successive approximation series [42, Section 4.4]:

	 ,k x cx
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and, from (223) and (227), the average control law is given by

, ,u D t K t K cD
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where ( ) ( / ) / !( ) !I z z m m2 1m
m

1 0
1 2| R= +3

=
+  is the modified 

Bessel function [42, Appendix A.2]. Thus, introducing a 
result of [23], the averaged versions of the gradient and 
Hessian estimate are calculated as

	 ( ) ( ), ( ) .G t H t H t Hav av avj= =t � (231)

From (222) and (230), choosing K KH=r  with K 02  and 
plugging in the average gradient and Hessian estimates 
(231), we obtain

( ) ( )
( )

( ( ) )
( , ) .U t KG t KH cD

c D
I c D

u t d
D

av
0 2 2

1
2 2

avav
v

v
v v= -

-

-#
� (232)

We introduce a low-pass filter to obtain the nonaverage 
controller
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(233)

with c " 3+r  sufficiently large.

MATERIALS PHASE CHANGE PDE ES CONTROL: 
FROM FIXED DOMAIN TO MOVING BOUNDARY
We next present the design and analysis of the ES for static 
maps, with input governed by a PDE of the diffusion type 
defined on a time-varying spatial domain described by an 
ODE. We compensate for the average-based actuation 
dynamics by a controller via backstepping transformation 
for the moving boundary, which is utilized to transform the 
original coupled PDE–ODE into a target system whose expo-
nential stability of the average equilibrium of the average 
system is proved.

One-Phase Stefan Problem
The physical model that describes the 1D Stefan prob-
lem in a pure one-component material of length L is 

U(t)

ϑ(t)
u(D, t) u(0, t)∂ttu(x, t) = ∂xxu(x, t) + d∂xxtu(x, t)

(Actuator)
ODE

(Integrator)

FIGURE 19 The cascade of the PDE dynamics and the ODE integrator.
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described in Figure 20. The domain [0, L] is divided into 
two subdomains [ , ( )]s t0  and [ ( ), ]s t L , which represent 
the liquid phase and the solid phase, respectively. The 
system is controlled by the heat flux ( )q tc  at x 0=  
because we are dealing with a Neumann boundary 
actuation, as shown here:

	 ( , ) ( , ), ( , ( )),T x t T x t x s t C
k0t xx

p
!a a

t
= = � (234)

	 ( , ) ( )kT t q t0x c- = � (235)

	 ( ( ), )T s t t Tm= � (236)

	 ( ) ( ( ), ),s t T s t t
H

k
x

T
b b

t
=- = *

o � (237)

where ( , ),T x t  ,Tm  ( ),q tc  k, ,t  ,Cp  and HT )  are the distrib-
uted temperature of the liquid phase, melting tempera-
ture, manipulated heat flux, liquid heat conductivity, 
liquid density, liquid heat capacity, and latent heat of 
fusion, respectively. Equations (235) and (236) are the 
boundary conditions of the system, and (237) is the 
Stefan condition, which describes the dynamics of the 
moving boundary. Figure 21 shows the block diagram 
of the PDE–ODE cascade represented by equations 
(234)–(237).

Actuation Dynamics and Output Signal
For simplicity, we consider actuation dynamics described 
by a heat equation with , , ,k 1a b =  ( ) ,t R!i  and the propa-
gated actuator ( )t R!H  given by

	 ( ) ( ) ( ( ), ), ( , ( ))t s t s t t x s t0x !aH = =-o o � (238)

	 ( , ) ( , )x t x tt xx2 2a a= � (239)

	 ( ( ), )s t t 0a = � (240)

	 ( , ) ( )t t0x2 a i- = � (241)

where : [ , ( )]s t0 R R"#a +  is ( , ) ( , ) ,x t T x t Tma = -  and 
( ) ( )s t tH=  is the unknown interface represented as the 

moving boundary. The output is measured by the 
unknown static map with input (238), according to (153). 
The ES goal is to optimize an unknown static map ( )Q $  
using a real-time optimization control with optimal 
unknown output y)  and optimizer H)  as well as measur-
able output y and input .i  Consequently, the control 
objectives of the Stefan problem are achieved, that is, 

( )lim s t st ="
)

3  and ( , ) , [ , ],lim T x t T x s0t m 6 !="
)

3  as 
illustrated in Figure 22. 

On the other hand, the unknown nonlinear map is 
locally quadratic, given by (154), such that the output of 
the static map is simply (155). Adapting the proposed 
scheme in [59] and combining (238)–(241) with the ES 
approach, the closed-loop ES with actuation dynamics is 
shown in Figure 23.

The demodulation signal ( ),N t  which is used to 
estimate the Hessian of the static map by multiplying 
it with the output ( )y t  of the static map, is defined in 
[23] as

	 ( ) ( ) ( ) ( ) ( )cosH t N t y t N t
a

twith 8 22 ~= =-t � (242)

whereas the signal ( )M t  is used to estimate the gradient of 
the static map as follows:

	 ( ) ( ) ( ) ( ) ( ).sinG t M t y t M t a twith 2
~= = � (243)
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FIGURE 20 Schematic of one-phase Stefan problem [37], [38]. The 
temperature profile in the solid phase is assumed to be a uniform 
melting temperature.
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FIGURE 21 The cascade of the PDE dynamics and the ODE 
system.
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FIGURE 22 Control objective of the Stefan problem. We aim to 
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FIGURE 23 ES control loop applied to the one-phase Stefan problem.
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Additive Probing Signal
The perturbation ( )S t  is adapted from the basic ES to the 
case of PDE actuation dynamics. The trajectory generation 
problem, as in [42], is described as follows:

	 ( ) ( , ), ( , ( ))S t t x s t0 0x| 2 !b=- � (244)

	 ( , ) ( , )x t x tt xx2 2b b= � (245)

	 ( ( ), )s t t 0b = � (246)

	 ( ( ), ) ( )coss t t a txb ~ ~=- � (247)

where : [ , ( )] .s t0 R R"#b +  The explicit solution of (244) is 
found, respectively, for the reference trajectory and the ref-
erence solution postulated by a power series [16]:

	 ( ) ( )sins t a t~= � (248)

	 ( , ) !
( )

[ ( )] .x t i
a t

x s ti

i

i

0
b = -

3

=

/ � (249)

We can calculate the first coefficients of the power series, 
replacing the boundary conditions (246) and (247) at (249), 
such that

	 ( ) , ( ).a t a s t00 1= =- o � (250)

The general expression ( ) ( ) ( ) ( )a t a t a t s ti i i2 1= -- -o o  is 
obtained by substituting (249) in (245). We provide here the 
analytic expression of the first four coefficients of the series 
(249) so that one can see how the successive derivatives of 

( )s t  appear:

	 ( ) ( )a t s t2
2= o � (251)

	 ( ) ( ) ( )a t s t s t3
3= - op � (252)

	 ( ) ( ) ( ) ( ) ( ) .a t s t s t s t s t4
2 4= + +o op p � (253)

The trajectory generation solution that provides all 
terms of the power series (249) is given by [28]

	 ( , ) ( ) ! [ ( )] .x t i t
x s t2

1
i

i

i
i

0

2

2
2

b = -
3

=

/ � (254)

Although (254) is not an explicit expression, by choosing 
suitable values for a and ~  in (248), the series converges 
with few iterations of the infinite sum, getting the desirable 
sinusoidal signal ( )s t  in the output of the integrator.

According to (244), we take the spatial derivative of (254) 
and substitute ,x 0=  thus arriving at the final expression of

	 ( ) ( ) ! [ ( )] .sinS t i t
a t2 1

1
i

i

i
i

0

2 1

2
2

~=-
-

-
3

=

-/ � (255)

Estimation Errors and PDE Error Dynamics
Since our objective is to find ,H)  which corresponds to the 
optimal unknown actuator ( ),ti  we introduce the follow-
ing estimation errors:

	 ( ) ( ) ( ), ( ) ( ) ( )sint t S t t t a ti i ~H H= - = -t t � (256)

	 ( ) ( ) , ( ) ( )t t t t| |i i jH H H= - = -) )u t t � (257)

recalling that ( ) ( ).t s t|H =  Combining ( )tHt  in (256) and 
(257), we obtain the relation between the propagated esti-
mation error ( ),tj  the propagated input ( ),tH  and the opti-
mizer of the static map :H)

	 ( ) ( ) ( ) .sint t a tj ~H H- = +) � (258)

Let us define

	 ( , ) ( , ) ( , )u x t x t x ta b= - � (259)

	 ( ) ( ) .t U ti =t � (260)

By (238)–(241) and (244)–(247), with the help of (256) and 
(257), we have our original system:

	 ( ) ( ( ), ), ( , ( ))t u s t t x s t0x !j =-o � (261)

	 ( , ) ( , )u x t u x tt xx= � (262)

	 ( ( ), )u s t t 0= � (263)

	 ( , ) ( ).u t U t0x- = � (264)

Stefan Compensation Control Law
We consider the PDE–ODE cascade (261)–(264) and use the 
backstepping transformation 

	
( , ) ( , ) ( ) ( , )

( ( )) ( )

w x t u x t K x u t dy

K x s t t

( )

x

s t
v v

j

= - -

- -
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#
�
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FIGURE 24 The initial states ( , )T x 0  (green curve) and the conver-
gence of ( ( ), )T s t t  (blue curve) to Tm = 100 °C in a 3D space for the 
PDE state ( , ) .T x t  The blue curve shows the expansion of the 
domain of the Stefan PDE.
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with K 02r  as an arbitrary controller gain. Equation (265) 
transforms (261)–(264) into the target system

	 ( ) ( ) ( ( ), ), ( , ( ))t K t w s t t x s t0x !j j=- -ro � (266)

	 ( , ) ( , ) ( ) ( )w x t w x t Ks t tt xx j= + r o � (267)

	 ( , )w t0 0x = � (268)

	 ( ( ), ) .w s t t 0= � (269)

The compensation controller can be obtained by taking 
the derivative of (265) with respect to t and x, respectively, 
along the solution (261)–(264), and substituting :x 0=

	 ( ) ( ) ( , ) .U t K t u x t dx
( )s t

0
j=- +r c m# � (270)

Since we have no measurement on ( ),tj  (270) is not 
applicable directly. Thus, introducing a result of [23], the 
average versions of the gradient and Hessian estimates are 
calculated by

	 ( ) ( ), ( ) .G t H t H t Hav av avj= =t � (271)

Averaging (270), choosing K KH=r  with ,K 01  and 
plugging in the average gradient and Hessian estimates 
(271), we obtain

	 ( ) ( ) ( , ) .U t KG t KH u x t dx
( )s t

av av av
0

av

=- - # � (272)

We introduce a low-pass filter to the controller with the 
purpose of applying the average theorem for infinite-
dimensional systems [25], such that

	 ( ) ( ) ( ) ( , )U t s c
c K G t H t u x t dx

( )s t

0
=
+

+ t; E' 1# � (273)

for c 02  sufficiently large.
Figure 24 corresponds to the numerical plot of the tem-

perature profile for the closed-loop system, with the con-
trol law (273), converging in a 3D space (taking into 
account the domain .L 0 9=  and the time t) to a close 
neighborhood of T 100m =  °C. The sinusoidal movement 

of ( )s t  around .s 0 75=)  would vio-
late the usual conditions for the 
Stefan problem that the temperature 
remains above or below the melting 
temperature on the whole interval 
( , ( )),s t0  forming a periodic chain of 
liquid and solid. However, it is well 
known in physics that the phase tran-
sition is not sharp but gradual. For a 
small perturbation amplitude, the 
system will be operating in the “phase 
transition range” when it reaches the 
periodic steady state at the extremum. 
A more detailed model is needed to 

capture the system dynamics in that narrow phase transi-
tion range. In addition, we could redesign the algorithm 
to introduce vanishing probing signals and tapering 
off the perturbation after the extremum neighbor-
hood is achieved, as studied in [39] to obtain unbiased 
[81] and safe [78] ES designs for a Stefan PDE with con-
trol barrier functions.

BIOREACTORS
Next, we present an application idea for this novel control 
concept: a tubular bioreactor. We consider the optimiza-
tion problem in Figure 25 of a tubular bioreactor, where 
the goal is to operate the bioreactor at an unknown opti-
mal product rate, for example, the growth of biomass, by 
determining the optimal input and hence the substrate 
concentration, for example, the glucose concentration. The 
product concentration xB  is generally not measurable, 
unlike the product rate.

Since the static map, which determines the product rate 
depending on the product concentration ,xB  is not known 
or only approximately known, we can apply our intro-
duced control concept. A simple model of a tubular biore-
actor is presented by Winkin et al. [79], where the chemical 
reaction of a reactant R and a product P is given by ,R P" m  
where the stoichiometric coefficient m  of the reaction is 
considered. In its simplest form, the model is linear, since 
the nonlinear reaction term is simplified to a linear kinetic 
model depending only on the reactant concentration. The 
control-loop structure to reach and operate the tubular 
bioreactor at the optimal (highest product rate) is shown 
in Figure 26.

The boundary operators of the tubular reactor in Figure 26 
are defined as
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In a first step, the average-based infinite-dimensional 
controller used to compensate the tubular reactor process, 
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FIGURE 25 ES scheme for tubular bioreactors.
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which is the actuator dynamics in 
this case, has to be derived. Note that 
the dynamics of the reactor has to be 
known to apply this control concept. 
Baccoli et al. [8] consider similar 
dynamics, that is, coupled linear par-
abolic PDEs, especially reaction–dif-
fusion equations, with boundary 
input in one variable.

We additionally have an ODE cas-
cade arising from the integrator in the 
control loop, which has to be stabi-
lized. There seems to be no work that 
considers a coupled parabolic PDE–
ODE cascade with two parabolic 
PDEs coupled in domain plus bound-
ary input in one variable and boundary measurement in the 
other variable. The controller derivation and their deriva-
tions, like the perturbation signal ( )S t  for this application, 
would go beyond the scope of this article. We emphasize 
that invoking the averaging theorem for infinite-dimen-
sional systems in “Averaging Theorem for General Infinite-
Dimensional Systems [25]” would work since the publication 
[79] showed the analytic semigroup property of the operator, 
which describes the coupled parabolic PDE system in 
Figure 26. Furthermore, the exponential stability proof of 
the average system will follow the same steps but with an 
extended Lyapunov–Krasovskii functional and more calcu-
lation steps. There may be restrictions on the system param-
eters ,, ,b k0e  and .m

INFINITE-DIMENSIONAL LIGHT-SOURCE SEEKING
While the wave equation is the most appropriate “point of 
entry” into the realm of hyperbolic PDEs, beam equations 
are considered a physically relevant benchmark for control 
of hyperbolic PDEs and structural systems in general.

The simplest beam model is the Euler–Bernoulli model

	 0tt xxxxa a+ = � (275)

( , ) ( , ) ( , ) ( )t t t0 0 0 0 free-end conditionx xx xxxa a a= = = � (276)

	 ( , )t0 clamped end condition.-a = � (277)

The obvious difference between the PDEs (193)–(196) 
and (275)–(277) is in the number of spatial derivatives—the 
wave equation is second order in x, whereas the Euler–
Bernoulli beam model is fourth order in x. One conse-
quence of this difference is that a wave equation requires 
one boundary condition per endpoint [see (195) or (196)], 
whereas the Euler–Bernoulli beam model requires two 
boundary conditions per endpoint; see (276) or (277).

A more important difference is in the eigenvalues. Both 
the beam and the string models have all of their eigenval-
ues on the imaginary axis. However, while the string eigen-
values are equidistant, the beam eigenvalues get further 

and further apart as they go up the imaginary axis. This 
difference in the eigenvalue pattern is a consequence of the 
difference in the number of derivatives in x.

The reader might wonder how these differences translate 
into control. Is it obvious that a beam is more difficult to con-
trol than a string? The answer is not clear and is not necessar-
ily “yes.” While the presence of higher derivatives clearly 
generates some additional issues to deal with in the control 
design, the wave equation has its own peculiarities that 
should not be underestimated. For example, controllability 
results for beams are valid on arbitrarily short time intervals, 
whereas for strings such results hold only over time intervals 
that are lower bounded in proportion to the “wave propaga-
tion speed” of the string (which physically corresponds to the 
“string tension”). Also, it is almost intuitively evident that 
keeping a string from vibrating may not be easier than keep-
ing a beam from vibrating.

Fortunately, both the backstepping design and the trajec-
tory generation problem for the Euler–Bernoulli model were 
already studied in [42, Section 8.2 and Example 12.8], respec-
tively. As before, in the source-seeking context, we can 
assume ( , )t0a H=  and ( , ) ,D ta i=  where D would be the 
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FIGURE 27 Light-source seeking with a coupled flexible beam.
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length of the flexible beam. The illustrated system in 
Figure 27 is composed of a flexible and inextensible Euler–
Bernoulli beam clamped to a rotating actuator hub with a 
light sensor mass at its free end. The control task aims to 
control the rotating actuator to drive the sensor to the 
moving light-source signal, while compensating the vibra-
tion generated during the beam displacement. Unlike the 
standard output regulation perspective, the paradigm here 

is the maximization of the signal perceived by the light 
sensor, while position regulation of the end effector is also 
indirectly achieved.

NMES
The recent article [65] on NMES presents a promising appli-
cation of ES under nonconstant delays. The authors have 
proposed a stochastic proportional-integral-derivative 
(PID) automatic tuner via ES and applied it to precise track-
ing of a flexion-extension reference for NMES and motor 
relearning for rehabilitation. Photos of the mechanical 
apparatus, as well as the electrical stimulation device for 
NMES experimental tests, are shown in Figure 28. The 
experimental results are innovative since, unlike for the 
referred literature, stroke patients rather than only healthy 
subjects were recruited for the successful tests. Remarkably, 
the patients are using such a device at the Public Hospital 
Universitário Clementino Fraga in Rio de Janeiro, Brazil.

In general, NMES devices are applied to clinical work in an 
open-loop fashion, and their parameters must be set at the 
beginning of therapy, not to facilitate clinical practice. The 
levels of electrical stimulation follow precalibrated profiles, 
requiring the presence of a practitioner to modify the stimu-
lation parameters. This requires protocols aimed at enhanc-
ing muscle contraction together with the execution of the 
intended contractions. The downside of this procedure is that 
the device always returns the same portion of electrical assis-
tance to the patient if there is no therapist intervention. In addi-
tion, the open-loop devices are not prepared to promote a 
proper association by means of some feedback error between 
the subject’s intended movement and the artificial activation 
provided by the NMES system.

In this sense, closed-loop strategies are adequate to gener-
ate the NMES electrical current amplitudes based on the 

angular displacement (or the measure-
ment of some other variable) related to 
the upper limbs. Although PID con-
trollers have been explored in differ-
ent engineering applications, the true 
limitation is that a PID controller is 
designed for linear systems, but the 
neuromuscular plant, which is being 
controlled, is nonlinear, time-varying, 
and subject to delays. For instance, it is 
possible to note a time delay in the 
subject responses shown in Figure 29. 
The electromechanical–neuromuscu-
lar delay is in general of a time-vary-
ing nature and distinct for each 
subject. Moreover, it is worth mention-
ing that clinicians’ knowledge of con-
trol systems is limited. Therefore, their 
expertise in tuning controllers is lim-
ited as well. Furthermore, in NMES 
applications, each patient is unique 
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FIGURE 28 Mechanical apparatus for NMES experimental tests. In 
(b), the point A in the image indicates a goniometer (a simple 
potentiometer) linked to a steel axis B allowing angular displace-
ment readings. Letter C shows that the wrist has an attachment 
with linear freedom of movement along the aluminum square rod, 
while D points out that there is an adjustment for the lateral dis-
tance of the elbows. In (a), the controlled joint angle, denoted by y, 
and the NMES equipment are presented.
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and requires a particular set of PID parameters. Since it may 
be difficult to find the proper parameters for each patient, it is 
well motivated to have better procedures or a more intelligent 
adaptive controller [51].

On the other hand, manual tuning is a time-consuming 
task, and analytical methods are based on an exaggerated 
knowledge of the plant, requiring particular experimental 
validations to the identification of an acceptable plant model. 
However, a precise plant model in NMES is not known, and 
very long identification procedures are not desirable for the 
patients. This adverse environment of modeling inspires the 
application of adaptive and robust control methodologies 
[51] and automatic tuning techniques.

In this context, the model-free PID tuner via multipa-
rameter stochastic ES in [65], inspired by its earlier deter-
ministic version [35], is shown to be importantly fruitful. 
The proposed PID tuner eliminates 
the initial offline tests for patients 
since the control gains are automati-
cally computed to minimize a cost 
function according to the tracking 
error ( ) ( ) ( )e t y t r t|= -  between the 
elbow’s angle of the patient’s arm 

( )y t  and the reference trajectory 
( ).r t  This research is highly success-

ful since the stochastic algorithm 
provides faster (better transient) 
responses, which is perfect for a 
self-tuning, fatigue-resistant con-
trol method for neuromuscular-
based therapies. Moreover, the 
parameters of the stochastic ES are 
simpler to tune since the orthogo-
nality assumption on the dither 

vector signals of multiparameter deterministic ES imposes 
additional obstacles in adjusting the frequencies of the 
sinusoidal perturbations. Finally, deterministic ES may 
restrict the region of convergence of the algorithm, and 
adaptation using a periodic deterministic perturbation for 
learning may be rather poor and unusual in some model-
free optimization frameworks. Stochastic perturbations 
overcome those obstacles as well.

Specifically, ES minimizes a cost function that quanti-
fies the performance of the PID controller and iteratively 
modifies the arguments of the cost function (the PID 
parameters) so that its output reaches a local minimum. 
According to the block diagram in Figure 30, the time-
domain implementation of the discrete-time stochastic ES 
algorithm is given by

	 ( ) ( ) ( ( )) ( ( ) ( ( )))sin sink k a k J k a k1 2
i i ii i b o i o+ = - +t t t � (278)

where k is the discrete iteration number, the step size 
02b  is sufficiently small, the subscript , ,i 1 2 3=  indi-

cates the ith entry of a vector, ( ) ( ) ( ) ( ) ,k k k k T
1 2 3o o o o= 6 @  

and ( ( )) ( ( )) ( ( )) ( ( )) .sin sin sin sink k k k T
1 2 3o o o o= 6 @  The ele-

ments of the stochastic Gaussian perturbation vector ( )ko  
are sequentially and mutually independent such that 

{ ( )} ,E k 0o =  { ( )} ,E ki i
2 2o v=  and { ( ) ( )} ,E k k 0i jo o =  ,i j6 !  

with { }E $  denoting the expectation of a signal. In addition, 
it is assumed that the probability density function of the 
perturbation vector is symmetric about its mean.

Figures 31–33 show the advantages for the closed-loop 
responses for a stroke patient, originally presented in [65]. In 
the clinical scenario, Figure 31 illustrates that, even if the 
patients know the trajectory of the movement to be per-
formed, they cannot execute it by themselves. Figure 32 also 
highlights that a fixed-gain PID scheme is not able to ade-
quately control the stroke patient as the number of cycles/
iterations increases, because of the time-varying nature of 
the neuromuscular system under delays. Indeed, PID 
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FIGURE 31 The graphic portrays the angular elbow joint movement performed by a stroke 
patient without the help of the proposed NMES controller. It can be seen that the stroke 
subject is not able to actively contract his arm to the final flexion position.
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being the PID parameters (gains) to be adapted by means of the 
ES algorithm.
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control with fixed gains is not able to bring satisfactory 
results in long-running tests. Moreover, a unique fixed-gain 
tuning is not applicable for different individuals.

On the other hand, the ES adaptive approach for simple 
adaptation of PID controller parameters is model free, 
having the interesting ability of controlling multiple sub-
jects without tediously tuning by the designer or practi-
tioner.  The response curves in Figure 33 ratify the 
improved behavior of the adaptive PID control scheme 

over a fixed-gain PID controller even in this adversarial 
scenario for NMES.

Although the delay discussion was not the focus in [65], 
it was evidenced there and in previous publications [2], [48], 
[71] that it may represent a significant challenge in NMES. 
It motivates the application of predictor feedback devel-
oped here for delay compensation in ES algorithms plus 
PID control or even other techniques [2], [3].

CONCLUSIONS
This article has generalized the ES 
results obtained in [21] to a wider 
class of infinite-dimensional systems 
governed by homogeneous and het-
erogeneous PDEs, rather than being 
restricted to noncooperative games 
governed by ODEs. We have intro-
duced a nonmodel-based approach 
via ES and boundary control to find, 
in a distributed way, the Nash equi-
libria of noncooperative games with 
unknown quadratic payoff functions 
and the players acting through PDE 
dynamics. A player could stably 
attain its Nash equilibrium by mea-
suring only the value of its payoff (no 
other information about the game is 
needed).

We did not consider just one kind 
of PDE dynamics in the players’ 
decision variables. The challenge of 
PDE dynamics comes from mixed 
PDE classes since games are decen-
tralized and heterogeneous—each 
player has its own particular 
dynamics, possibly of a different 
nature. 

In this scenario, we were able to 
develop a result for heterogeneous 
games with distinct transport and diffu-
sion (heat) PDEs to be simultaneously 
compensated—or homogeneous 
games with PDEs of different trans-
port and diffusion coefficients—in 
the action paths of each player, 
where the players estimate only the 
diagonal entries of the Hessian 
matrix due to the players’ own pay-
offs. We were able to dominate suf-
ficiently small off-diagonal terms 
using a small-gain argument for the 
average system. Convergence to a 
small neighborhood of the Nash 
equilibrium is achieved, even in the 
presence of transport–heat PDEs.
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In this article, the introduction to boundary control 
for noncooperative games was presented for both hyper-
bolic–transport and parabolic–heat types of PDEs. There is 
no strong reason why the exposition provided could not have 
been conducted on some of the other classes of PDEs. How-
ever, transport and heat PDEs are particularly convenient 
because they are sufficiently simple and general to serve as a 
design template that the reader can use to pursue extensions 
of the NES design to other classes of PDEs [42], [53] and its 
integration to other real-world applications described by a 
game-theoretic framework [31], [46], [87], [88].

We have explored a variety of potential engineering 
applications in which these advanced strategies could be 
effectively implemented. These applications included areas 
such as fluid dynamics, structural mechanics, and advanced 
energy and transportation systems. The aim was to demon-
strate how the theoretical foundations can lead to innova-
tive solutions to real-world engineering challenges, paving 
the way for new developments.

Future research involves extending these NES results 
for agents with delays and PDEs to distinct contexts, such 
as other delay compensation strategies and modern PDE-
based frameworks under prescribed-time convergence 
[82], sampled-data implementation (with uncertainties in 
sampling or delay) [80], [89], and event-triggered control 
[67]. Relaxation of the modeling assumptions, particularly 
regarding the structure of the quadratic payoff functions 
and the choice of known and constant delays or diffusion 
coefficients, as well as the use of particular PDE types (for 
example, parabolic versus hyperbolic) in player dynamics, 
provides fertile territories for investigation. For instance, 
noncooperative games, free of PDEs but considering non-
quadratic payoff functions and stubborn players, have 
already been considered in [21]. On the other hand, delay 
mismatches and uncertain diffusion coefficients have 
been gracefully addressed in the context of ES [70] and the 
adaptive control of parabolic or hyperbolic PDEs [6], [74], 
respectively.

ACKNOWLEDGMENT
The first author acknowledges the support of the Brazilian 
funding agencies CNPq, CAPES, and FAPERJ.

AUTHOR INFORMATION
Tiago Roux Oliveira (tiagoroux@uerj.br) joined the De-
partment of Electronics and Telecommunication Engineer-
ing, State University of Rio de Janeiro, Rio de Janeiro RJ, 
20.550-900, Brazil, as an associate professor in 2010. In 2014, 
he was a visiting scholar at the University of California, 
San Diego, CA, USA. In 2017, he was nominated as an affili-
ate member of the Brazilian Academy of Sciences. He has 
served as an associate editor on the Editorial Board of the 
IEEE Transactions on Automatic Control, IEEE Open Journal of 
Control Systems, International Journal of Robust and Nonlinear 
Control, Systems & Control Letters, IEEE Control Systems Let-

ters, Automatica, and other journals. In 2020, he was elect-
ed and nominated chair of the Technical Committee 1.2 
(Adaptive and Learning Systems) of the International Fed-
eration of Automatic Control for the triennium 2020–2023 
(being reelected for the triennium 2023–2026). In 2021, he 
received the IEEE Transactions on Control Systems Tech-
nology Outstanding Paper Award from the IEEE Control 
Systems Society. He is coauthor of the book Extremum Seek-
ing Through Delays and PDEs, published by the Society for 
Industrial and Applied Mathematics in 2022. He is a Senior 
Member of IEEE.

Miroslav Krstic’ is with the Department of Mechani-
cal and Aerospace Engineering, University of California 
San Diego, La Jolla, CA 92093-0411 USA. He has received 
awards that include the IEEE Roger W. Brockett Control 
Systems Award, the Bellman, Bode Lecture, Society for 
Industrial and Applied Mathematics (SIAM) Reid, Old-
enburger, Ragazzini, Chestnut, Paynter, Nyquist, Interna-
tional Federation of Automatic Control (IFAC) Nonlinear 
Control, IFAC Ruth Curtain DPS, IFAC Adaptive and 
Learning Systems, Axelby, and Schuck (1996 and 2019). 
He has held chief or senior editorial positions of Systems 
& Control Letters, Automatica, and IEEE Transactions on Au-
tomatic Control. He has coauthored 19 books on adaptive, 
nonlinear, and stochastic control, extremum seeking, 
control of partial differential equation systems including 
turbulent flows, and control of delay systems. He is a Fel-
low of IEEE and of IFAC, SIAM, the American Society of 
Mechanical Engineers, the American Association for the 
Advancement of Science, the Institution of Engineering 
and Technology, the American Institute of Aeronautics 
and Astronautics,  and the Serbian Academy of Sciences 
and Arts. 
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[10] N. Bekiaris-Liberis and M. Krstić, “Compensation of wave actuator dy-
namics for nonlinear systems,” IEEE Trans. Autom. Control, vol. 59, no. 6, pp. 
1555–1570, Jun. 2014, doi: 10.1109/TAC.2014.2309057.
[11] R. C. Carlson, I. Papamichail, M. Papageorgiou, and A. Messmer, “Op-
timal motorway traffic flow control involving variable speed limits and 
ramp metering,” Transp. Sci., vol. 44, no. 2, pp. 238–253, 2010, doi: 10.1287/
trsc.1090.0314.
[12] R. Carmona, J.-P. Fouque, S. M. Mousavi, and L.-H. Sun, “Systemic risk 
and stochastic games with delay,” J. Optim. Theory Appl., vol. 179, no. 2, pp. 
366–399, 2018, doi: 10.1007/s10957-018-1267-8.
[13] M. D. Ciletti, “Differential games with information time lag: Norm-
invariant systems,” J. Optim. Theory Appl., vol. 9, no. 5, pp. 293–301, 1972, 
doi: 10.1007/BF00932930.
[14] P. Cougnon, D. Dochain, M. Guay, and M. Perrier, “Real-time optimiza-
tion of a tubular reactor with distributed feed,” AIChE J., vol. 52, no. 6, pp. 
2120–2128, 2006, doi: 10.1002/aic.10799.
[15] G. Dervisoglu, G. Gomes, J. Kwon, R. Horowitz, and P. Varaiya, “Auto-
matic calibration of the fundamental diagram and empirical observations 
on capacity,” in Proc. Transp. Res. Board 88th Annu. Meeting, 2009, vol. 15, 
pp. 1–14.
[16] W. B. Dunbar, N. Petit, P. Rouchon, and P. Martin, “Motion planning 
for a nonlinear Stefan problem,” ESAIM: Control, Optim. Calculus Variations, 
vol. 9, pp. 275–296, Feb. 2003, doi: 10.1051/cocv:2003013.
[17] H. Ehtamo and R. P. Hämäläinen, “Incentive strategies and equilibria 
for dynamic games with delayed information,” J. Optim. Theory Appl., vol. 
63, no. 3, pp. 355–369, Dec. 1989, doi: 10.1007/BF00939802.
[18] S. Fan and B. Seibold, “Data-fitted first-order traffic models and 
their second-order generalizations: Comparison by trajectory and 
sensor data,” Transp. Res. Rec., vol. 2391, no. 1, pp. 32–43, 2013, doi: 
10.3141/2391-04.
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[43] M. Krstić and H. H. Wang, “Stability of extremum seeking feedback for 
general nonlinear dynamic systems,” Automatica, vol. 36, no. 4, pp. 595–601, 
2000, doi: 10.1016/S0005-1098(99)00183-1.
[44] B. Laroche, P. Martin, and P. Rouchon, “Motion planning for a class of 
partial differential equations with boundary control,” in Proc. 37th IEEE 
Conf. Decis. Control (Cat. No.98CH36171), 1998, vol. 3, pp. 3494–3497, doi: 
10.1109/CDC.1998.758247.
[45] M. Lewicka and J. J. Manfredi, “Game theoretical methods in PDEs,” 
Bollettino dell’Unione Matematica Italiana, vol. 7, no. 3, pp. 211–216, 2014, doi: 
10.1007/s40574-014-0011-z.

http://dx.doi.org/10.23919/ACC.2019.8815162
http://dx.doi.org/10.23919/ACC.2019.8815162
http://dx.doi.org/10.1109/TNSRE.2015.2418735
http://dx.doi.org/10.1109/TCST.2016.2634503
http://dx.doi.org/10.1109/TCST.2016.2634503
http://dx.doi.org/10.1016/j.automatica.2012.09.007
http://dx.doi.org/10.1109/TAC.1982.1103023
http://dx.doi.org/10.1109/TAC.1982.1103023
http://dx.doi.org/10.1016/j.automatica.2015.01.032
http://dx.doi.org/10.1109/TAC.2014.2309057
http://dx.doi.org/10.1287/trsc.1090.0314
http://dx.doi.org/10.1287/trsc.1090.0314
http://dx.doi.org/10.1007/s10957-018-1267-8
http://dx.doi.org/10.1007/BF00932930
http://dx.doi.org/10.1002/aic.10799
http://dx.doi.org/10.1051/cocv:2003013
http://dx.doi.org/10.1007/BF00939802
http://dx.doi.org/10.3141/2391-04
http://dx.doi.org/10.1016/j.automatica.2018.05.023
http://dx.doi.org/10.1016/j.automatica.2018.05.023
http://dx.doi.org/10.1109/TAC.2011.2173412
http://dx.doi.org/10.1016/j.ifacol.2022.11.361
http://dx.doi.org/10.1016/j.automatica.2012.05.059
http://dx.doi.org/10.1023/A:1017515129544
http://dx.doi.org/10.1216/jiea/1181075583
http://dx.doi.org/10.1216/jiea/1181075583
http://dx.doi.org/10.1016/j.trc.2004.08.001
http://dx.doi.org/10.1016/j.trc.2004.08.001
http://dx.doi.org/10.1002/cpa.3160200309
http://dx.doi.org/10.1016/j.compchemeng.2008.03.012
http://dx.doi.org/10.1016/j.automatica.2019.03.021
http://dx.doi.org/10.1007/BF00935438
http://dx.doi.org/10.1007/BF00935438
https://doi.org/10.1109/MCS.2006.1580155
https://doi.org/10.1109/MCS.2006.1580155
http://dx.doi.org/10.1109/TAC.2018.2836018
http://dx.doi.org/10.1109/TAC.2018.2836018
http://dx.doi.org/10.1146/annurev-control-042920-014825
http://dx.doi.org/10.1109/TAC.2023.3250514
http://dx.doi.org/10.1109/TAC.2023.3250514
http://dx.doi.org/10.1109/MCS.2009.934990
http://dx.doi.org/10.1016/S0005-1098(99)00183-1
http://dx.doi.org/10.1109/CDC.1998.758247
http://dx.doi.org/10.1007/s40574-014-0011-z


APRIL 2026  «  IEEE CONTROL SYSTEMS  87

[46] T. Li, G. Peng, Q. Zhu, and T. Başar, “The confluence of networks, 
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[87] Q. Zhu and T. Başar, “Game-theoretic methods for robustness, security, 
and resilience of cyberphysical control systems: Games-in-games principle 
for optimal cross-layer resilient control systems,” IEEE Control Syst. Mag., 
vol. 35, no. 1, pp. 46–65, Feb. 2015, doi: 10.1109/MCS.2014.2364710.
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H
ybrid dynamical systems (HDSs), which combine 
continuous-time and discrete-time dynamics, are 
pervasive in modern engineering. They naturally 
arise in cyberphysical systems (CPSs) that inte-
grate physical processes with digital components, 

spanning domains such as transportation [1], power grids 
[2], robotics [3], and power electronics [4]. Beyond CPSs, hy-
brid dynamics also appear in a wide range of applications, 
including mechanical systems with impacts [5], chemical 
process control [6], manufacturing systems [7], and syn-
chronization mechanisms in biological systems [8, Ex. 
1.2]. In the context of control and decision making, hybrid 
systems can model algorithms that involve logic modes, 
timers, resets, impulsive actions, sampled-data structures, 

switching dynamics, event-triggered mechanisms, and 
general “if–then” rules [8], [9], [10]. Hybrid systems are also 
closely related to frameworks widely studied in computer 
science and engineering, such as the well-known hybrid 
automata [11], [12], [13].

Despite the prevalence of hybrid systems in engineering 
and science, the development of extremum-seeking (ES) 
methods for systems with hybrid dynamics remained rela-
tively unexplored until recently (see “Summary”). ES sys-
tems are feedback control mechanisms designed to achieve 
real-time steady-state optimization in dynamical systems 
where both the plant dynamics and the cost function are 
unknown. This “model-free” characteristic makes ES an 
adaptable and powerful feedback control scheme for vari-
ous complex engineering applications where precise math-
ematical models are unavailable. As a result, ES has become 
widely adopted across different industries and areas, 
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including engine optimization [14], wind turbine control 
[15], underwater vehicles [16], [17], anti-lock braking sys-
tems [18], autotuning systems [19], photolithography in 
semiconductor manufacturing [20], fuel cells [21], the con-
trol of mobile robots [22], heating, ventilation, and air-con-
ditioning (HVAC) systems [23], model predictive control 
[24], biological systems [25], traffic control [26], [27], 
mechanical systems [28], [29], [30], sampled-data systems 
[31], [32], etc. For surveys on ES, we refer the reader to [33], 
[34], and [35] as well as to [36, Sec. 13.3].

INTRODUCTION
The idea of using feedback control mechanisms for real-
time model-free optimization in dynamical systems dates 
back to the early 1920s with LeBlanc’s work [37] and was 
further advanced in the 1950s [38] and 1960s [39], [40], [41], 
[42] in the adaptive controls literature under the name of 
“extremum control” [36, Sec. 13.3]. However, most of the 
stability results for ES in nonlinear systems emerged in the 
late 1990s and early 2000s, utilizing multitime-scale meth-
ods for ordinary differential equations (ODEs) and identi-
fying the appropriate timescales associated with the 
components of the algorithms [44]. Since then, different 
analytical tools for ES have been developed to solve model-
free optimization and decision-making problems in single-
agent systems [45], [46], [47], [48], [49], [50], multiagent 
systems [51], [52], [53], partial differential equations [54], 
stochastic systems [55], and more.

As the foundational theory behind ES relied on perturba-
tion tools for smooth ODEs, particularly averaging [56], [57] 
and singular perturbations [57], [58], [59], the majority of the 
ES systems and algorithms were designed for applications 
with closed-loop smooth dynamics. In particular, the study 
of ES systems that incorporate continuous-time and discrete-
time behaviors—such as “events” triggered by specific con-
ditions, abrupt state “jumps” or “resets” aimed at enhancing 
performance, or algorithms that “switch” between different 
dynamics during the seeking process—has received com-
paratively less attention. Such systems, which are naturally 
hybrid, also arise across different applications where either 
the plant is a hybrid system or the controller must be hybrid 
to address the fundamental limitations of traditional smooth 
control techniques. These limitations can be related to 
achieving desired transient or steady-state performance or 
handling complexities such as dynamic communication net-
works, resource-constrained actuators, occluded operational 
spaces, or dynamic adversarial environments. ES systems 
with discrete states, such as logic modes, also arise when 
general “if-then” rules are incorporated into the decision-
making algorithms, which is now a standard practice in the 
design and implementation of controllers and optimization 
algorithms for CPSs [61] and autonomous systems [60]. 
Moreover, many biological systems also exhibit behaviors 
that can be modeled as hybrid seeking dynamics, wherein 
agents switch between distinct exploratory and exploitative 

algorithms in response to state-dependent cues, as observed 
in raptor hunting, bacterial chemotaxis, social insect forag-
ing, and vertebrate motor learning.

Despite the limited available theoretical tools for their 
analysis and design, ES algorithms with logic states and 
switching rules have been explored for particular 

Summary

This article focuses on the analysis and synthesis of 

extremum-seeking (ES) systems that incorporate hy-

brid dynamics in the loop, encompassing both continuous-

time and discrete-time behaviors. Such ES systems arise 

from the need to use advanced control and optimization 

algorithms to overcome the limitations of standard smooth 

feedback techniques and to meet stringent transient and 

steady-state demands in high-performance applications. 

They also emerge in settings where traditional controllers 

must be implemented on plants that naturally exhibit hybrid 

behaviors, such as in cyberphysical systems (CPSs) and 

autonomous systems, which rely on digital devices for com-

putation, actuation, and sensing.

To explore hybrid ES dynamics using control-theoretic 

tools, we begin by reviewing the key technical concepts 

that enable the development of perturbation theory for hy-

brid inclusions. These concepts provide the foundations for 

both averaging and singular perturbation theory in these 

systems. We then demonstrate how these tools can be 

applied to the analysis and synthesis of various hybrid ES 

algorithms for plants modeled as static maps. In particular, 

we present several examples of set-valued and switching 

ES algorithms under various switching scenarios: arbitrarily 

fast, under dwell-time and average dwell-time constraints, 

and under average activation-time constraints. Addition-

ally, we explore state-based switching ES in the context 

of obstacle avoidance problems as well as gradient-New-

ton switching ES schemes. Other topics include ES with 

momentum and resets, with intermittent updates, slowly 

varying parameters, and using safety mechanisms to incor-

porate constraints. In all these applications, we show how 

the perturbation-based approach, traditionally used for 

studying smooth ES control, can naturally be extended to 

hybrid systems, provided that they satisfy suitable mild reg-

ularity conditions and that their solutions are modeled in a 

hybrid time domain. Finally, in Part 3, we address dynamic 

plants and discuss how the proposed hybrid ES controllers 

can be integrated with such plants to solve model-free feed-

back optimization and decision-making problems. Building 

on established results for ES and using various illustrative 

examples, this article aims to provide an introductory and 

tutorial-style presentation of hybrid ES systems, making it 

accessible to readers from different backgrounds, including 

those with no prior experience in hybrid systems.
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applications since the early 1970s [62], when a switching 
hysteresis-based mechanism was designed to stabilize a 
peak-holding adaptive controller in electrical machines. 
More modern approaches to ES that incorporate discrete-
time behaviors via switches or resets have also been studied 
for the efficient control of photovoltaic power systems [63] 
and HVAC systems in industry [23]. However, a comprehen-
sive theory for the study of hybrid ES systems has lagged 
behind their practical applications despite their potential to 
enable the design of novel feedback architectures and algo-
rithms capable of addressing a broader class of problems 
than those handled by traditional ES methods.

As discussed later in the article, ES systems with 
hybrid dynamics typically exhibit stability properties 
with respect to general sets rather than isolated equilib-
ria. We therefore refer to these controllers as hybrid set-
seeking systems, which are generally characterized by 
nonsmooth dynamics modeled by differential and differ-
ence inclusions rather than by standard differential or 
difference equations. Building on this perspective, the 
primary aim of this article is to provide an accessible 
introduction to nonsmooth and hybrid set-seeking sys-
tems formulated as hybrid inclusions. We begin with 
well-established smooth ES algorithms extensively stud-
ied in the literature [44], [64], [65], [66], [67], which can be 
viewed as hybrid set-seeking schemes with negligible 
discrete-time dynamics. We then extend this perspective 
by incorporating hybrid dynamics through averaging 
tools, enabling the solution of complex model-free opti-
mization and decision-making problems in static maps. 
Next, we show how singular perturbation methods for 
hybrid systems can address seeking problems in plants 
governed by dynamical systems rather than static maps. 
Taken together, these developments yield perturbation-
based tools for multitime-scale hybrid inclusions, provid-
ing a unified framework for analyzing and designing 
hybrid seeking algorithms that overcome the limitations 
of traditional smooth ES methods. The effectiveness of 
this framework is demonstrated through diverse applica-
tions and numerical examples, showcasing the flexibility 
and robustness of the proposed tools.

Perturbation Theory and Seeking Systems
The key mathematical property that enables the design and 
analysis of most ES algorithms modeled as oscillatory, 
locally Lipschitz ODEs of the form

	 ( , ), ,x f x t x tR Rn
0! !~= $o � (1)

is that, for a sufficiently large oscillation frequency ,~  the 
solutions of (1) can be approximated on arbitrarily large 
finite intervals by those of the so-called average dynamics

	 ( ) ( , ) ,x f x T f x t dt x1 R
T n

0
ave | !~= =

~

~

r r r ro # � (2)

where /T 2r ~=~  is the oscillation period of ( , ).f x $  For 
example, to minimize an unknown smooth scalar static map 

:J R R"  representing the plant, the simplest ES continuous-
time algorithm based on periodic probing, studied in [44], 
[65], and [66], can be modeled by the following equations:

	 ( )sinu u taf ~= +t � (3a)

	 ( ) ( )sinu J u t2
af

~=-ot � (3b)

where 0a2f  and 02~  are tunable parameters. A Taylor 
expansion of J around ut  for small values of af  and a direct 
computation of (2) using the identities y ( )sin t dt 0T ~ =~

0  and 
y ( )( / ) /sinT t dt1 1 2T 2~ =~
~

0  show that the average dynamics 
of (3) correspond to the following -af perturbed system (see 
Example 8), with state :u R!r

	 ( )
( )

( )u f u u
J u

O aave 2
2

f= =- +r r
r
ro � (4)

where ( )O af  indicates bounded perturbations (on compact 
sets) of order .af  In turn, as ,0a "f

+  the behavior of system 
(4) can be approximated by a standard gradient flow of J, 
with state u R!u  and dynamics

	
( )

.u u
J u
2
2

=-u
u
uo � (5)

Under suitable regularity (for example, locally Lipschitz) 
properties in system (5), we can use standard robustness 
results for differential equations to assert that the solutions 
of (4) and (5) are ( , )T -e close when af  is sufficiently small 
[57], [68]. Namely, for each compact set of initial conditions, 
each ,T 02  and each ,02e  there exists 0a2f)  such that for 
all ( , ),0a a!f f)  the solutions of (4) and (5) satisfy the bound

	 | ( ) ( )| .sup u t u t 2[ , ]t T0
# e-

!

ru � (6)

Similarly, by leveraging results on averaging theory for dif-
ferential equations [59] (see “Averaging Theory: From ODEs 
to Hybrid Systems”), it can be shown that, for a fixed and 
sufficiently small ,0a2f  the solutions of (3) and (4) are also 
( , )T -e close when ~  is sufficiently large; that is, for each com-
pact set of initial conditions, each ,T 02  and each .02e  
there exists a sufficiently large frequency 02~)  such that 
for all ,2~ ~)  the solutions of (3) and (4) satisfy the bound

	 | ( ) ( )| .sup u t u t 2[ , ]t T0
# e-

!

rt � (7)

By combining the bounds (6) and (7), we can conclude that 
the trajectories of the ES dynamics (3) and those of the gra-
dient flow (5) are also ( , )T -e close in compact sets. This 
property immediately allows us to obtain qualitative attri-
butes for the behavior of the solutions of the model-free ES 
dynamics (3) based on the behavior of the solutions of the 
model-based gradient flow (5), provided the parameters 
( , )a~ f  are appropriately tuned. Among such attributes, we 
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can infer stability properties for system (3) based on the sta-
bility properties of (5), provided that such stability proper-
ties are “robust” to small perturbations, a property that, 
under the Lipschitz continuity of (5), can be readily estab-
lished using, for example, Lyapunov functions. This pertur-
bation-based methodology for the study of smooth ES lies at 
the heart of the design and stability analysis of most algo-
rithms, including those whose average dynamics (2) are not 
simple perturbed gradient flows but instead follow alterna-
tive well-posed optimization dynamics, such as primal-dual 
dynamics [69], projected gradient flows [70], Riemannian 
gradient flows [71], Newton flows [72], pseudo-gradient 
flows for games [51], decentralized optimization dynamics 
[73], etc.; see [65] for a unifying framework.

Fortunately, the perturbation methodology described 
previously extends to systems with hybrid dynamics 
under the appropriate mild regularity conditions and 
with an appropriate measure of closeness. For the latter, 
we note that, unlike smooth ODEs, solutions to hybrid 
systems are typically discontinuous, making the use of 
the uniform distance, as in (6) and (7), to measure the 
closeness between solutions of nominal and perturbed 
systems problematic. For instance, if ut  is a solution to a 
hybrid system that has a discontinuity at time ,tl  and ur  is 
a solution to an -af perturbed version of the same system 
that has a discontinuity at time ,t af+l  then no matter how 
small af  is, ut  and ur  will never be ( , )T -e close at time ,tl  
regardless of the choice of .af  Thus, a different measure of 
closeness is required to link the qualitative behaviors of 
the perturbed and unperturbed systems. Although this 
issue is well known in the hybrid systems literature [74, 
Example 3], we will illustrate this phenomenon in a styl-
ized hybrid set-seeking system that exhibits “jumps” in 
the states, resulting in Zeno-like behavior reminiscent of a 
bouncing ball without air resistance.

Generalized Solutions for Hybrid Seeking Systems
To extend the perturbation-based methodology to seeking 
systems with hybrid dynamics, we must generalize both the 
mathematical models we consider and their corresponding 
notions of solutions. Specifically, in studying hybrid seek-
ing systems, we will parameterize solutions using a contin-
uous-time index t R 0! $  and a discrete-time index .j Z 0! $  
The primary benefit of this parameterization is that it allows 
solutions to be defined in hybrid time domains. For such solu-
tions, the concept of ( , )T -e closeness can be naturally 
extended by measuring the distance between the graphs of 
the nominal and perturbed solutions, that is, by using set 
convergence (between graphs) as opposed to the standard 
uniform convergence. This can be achieved, provided that 
the hybrid dynamics exhibit certain mild regularity proper-
ties. We will illustrate these regularity properties through 
various examples of hybrid seeking systems with different 
types of hybrid time domains. By defining solutions in such 
domains and employing graphical convergence to analyze 

the limiting behavior of perturbed solutions, we can seam-
lessly extend the perturbation-based methodology tradi-
tionally used in ES control [45], [65], [66] to general hybrid 
set-seeking systems.

Seeking Systems Modeled as Hybrid Inclusions
Most ES dynamics studied via averaging are modeled by 
ODEs of the form (1). However, it is also useful to general-
ize these models for the study of hybrid seeking systems. 
For instance, hybrid systems often exhibit discontinuities, 
or “jumps,” in the state, governed by a set-valued update 
rule of the form ( ),x G x!+  where x+  denotes the state value 
immediately after the jump. This type of update rule, 
known as a “difference inclusion,” allows x+  to take any 
value within the set ( ),G x  which may contain infinitely 
many points for a given x. These models are powerful 
because they can capture more general and flexible behav-
iors and decision-making rules compared to standard dif-
ference equations of the form ( ).x g x=+  Similarly, hybrid 
ES algorithms may also involve continuous-time dynamics 
described by differential inclusions of the form ( ),x F x!o  
which can arise from discontinuous vector fields requiring 
appropriate regularizations (for example, Krasovskii, Filip-
pov, etc.) for analysis or from optimization and decision-
making algorithms that are inherently set-valued [75].

By incorporating set-valued updates in the continuous-
time and/or discrete-time dynamics, hybrid inclusions 
can also provide a robust mathematical framework for 
modeling and analyzing seeking algorithms that are influ-
enced by external discontinuous signals that govern 
system behavior. Such signals can arise in a variety of con-
texts, including switching dynamics [76], time-varying 
optimization problems [77], event-triggered systems [9], 
and systems with resetting timers [78], to name just a few 
examples. As such, most of the models in our study of 
hybrid set-seeking algorithms will be represented using 
hybrid inclusions.

The remainder of this article is divided into three main 
sections. In Part 1, we present the preliminaries on hybrid 
systems and introduce the mathematical language neces-
sary to study hybrid set-seeking systems. Part 2 focuses on 
hybrid seeking algorithms for plants characterized by static 
maps, while Part 3 extends these results to systems with 
dynamic plants. The main developments are comple-
mented by several supporting discussions.  “Continuous-
Time Set-Valued Dynamical Systems” and” Discrete-Time 
Set-Valued Dynamical Systems” offer brief introductions to 
dynamical systems modeled as differential and difference 
inclusions, respectively. “Averaging Theory: From ODEs to 
Hybrid Systems” provides a mathematical overview of 
averaging theory applicable to hybrid set-seeking systems, 
and “Singularly Perturbed HDSs” introduces the mathe-
matical tools needed for studying hybrid systems in singu-
lar perturbation form. The notation used throughout this 
article is defined in Table 1.
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PART 1: PRELIMINARIES IN HYBRID SYSTEMS
HDSs, or simply “hybrid systems,” are dynamical systems 
that combine continuous-time and discrete-time phenom-
ena. Therefore, a natural mathematical representation of 
such systems would involve both differential equations 
and discrete-time recursions. In this article, we follow the 
formalism presented in [8] to study general hybrid systems; 
see also [74] for a tutorial dedicated exclusively to such sys-
tems. In its simplest form, a hybrid system with state 

,x Rn!  can be represented by the following expressions:

	 , ( )x C x f x! =o � (8a)

	 , ( )x D x g x! =+ � (8b)

where (8a) describes the continuous-time dynamics, and 
(8b) describes the discrete-time dynamics. The notation in 
(8a) indicates that the state x is allowed to evolve according 
to the continuous-time dynamics ( )x f x=o  whenever the 

condition x C!  holds, where the set C Rn1  is called the 
flow set. Similarly, the notation in (8b) indicates that x is 
allowed to evolve according to the discrete-time dynamics 

( )x g x=+  whenever the condition x D!  holds, where the 
set D Rn1  is called the jump set, and where x+  denotes the 
value of x after an “instantaneous” change—or jump—in 
the state. For consistency, we call the functions :f RRn n"  
and :g R Rn n"  the flow map and the jump map, respectively. 
In this way, the hybrid system (8) can be represented by the 
tuple , , , ,f C g DH = " ,  which we call the data of the system. 
Note that when ,D Q=  the system (8) recovers a constrained 
continuous-time dynamical system. Similarly, when ,C Q=  
the system (8) recovers a constrained discrete-time dynam-
ical system. Figure 1 shows an abstract representation of a 
possible “solution” to (8), starting from x0  and experiencing 
an initial interval of flow, followed by two consecutive 
jumps and a final interval of flow that eventually hits the 
boundary of C, forcing the solution to stop. We will rigor-
ously formalize this notion of “solution” and illustrate its 
application to study hybrid set-seeking systems.

Example 1 (Systems with Periodic Resets)
To illustrate how the data in (8) can be used to model a 
common class of systems encountered in practice in con-
trol, such as systems with periodic resets, let ( , ) ,x x x R1 2

2!=  
and consider the following hybrid dynamics:

[ , ] , ( )

, ( )

x C T x
x
x

f x x
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x
x

g x x
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where ,T 02c  are tunable parameters. In this system, the 
state x1  can be viewed as a timer that grows linearly during 
flows and is reset to zero whenever the condition x T1 =  is 
satisfied. Whenever such resets occur, the state x2  is also 
reset to one-half of its previous value. Since resets of x1  force 
x to satisfy the conditions x C!  and ,x D"  every jump in the 
system is followed by a period of flow of duration T, during 
which the continuous-time dynamics make x2  decrease 
exponentially at a rate dictated by .c  Figure 2 shows the tra-
jectories of x1  and x2  generated by this simple hybrid system, 
using ,T 10=  / ,1 10c =  and from the initial conditions 
( , ) .0 10  The dashed lines indicate the jumps in the values of 

Symbol

R  Set of real numbers

Rn  The n-dimensional Euclidean space

Z 0$  Set of nonnegative integers

xo Time derivative of the state of a system

x+  State of a system after a jump

Q  The empty set

A  The closure of the set A  

Aco^ h The convex hull of the set A  

Abd^ h The boundary of the set A  

x<  The transpose of the vector x 

( , )x y  Equivalent notation for [ , ]x y< <<  

x Euclidean norm of the vector x 

B  The closed unit ball, of appropriate dimension, 
in the Euclidean norm

S1  The set { ( , ) : }x x x x x 1R1 2
2

1
2

2
2!= + =  

Sn  The nth-Cartesian product .S S1 1# #f

:f R Rn m"  A function from Rn  to Rm  

:F R Rn mC  A set-valued mapping from Rn  to Rm  

Ro  
The matrix R

0
1

1
0o =

-
; E 

K3  Class of functions :R R0 0"a $ $  that are zero at 
zero, continuous, strictly increasing, and 
unbounded

KL  Class of functions :R R R0 0 0"#b $ $ $  that are 
nondecreasing in their first argument, 
nonincreasing in their second argument, and 
satisfy ( , )lim r s 0

r 0
b =

" +  for each s R 0! $  and 
( , )lim r s 0s b ="3  for each r R 0! $

TABLE 1  Notation used in the article.

C

x
.
 = f (x) x+ = g (x)

D
x0

FIGURE 1 An abstract representation of a solution to a hybrid 
system (8) from the initial point .x0
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the states x triggered by the discrete-
time dynamics ( ) .x g x=+  Note that, 
for this system, the intersection of the 
flow set and the jump set is not empty. 
In fact, we have .D C T+ = " ,  How-
ever, for initial conditions satisfying 

,x T1 =  the continuous-time dynamics 
x 11 =o  cannot flow and extend x1  
without leaving the set C; that is, no 
solutions can evolve via flows from 
this initialization. 

On the other hand, from this same 
initial condition, the state x1  can be 
extended in time via jumps by imme-
diately resetting x1  and .x2  This type 
of behavior will be formalized later 
when we discuss the notion of solu-
tions to hybrid systems of the form 
(8). In the meantime, we note that, 
while the state x2  converges to zero in Figure 2, the state x1  
continues to oscillate restricted to the set [0, T]. Therefore, 
for this hybrid system, it is reasonable to study the stability 
properties with respect to the compact set A , .T0 0#= 6 @ " ,  
This simple example serves to illustrate the fact that, unlike 
differential equations of the form (3), stability properties in 
hybrid seeking systems will be studied with respect to gen-
eral sets, as opposed to equilibrium points.� 4

Dynamic timers, such as those in Example 1, are common 
in hybrid systems to model time-triggered jumps, which can 
arise in sampled-data systems, switching algorithms, 
event-triggered control, and reset-based controllers, to 
name just a few examples. Incorporating exogenous timers 
into hybrid systems is also useful for studying time-vary-
ing dynamics, which are particularly relevant in ES sys-
tems, such as (3). In this case, the overall dynamics can be 
written as a hybrid system with states ( , )x R Rn #!x  and 
dynamics given by

	 ( , ) ,x C R 0#!x $       ( , ),x f x x=o     x ~=o � (9a)

	 ( , ) ,x D R 0#!x $     ( ),x g x=+       x x=+ � (9b)

where 02~  dictates the rate of evolution of .x  Note that (9) 
can be written as (8) using the extended state ( , ).y x x=

The following example illustrates a class of time-varying 
hybrid systems with oscillating flow maps that are of inter-
est in this article, which also exhibit a well-known behavior 
that can emerge in hybrid systems: Zeno phenomena.

Example 2 (“Bouncing” Seeking Systems)
Bouncing balls are classic examples of hybrid systems. Their 
dynamics are governed by Newtonian physics while the 
ball is in the air, and they experience instantaneous jumps 
upon hitting the ground. These models are most accurate 
when the ball is rigid, and the deformations caused by 
impacts are negligible. Inspired by classic bouncing ball 

systems [8, Ex. 1.1], we can consider a hybrid system of the 
form (9), with state ( , ) ,x x x R1 2

2!=  where x1  models the 
vertical position of a point-mass ball bouncing vertically on 
a horizontal surface and x2  models the vertical velocity of 
the ball. Following the notation in (9), the data of this 
system are given by

	  ( , ) :C x x x 0R1 2
2

1| ! $= " ,� (10a)

	 ( , ) ( ), ,
x
x

f x
x1

2

2
|x

c x
x ~= =

-
=

o

o
oc cm m � (10b)

	  ( , ) : ,D x x x x0 0R1 2
2

1 2! #= =" ,� (10c)

	 ( ) ,
x
x

g x x
01

2 2
|

m
x x= =

-
=

+

+
+c cm m � (10d)

where the time-varying function ( )·c  is given by

	 ( ) ( )sin2 2c x c x= r � (11)

and where cr denotes the nominal gravitational accelera-
tion constant, and ( , )0 1!m  is a restitution coefficient. 
According to (10a), whenever the altitude is nonnegative, 
the ball flows through the air via (10b) under oscillatory 
acceleration ( ).c x-  On the other hand, according to (10c) 
and (10d), when the ball touches the ground (that is, )x 01 =  
and its velocity is nonpositive, the mapping g resets the 
sign of the velocity and also decreases its magnitude 
using the restitution coefficient .m  Note that the position 
of the ball does not change during jumps. Figure 3 illus-
trates the behavior of the solutions generated by this 
“bouncing” seeking system when 100~ =  (colored trajec-
tories) and also when ( )c x c= r is constant (black trajecto-
ries). It can be observed that the highly oscillatory hybrid 
dynamics that use 100~ =  provide a suitable approxima-
tion of the behavior of the hybrid system that uses a con-
stant acceleration .c  This approximation is particularly 
accurate at the beginning of the simulation, but as shown 
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FIGURE 2 The trajectory generated by the hybrid system of Example 1, with the initial condi-
tion ( , ).x 0 100 =  (a) The trajectory of .x1  (b) The trajectory of .x2
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on the inset, it eventually deteriorates, as seen by the 
bouncing times starting to deviate as the number of jumps 
grows unbounded. Note that the hybrid system with con-
stant acceleration x2 c=-ro  exhibits Zeno behavior as time 
approaches approximately 28  s (as the amount of time 
between jumps decreases to zero). Similar phenomena typ-
ically emerge in certain hybrid control systems, such as in 
event-triggered controllers [79]. This behavior is also 
“approximately” inherited by the hybrid system (10) with 
oscillatory acceleration ( ).c x  To study hybrid set-seeking 
systems, we will formalize this “approximation” property 
using averaging theory for hybrid systems.� 4

Switching systems constitute a class of HDSs that arise 
frequently in applications. When such systems are mod-
eled within a hybrid systems framework, their qualitative 
behavior is typically analyzed with respect to prescribed 
families of switching signals [76], [80]. In this case, set-val-
ued dynamics can provide a convenient mathematical tool 
to model such signals. We illustrate this idea in the follow-
ing example.

Example 3 (Source-Seeking and Surveillance)
Consider a point-mass vehicle in the plane, with state 
x R2!  modeling its position and simple dynamics given by 
a single integrator

	 x a=o � (12)

where a  is the input to be designed. We study a typical 
application of ES in the context of source seeking [81], [82], 
[83], where the vehicle (12) seeks to stabilize its position at 
the location where a potential field, only available via mea-
surements, attains its maximum intensity. However, unlike 
standard source-seeking problems with a single static 
potential field, we consider the presence of multiple inter-
mittent potential fields, which are “active” only during 
bounded periods of time and never simultaneously. In this 
case, the goal of the vehicle is to achieve persistent source 

seeking and surveillance assuming the intermittence of the 
sources is low; that is, they remain individually active for 
“sufficiently” long periods of time. This problem can be 
modeled using the formalism of hybrid set-seeking sys-
tems. In particular, let , , , q0 1Q max| f= " , denote a finite set 
of logic modes, where .q Zmax 1! $  For each ,q Q!  we let 

:J R Rq
2 "  denote a potential field that attains its maxi-

mum at the point .xq
)  For simplicity, we assume that each 

function ( )J ·q-  is strongly convex and has a globally Lip-
schitz gradient .Jqd  For each fixed potential field ( ),J ·q  the 
vehicle can achieve source seeking by implementing the 
following standard seeking feedback law [84]:

	 ( )J x2Ra o
a

qa f ~ n
f

n= + � (13)

where , 0a 2f ~  are tunable parameters, and n  is a state that 
models a dithering signal with dynamics given by the fol-
lowing constrained differential equation:

	 , .RS o
1!n n ~ n=o � (14)

The linear oscillator (14) provides an alternative time-invariant 
approach to generate sinusoidal functions, such as those 
in (3), for exploratory purposes. In particular, by direct com-
putation, any solution to (14) has the form

	 ( )
( )
( )

( )
( )

( )
( )
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sin

sin
cost

t
t

t
t

0
0

1

2
n

~

~

~

~

n

n
=
-
; ;E E� (15)

where ( ) ( ) .0 0 11
2

2
2n n+ =  In this way, the feedback law (13) 

emulates the source-seeking algorithm studied in [84] for 
single-source-seeking problems, but using a time-invari-
ant model of the dynamics (with n  restricted to evolve in 

);S1  see Figure 4 for a graphical representation of the 
system.

To incorporate the switching behavior of the logic state q 
that indexes the potential fields ,Jq  we can consider the 
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FIGURE 3 Trajectories of the “bouncing” seeking system with time-varying function ( )c x  using 100~ =  (shown in blue and red) and with 
constant 10c c= =r  (shown in black). (a) Trajectories of the position .x1  (b) Trajectories of the velocity ,x2  which experience jumps, 
illustrated with dashed lines. 
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following set-valued hybrid dynamics with states 
( , ) ,q RQ 0#!x $  which are parameterized by the constants 
N 10 $  and :0d2h

	 ( , ) , ,q N0Q 0#!x 6 @      ,q 0=o            [ , ]0 d!x ho � (16a)

	 ( , ) [ , ],q N1Q 0#!x     \ ,q qQ!+ " ,     .1x x= -+ � (16b)

Similar to Example 1, in this system, the state x  acts as a 
timer that regulates how frequently q can jump to other values 
in the set .Q  However, in this case, the continuous-time 
dynamics of x  in (16a) are set-valued and allow the derivative 

xo to be any (measurable) selection from the set [ , ],0 dh  which 
includes keeping x  constant via ,0x =o  increasing x  at the 
maximum rate 0d2h  until ,N0x =  or any other absolutely 
continuous function x  (not necessarily constant) having a 
derivative lower bounded by zero and upper-bounded .dh  
This flexibility allows the model (16) to capture a large class of 
switching signals q acting on the feedback law (14), including 
signals that never switch (corresponding to 0x =o  for all time). 
In fact, for the case where ,N 10 =  all switching signals gener-
ated by (16) satisfy a dwell-time condition [85]. When ,N Z0 2! $  
all switching signals generated by (16) satisfy an average dwell-
time condition [80] (see also the “Seeking With Average Dwell-
Time Switching” section). Both classes of switching signals 
are common in the modeling and stability analysis of switch-
ing systems, and by using (16) interconnected with (12)–(14) 
(with ),x x=+  we obtain a hybrid system suitable for the 
study of the source-seeking feedback law (13) under average 
dwell-time switches of .Jq  Figure 5 shows an example of this 
switching signal for the case where / ,1 100dh =  ,N 10 =  and 

,q 1max =  such that { , } .0 1Q =  When dh  is sufficiently small, 
the resulting slowly switching set-seeking system generates 
the stable behavior shown in Figure 6. In Figure 6(a), we 
show the trajectories of (12) under the feedback law (13) with 

,1000~ =  . ,0 01ae =  and from different initial conditions 
shown with red dots. The trajectories converge to a neigh-
borhood of the set ( ),KX  shown in green. This set, called 
the “Omega-limit set from K,” described later in (59), 
turns out to be (semiglobally practically) asymptotically 
stable for the overall hybrid set-seeking system (12)–(16) 
as ,0d "h

+  ,0a "f
+  and / .1 0"~ +  While in certain cases 

the set ( )KX  can be computed explicitly [86], its mere exis-
tence is typically guaranteed in slowly switching systems 
with individually asymptotically stable modes, under 
mild assumptions [8, Sec. 7.4].� 4

The preceding example underscores the advantages of 
considering hybrid set-seeking systems with set-valued 
dynamics. Consequently, for the remainder of this article, 

q+�Q \ {q}
x�= α
�

y�= Jq (x)

t
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εaωRoµ + 2_
εa

Jq(x)µ
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µ ��ωRoµ
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FIGURE 4 A scheme of source-seeking dynamics for point-mass 
vehicle models under intermittent switching potentials with distinct 
optimal points .xq
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source-seeking problem. 
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we will focus on hybrid systems that generalize (8) and are 
represented by the following hybrid inclusions:

	 ,        ( )x C x F x! !o � (17a)

	 ,     ( )x D x G x! !+ � (17b)

where the flow map :F R Rn nC  and the jump map 
:G R Rn nC  are in general set-valued. Note that for particu-

lar cases in which such maps are single-valued, we can still 
use the formalism (17) by defining

	 ( )
{ ( )},

,F x
f x x C

x C|
Q "

!
= ' � (18a)

	 ( )
{ ( )},

, .G x
g x x D

x D|
Q "

!
= ' � (18b)

The data of (17) are also denoted { , , , },C F D GH|=  and sim-
ilarly to (9), for the case where (17) depends on exogenous 
time-varying signals, we can consider models of the form

	 ( , ) , ( , ),x C x F x           R 0#! !x x x ~=$ o o � (19a)

	 ( , ) ,      ( ),      x D x G xR 0#! !x x x=$
+ + � (19b)

where 02~  dictates the rate of evolution of the auxiliary 
timer state .x  Note that (19) can be written as (17) using the 
overall state ( , ) .y x x=  Also, note that for hybrid systems 
with periodic continuous-time dynamics, it is also possible 
to consider models with bounded timers by incorporating 
periodic resets in ,x  similar to Example 1.

The Hybrid Basic Conditions
A crucial factor in establishing the stability properties of 
hybrid set-seeking systems is ensuring robustness to per-
turbations in the states and dynamics. To guarantee this 
property, we will impose the appropriate regularity con-
ditions on the data of the hybrid system (17). For differen-
tial equations, such conditions are reduced to the 
continuity of the vector field. However, to study dynamic 
inclusions, we will consider set-valued maps that are 
outer-semicontinuous (OSC) and locally bounded (LB). A 
set-valued mapping :M R Rp nC  is OSC at z Rp!  if, for 
each convergent sequence { , } ( , )z s z s R Ri i

p n" #!  satisfy-
ing ( )s M zi i!  for all ,i Z 0! $  we have ( ) .s M z!  A map-
ping M is LB at z if there exists an open neighborhood 
N Rz

p1  of z such that ( )M Nz  is bounded. The mapping M 
is OSC and LB relative to a set K Rp1  if the mapping from 
Rp  to Rn  defined by ( )M z  for z K!  and Q  for z K"  is 
OSC and LB at each .z K!  Using OSC and LB as well as 
standard convexity and closeness notions for sets [87], we 
consider hybrid systems (17) that satisfy the following 
hybrid basic conditions:

a)	 The sets C and D are closed.

b)	 The set-valued mapping F is OSC and LB relative to 
C, and for each ,x C!  we have that ( )F x  is nonempty 
and convex.

c)	 The set-valued mapping G is OSC and LB relative to 
D, and for each ,x D!  we have that ( )G x  is non-
empty.

Outer semicontinuity of a set-valued mapping :M R Rp nC  
relative to a set K Rp1  is equivalent to asking for closed-
ness of the graph of M with respect to K; that is, the set 

{( , ) : , ( )}z s z K s M zgph(M) R Rp n| ! ! ! !=  is relatively 
closed in K Rn#  [8, Lemma 5.10]. Throughout this article, 
we will work only with hybrid systems that satisfy the 
hybrid basic conditions. In the context of ES, the controllers 
will always be designed to satisfy these conditions.

Hybrid Time Domains, Hybrid Arcs, and Solutions
For continuous-time systems of the form (8a) or (17a), solu-
tions ( )x: domx Rn"  are given by absolutely continuous 
functions with respect to time ( )t xdom R 0! 1 $  (see “Con-
tinuous-Time Set-Valued Dynamical Systems”). Similarly, 
for discrete-time systems of the form (8b) or (17b), solutions 

: ( )x xdom Rn"  are defined as sequences parameterized 
by a discrete-time index ( )j xdom Z 0! 1 $  (see “Discrete-
Time Set-Valued Dynamical Systems”). Therefore, to define 
solutions for hybrid systems of the form (8) or (17), we con-
sider a “hybrid” parameterization of the solutions that 
depends on both a continuous-time index ,t R 0! $  which 
increases continuously during flows, and a discrete-time 
index ,j Z 0! $  which increases by one during jumps. In 
this way, solutions to (8) or (17) are defined in hybrid time 
domains. A set E R Z0 0#1 $ $  is called a compact hybrid time 
domain if ([ , ], )E t t jj

J
j j0

1
1,= =

-
+  for some finite sequence of 

times .t t t0 J0 1f# #=  A set E R Z0 0#1 $ $  is a hybrid 
time domain if it is the union of a nondecreasing sequence 
of compact hybrid time domains, namely, E is the union of 
compact hybrid time domains Ej  with the property that 

,E E E Ej0 1 2 f f1 1 1 1  etc.
Figure 7 shows five different types of hybrid time 

domains, including those corresponding to Zeno behavior, 
average dwell time between jumps, purely discrete solu-
tions, and purely continuous solutions. Using the notion of 
hybrid time domain, the following definition formalizes 
what we call solutions to hybrid systems of the form (17).

Definition 1 (Hybrid Arcs and Solutions)
A function : ( )x xdom Rn7  is a hybrid arc if ( )xdom  is a 
hybrid time domain and ( , )t x t j7  is a locally absolutely 
continuous function for each j such that the interval 

{ : ( , ) ( )}I t t j xdomj| !=  has a nonempty interior. A hybrid 
arc x is a solution to (17) if ( , )x C D0 0 ,!  and if the follow-
ing two conditions hold:

a)	 For each j Z 0! $

( , ) ,  
( , ) ( ( , )),   .

x t j C t I

x t j F x t j t I

for almost all 
 for almost all

j

j

! !

! !o
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Continuous-Time Set-Valued Dynamical Systems

Set-valued continuous-time dynamics modeled as differential 

inclusions typically arise in hybrid seeking systems due to dis-

continuous feedback-based optimization or decision-making algo-

rithms, plants with uncertain parameters, or auxiliary states used 

to generate families of switching signals. Here, we review some 

basic information on differential inclusions [8, Ch. 4], [68], [S1].

DIFFERENTIAL INCLUSIONS

Consider a constrained differential inclusion of the form

	 , ( )x C x F x   ! !o � (S1)

where ,C Rn1  and : .F R Rn nC  System (S1) is said to satisfy 

the basic conditions if C is a closed set, and F is outer semi-

continuous (OSC) and locally bounded (LB) relative to C, with 

( )F x  being nonempty and convex for each .x C!  Given ,T 02  

an absolutely continuous function : [ , ]x T0 Rn"  is said to be 

a solution to (S1) if: a) ( ) ,x C0 !  and b) for almost all [ , ]t T0!

	 ( )
( ( ))     ( ) .dt

dx t
F x t x t Cand! ! � (S2)

When (S1) satisfies the basic conditions, the existence of solu-

tions can be studied under the so-called viability conditions [8, 

Lemma 5.26]. To state such conditions, recall that the tangent 

cone to a set S Rn1  at a point x Rn! , denoted ( )T xS , is given 

by all vectors s Rn!  for which there exist x Si ! , 0i 2x  with 

x xi "  and 0i "x
+ , such that lims x x

i i

i

x
= -

"3
. In particular, un-

der the basic conditions, we have that

a)	Necessity: If : [ , ] ,x T0 Rn"  for some ,T 02  is a solution to 

(S1), then

	 ( ( )) ( ( )) .F x T x0 0C+ Q! � (S3)

b)	Sufficiency: Given ,x C0 !  if there exists a neighborhood U 

of x0  such that for all x U C+!

	 ( ) ( )F x T xC+ Q! � (S4)

then there exists T 02  and a solution : [ , ]x T0 Rn"  to (S1) with 

( ) .x x0 0=

Note that, in general, given an initial condition ( ) ,x x0 Rn
0 !=  

solutions to (S1) from x0  might not be unique.

KRASOVSKII SOLUTIONS OF ODEs

Differential inclusions (S1) often arise when studying discontin-

uous differential equations for which solutions might not exist 

from some initial conditions. In particular, given a set ,C Rn1  

a function : ,f R Rn n"  and an absolutely continuous function 

: [ , ] ,x T0 Rn"  the function x is said to be a Krasovskii solution 

to the constrained system ,x C!  ( )x f x=o  if

	 ( ) , ( ) ( ( )) : (( ( ) ) )Cx t x t F x t f x t C and co BK
0

+! ! e= +
2e

o ( �(S5)

for almost all [ , ] .t T0!  When f is continuous, the mappings FK  

and f coincide. The construction (S5) is also valid whenever f 

is set-valued, even if f does not necessarily satisfy the basic 

conditions. Indeed, by construction (see [8, Example 6.6]), if f 

is LB relative to ,C  then the differential inclusion (S5) satisfies 

the basic conditions.

ROBUSTNESS: CONTINUOUS-TIME HERMES SOLUTIONS

For differential equations with a continuous right-hand side, 

small additive perturbations to the states do not significantly 

affect the system’s behavior. In contrast, small perturbations 

can drastically impact the behavior of systems with a discon-

tinuous right-hand side. The effect of arbitrarily small perturba-

tions on such systems can be analyzed using the concept of 

Hermes solutions [S2]. The function : [ , ]x T0 Rn"  is said to be 

a Hermes solution to the constrained system ,x C!  ( )x f x=o  

if there exists a sequence of absolutely continuous func-

tions : [ , ]x T0 Ri
n"  and a sequence of measurable functions 

: [ , ]e T0 Ri
n"  such that

( ) ( ) ,    ( , )
( ) ( ( ) ( )),      [ , ]

x t e t C t T
x t f x t e t t T

0
0

for all
for almost all

i i

i i i

! !

!

+

= +o

the sequence { }xi i 1
3
=  converges uniformly to x on [0, T], and the 

sequence { }ei i 1
3
=  converges uniformly to the zero function on [0, 

T]. In other words, Hermes solutions capture the limiting effect of 

arbitrarily small additive state perturbations acting on the system 

, ( ) .x C x f x ! =o  The connection between Hermes solutions and 

Krasovskii solutions is established in the following lemma, cor-

responding to [8, Thm. 4.3].

Lemma 1 (Continuous-Time Krasovskii Solutions)

Suppose that f is LB, and let : [ , ]x T0 Rn"  be an absolutely 

continuous function. Then, x is a Hermes solution to ( )x f x=o  if 

and only if it is a Krasovskii solution to the same system.

Put simply, Lemma 1 suggests that to accurately characterize 

the behavior of the solutions of the system ( )x f x=o  under arbi-

trarily small additive perturbations on the state, we should con-

sider its Krasovskii solutions. A different concept of solutions 

explored in the literature of discontinuous differential equations 

is that of Filippov solutions [S1]. An absolutely continuous func-

tion : [ , ]x T0 Rn"  is said to be a Filippov solution to ( )x f x=o  if 

it satisfies

	 ( ) ( ( )): (( ( ) ) \ )x t F x t f x t Sco B
( )

F
S 00

! e= +
2 ne =

o (( � (S6)

where n  is the Lebesgue measure. While the constructions 

(S5) and (S6) are similar, the construction in (S6) ignores 

the behavior of f on sets S with zero measure. Hence, Filip-

pov solutions are Krasovskii solutions, but the converse is 

generally not true. Thus, in light of Lemma 1, Filippov solu-

(Continued)
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tions are problematic as they do not completely capture the 

behavior of the original dynamics under small additive state 

perturbations. For further discussions on the difference be-

tween Filippov and Krasovskii solutions and for a proof of 

Lemma 1 for the special case where ,C Rn=  we refer the 

reader to [S3].

REFERENCES
[S1] A. F. Filippov, Differential Equations With Discontinuous Right-
Hand Sides. Boston, MA, USA: Kluwer, 1988.
[S2] H. Hermes, “Discontinuous vector fields and feedback control,” in 
Proc. Int. Symp. Differential Equ. Dynamical Syst., 1967.
[S3] O. Hájek, “Discontinuous differential equations, I,” J. Differential 
Equ., vol. 32, no. 2, pp. 149–170, 1979, doi: 10.1016/0022-0396(79) 
90056-1.

Continuous-Time Set-Valued Dynamical Systems (Continued )

Discrete-Time Set-Valued Dynamical Systems

Discrete-time dynamical systems modeled as difference 

inclusions are common in optimization, estimation, and 

control algorithms. They are also relevant for the study of robust-

ness properties in discrete-time systems with a discontinuous 

right-hand side. Here, we review some fundamentals of differ-

ence inclusions.

DIFFERENCE INCLUSIONS

Consider the constrained difference inclusion of the form

	 , ( )x D x G x   ! !+ � (S7)

where ,D Rn1  and :G R Rn nC  is a set-valued mapping. Sys-

tem (S7) is said to satisfy the basic conditions if D is a closed 

set, G is OSC and LB relative to D, and ( )G x  is not empty for 

each .x D!  Given ,J Z 1! $  a sequence : { , , , }x J0 1 Rn"f  is 

said to be a solution to (S7) if it satisfies

	  ,       x j D x j G x j1and! !+^ ^ ^ ^h h hh� (S8)

for all { , , , } .j J0 1 1f! -  For system (S7), the existence of so-

lutions is always guaranteed provided .D Q!  In general, given 

a solution : ( ) ,x xdom Rn"  it will not be the unique solution 

from ( )x 0  if ( ( ))G x j  is not single-valued for some j in ( )xdom  

such that ( ) .x j D!

KRASOVSKII SOLUTIONS TO DISCRETE-TIME SYSTEMS

Difference inclusions of the form (S7) are relevant for the 

study of robustness properties in discontinuous discrete-

time systems. In particular, given a set D Rn1  and a function 

: ,g R Rn n"  a sequence :{ , , , }x J0 1 Rn"f  is said to be a Kra-

sovskii solution to the constrained difference equation

	 , ( )x D x g x  ! =+ � (S9)

if it satisfies

	 ( ) , ( ) ( ) : (( ) )x j D x j G x g x D1  and  BK
0

+! ! e+ = +
2e

(
� (S10)

for all { , , , }j J0 1 f!  [8, Def. 4.13]. When D is closed, the sets D  

and D coincide. Similarly, when g is continuous, the mappings 

GK  and g coincide. However, when g is discontinuous, the map 

GK  is set-valued at the points of discontinuity. In particular, GK  

describes the OSC hull of g, namely the unique set-valued map-

ping GK  satisfying ( ) ( ) .G ggraph graphK =  The construction in 

(S10) also holds when g is a set-valued mapping. In this case, by 

construction (see [8, Ex.6.6]), if g is LB relative to ,D  then the dif-

ference inclusion (S10) also satisfies the basic conditions.

Example 4 (Regularization of Sign Function)

Consider the discrete-time system given by

	 · ( ),  x x x xsign Rn!a= -+ � (S11)

for ,02a  where the sign function is defined as

	 ( )
  
  
 

.x
x
x
x

1
0
1

0
0
0

sign
if
if
if 

2

1
=

-

=* � (S12)

To obtain ,GK  in this case, it suffices to close the graph of 

sign(x). We obtain the set-valued mapping

	 ( ) { , , }
  
  
  

x
x
x
x

1
1 0 1

1

0
0
0

sign
if
if
if

2

1
= -

-

=* � (S13)

and the difference inclusion

	 ( ) : ( ), .x G x x x x· sign   RK
n! !a= -+ � (S14)

ROBUSTNESS: DISCRETE-TIME HERMES SOLUTIONS

As in the continuous-time case, the limiting effect of small 

additive state disturbances on difference equations can be 

captured using the notion of Hermes solutions. A function 

: { , , , }x J0 1 Rn"f  is said to be a Hermes solution to the con-

strained difference equation (S9) if there exists a sequence 

of functions : { , , , }x J0 1 1 Ri
n"f -  and : { , , , }e J0 1 1 Ri

n"f -  

such that, for all { , , , }j J0 1 1f! -

( ) ( ) ,     ( ) ( ( ) ( ))x j e j D x j g x j e j1i i i i i!+ + = +

(Continued)
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FIGURE 7 Five different hybrid time domains illustrating different types of solutions in a hybrid system. (a) Purely continuous solution.  
(b) Purely discrete solution. (c) Eventually discrete solution. (d) Solution with average dwell time. (e) Solution with Zeno behavior. 

and the sequence { }xi i 1
3
=  converges uniformly to x on 

{ , , , },j J0 1 f!  and moreover, the sequence :{ , , , }e J0 1 Ri
n"f  

converges uniformly to the zero function on { , , , }J0 1 f  [8, Def. 

4.12]. As in the continuous-time case, there is a close connection 

between discrete-time Hermes and Krasovskii solutions, which 

is stated in the next lemma, corresponding to [8, Thm. 4.17].

Lemma 2 (Discrete-Time Krasovskii Solutions)

Consider the function : { , , , }x J0 1 Rn"f , for some ,J Z 1! $  

and suppose that g is LB. Then, x is a Hermes solution to the 

constrained difference equation (S9) if and only if it is a Kraso-

vskii solution to the same system.

The result of Lemma 2 indicates that to study the robustness 

properties of difference equations with a discontinuous right-

hand side, we should focus on studying their Krasovskii solu-

tions. For further details on the study of difference inclusions, 

we refer the reader to references [S4] and [S5]. Discrete-time ES 

algorithms based on difference equations and inclusions have 

been studied in [88] and [89] using finite-difference approxima-

tion methods to estimate the gradients of cost functions. In the 

context of hybrid set-seeking systems via averaging, difference 

inclusions can be used to model synchronization mechanisms 

in multiagent systems [90], switching systems under dwell-time 

or average dwell-time constraints [91], etc.

REFERENCES
[S4] C. M. Kellett and A. R. Teel, “On the robustness of K -L stability 
for difference inclusions: Smooth discrete-time Lyapunov functions,” 
SIAM J. Control Optim., vol. 44, no. 3, pp. 777–800, 2005, doi: 10.1137/
S0363012903435862.
[S5] C. M. Kellet and A. R. Teel, “Smooth Lyapunov functions and ro-
bustness of stability for difference inclusions,” Syst. Control Lett., vol. 
52, no. 5, pp. 395–405, 2004.

Discrete-Time Set-Valued Dynamical Systems (Continued )

b)	 For each ( , ) ( )t j xdom!  such that ( , ) ( )t j x1 dom!+

	 ( , ) ,     ( , ) ( ( , )) .x t j D x t j G x t j1and! !+ � (20)

A solution x to system (17) is said to be forward precom-
plete if its domain is compact or unbounded. It is said to be 

forward complete if its domain is unbounded, and it is said to 
be maximal if there does not exist another solution }  to (17) 
such that ( )xdom  is a proper subset of ( ),dom }  and 

( , ) ( , )x t j t j}=  for all ( , ) ( ) .t j xdom!  In general, given an 
initial condition ( , ) ,x C D0 0 ,!  the solutions to system (17) 
might not be unique. This will be the case if, for example, 
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the intersection C D+  is not empty 
and from a point in this intersection, 
it is possible to flow, or if the flow or 
jump maps in (17a) and (17b) admit 
nonunique solutions due to set-val-
uedness or the lack of Lipschitz con-
tinuity in the flow map.

Example 5 [Periodic Hybrid System 
(Continued)]
Recall the hybrid system discussed 
in Example 1, which implements 
periodic jumps in the state x2  trig-
gered by a periodic resetting timer 
x1  with resetting period T. Figure 8 
shows the hybrid arcs corresponding 
to the trajectories x1  and x2  shown 
in Figure 2, from the initial condi-
tions ( , )x 0 0 01 =  and ( , ) .x 0 0 102 =  
As observed, the values of the states 
x1  and x2  can be fully identified 
via the hybrid time indices for all 
( , ) ( ) .t j xdom! � 4

Example 6 [Bouncing Seeking 
System (Continued)]
Recall the “bouncing” seeking system 
discussed in Example  2. Figure 9 
shows the hybrid arcs corresponding 
to the trajectories x1  shown in Figure 
3(a). The trajectory in black is gener-
ated by the hybrid dynamics (10) using 
constant acceleration; that is, .x2 c=- ro  
On the other hand, the blue trajectory 
implements highly oscillatory acceler-
ation; that is, ( ) .sinx 22

2~x c=- ro  Both 
trajectories were generated from the 
same initial conditions as in Exam-
ple  2. As observed, both hybrid arcs 
remain “close” to each other during 
the simulation. Specifically, the graphs 
of the hybrid arcs are similar. This 
hints to some closeness property, akin 
to the one discussed when studying 
system (3) and its average dynamics (4) 
using inequality (7). In fact, by work-
ing with hybrid arcs, hybrid time 
domains, and a suitable metric for 
these objects, it is possible to naturally 
extend the notion of ( , )T e -closeness of 
solutions to hybrid seeking systems, 
thus opening the door to the develop-
ment and study of novel ES systems 
and applications with hybrid dynam-
ics in the loop.� 4

10

8

6

4 1.4

0.8

0.2
10

11 19 18 17

2

0
01 2 34 5

j 6
78910

11
20 18 16 14 12 10

t
8 6 4 2 0

x2 = –2 sin (ωτ)2 γ
.

x2 = – γ
.

x1 (t, j )

FIGURE 9 Component x1  of the hybrid arcs associated with the solutions of the hybrid 
system (10), as studied in Example 2, shown as a function of time t in Figure 3. The blue 
trajectory is generated using the highly oscillatory acceleration ( ),c x  with .100~ =  The 
dotted black trajectory is generated using the constant acceleration ,cr  which is just the 
average of ( ).c x  

10 x1(0,t)

x2(0,t)

x1(1,t)

x2(1,t)

x2(2,t)

x2(3,t)

x1(2,t)

x1(3,t)

5

x 1
(t

,j
)

x 2
(t

,j
)

0
0

10

5

0
0

1

2

3 40
30

20
10

0

1

j

j

t

t

2

3 40
30

20
10

0

FIGURE 8 Hybrid arcs of a solution to the system studied in Example 1, illustrated as a func-
tion of time t in Figure 2. 



APRIL 2026  «  IEEE CONTROL SYSTEMS  101

Graphical Convergence and (T,e)-Closeness in  
Hybrid Systems
As discussed in the analysis of the smooth ES dynamics (3), 
using the average dynamics (4) and the nominal dynamics (5), 
the closeness-of-solutions property is crucial for the study of 
ES controllers based on periodic dithering. Specifically, 
inequalities (6) and (7) showed that the solutions of the seeking 
dynamics (3) behave similarly to those of a gradient flow, with 
this “similarity” being quantified, in compact sets and time 
domains, using the uniform distance between solutions. How-
ever, this approach does not extend directly to hybrid systems. 
The following example, which continues the discussion from 
Example 2, illustrates some of the challenges that arise when 
using the standard uniform distance to gauge the closeness 
between solutions of nominal and perturbed hybrid systems. 
These challenges can be addressed by working with solutions 
defined on hybrid time domains, as opposed to solutions 
defined on ,R 0$  and by studying the closeness of solutions 
using the distance between the graphs of the hybrid arcs.

Example 7 [Bouncing Seeking System (Continued)]
Consider the “bouncing” seeking system with hybrid 
dynamics (10), which experiences a high-frequency oscillat-
ing acceleration given by ( ) .c x-  Using the fact that the aver-
age of ( )sin 2x  over one period of oscillations is equal to / ,1 2  
the average dynamics of (10b) can be explicitly computed (see 
“Averaging Theory: From ODEs to Hybrid Systems”) to be

	 { : },   ( ) ,C x x x f x
x

0R2
1

2
| |! $

c
= = =

-
r r r r r

r

r
o c m� (21a)

	 { : ,  },  ( )D x x x x g x
x

0 0
0

R2
1 2 |! #

m
= = = =

-
+r r r r r

r
c m� (21b)

where ( , )x x x R1 2
2!=r r r  is the state of the average hybrid 

system, and cr is the same gravitational constant of (11). We 
can argue, at least visually based on Figure 3, that there exist 

,T 02f  such that the solutions of the oscillating hybrid 
dynamics (10) and the nonoscillating hybrid dynamics (21) in 
general do not satisfy bounds of the form (6) or (7), no matter 
how large we select ~  in (10b). For example, this behavior is 
evident in Figure 3(b), where after approximately 15 s, a sig-
nificant mismatch emerges between the jump times of the 
red and black trajectories. Specifically, following a jump in 
the black trajectory, the red trajectory fails to closely track it 
due to the discontinuity, regardless of how large ~  is chosen. 
This occurs because the red trajectory has not yet undergone 
its corresponding jump at that moment, preventing the satis-
faction of inequalities of the form (6) or (7) at that time. � 4

To overcome the issues described in the previous example 
and to study the closeness of solutions of hybrid systems of 
the form (17), we consider an equivalent notion that compares 
the distance between solutions defined under the same jump 
index j for which both solutions are defined [8, Def. 5.23]; that 
is, we use the distance between their graphs. Specifically, given 
constants 0$x  and ,02e  two hybrid arcs x and xu  are said to 
be ( , )x e -close if the following conditions are satisfied:

1)	 For each ( , ) ( )t j xdom!  with ,t j # x+  there exists 
s R 0! $  such that ( , ) ( ),s j xdom! u  | | ,t s # e-  and

	 | ( , ) ( , ) | .x t j x s j 1 e- u � (22)

2)	 For each ( , ) ( )t j xdom! u  with ,t j # x+  there exists 
s R 0! $  such that ( , ) ( ),s j xdom!  | | ,t s # e-  and

	 | ( , ) ( , ) | .x t j x s j 1 e-u � (23)

Figure 10 presents an illustration of this property, which 
essentially asks that the graphs of x and xu  are “close” to each 
other when truncated in (hybrid) time. This property can 
also be leveraged to study a type of “graphical” convergence 
between hybrid arcs, akin to the standard uniform conver-
gence properties studied for solutions of ODEs. In particular, 
given a sequence of hybrid arcs { }xi i 1

3
=  with : ( )x xdom Ri i

n"  
and a hybrid arc x with : ( ) ,x xdom Rn"  the property that 
for each 0$x  and each ,02e  there exists i Z 1!) $  such that 
for all i i2 )  the hybrid arcs xi  and x are ( , )x e -close, implies 
the property that the sequence { }xi i 1

3
=  converges graphically 

to x; that is, the sequence of sets {  }xgph i i 1
3
=  converges (in the 

sense of set convergence, see [8, Def. 5.1]) to the set {  } .xgph  
The converse implication is also true whenever the sequence 
{ }xi i 1

3
=  is locally eventually bounded1 [8, Thm. 5.25].

By working with hybrid time domains, we can now see 
(at least at this point, visually based on Figure 9) that the 
hybrid arcs describing the two solutions considered in 
Example 2 are ( , )x e -close when ~  is sufficiently large. How-
ever, to formalize this property for a broad class of hybrid 
systems of interest, including those with additive perturba-
tions on the states and dynamics [as in the perturbed gradi-
ent flow (4)], we need to introduce an “inflated” version of 
hybrid systems of the form (17), which will be particularly 
useful in the context of averaging (see “Averaging Theory: 
From ODEs to Hybrid Systems”) and singular perturbation 
theory (see “Singularly Perturbed HDSs”). 

Inflated Hybrid Systems
Given a hybrid system H  of the form (17) with state ,x Rn!  
a continuous function : ,RRn n"v  and ,02t  consider the 
following “inflated” hybrid system Ht  with state x Rn!  
and data { , , , }C F D GH |=t t t t t  constructed from the data of 
(17) as follows:

	 : ( ( ) )C x x x CBRn| + Q!! tv= +t " ,� (24a)

	 ( )  ( ( ) ( ) ,   )coF x F x x C x x CBB| + 6 !tv tv= + +t t^ h � (24b)

	 : ( ( ) )D x x x DBRn| + Q!! tv= +t " ,� (24c)

	
( ) { : ( )

(( ( ) ) )},   .
,G x v v g g

g G x x D x DB

BRn|

+ 6

! !

! !

tv

tv

= +

+

t

t

� (24d)

1A sequence of hybrid arcs is said to be locally eventually bounded if for 
any ,m 02  there exists i Z0 1!) $  and a compact set K such that for all i i02 )  
and all ( , ) ( )t j xdom i!  with ,t j m#+  we have that ( , ) .x t j Ki !
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This inflated hybrid system can capture different types of 
perturbations acting on the flow and jump sets of the nomi-
nal hybrid dynamics as well as in the nominal flow and 
jump maps. For example, the inflated flow map Ft  and the 
jump map Gt  can capture additive disturbances acting on 
the states and dynamics of the flow and jump maps of 
system (17). Similarly, the inflated flow set Ct  and jump set 

Dt  can model measurement noise or other small additive 
disturbances acting on the states of the nominal system 
(17). As shown in the following example, the inflated 
system (24b) can also be used for the study of continuous-
time seeking systems, including system (3).

Example 8 (Inflations in Smooth Seeking Systems)
Consider the standard ES smooth dynamics (3), which can 
be written as (9) using an auxiliary state x  and dynamics

	 ( , ) ( ( )) ( ),sin sinu f u J u2   
a

a|x
f

f x x x ~= =- + =f
o ot t t � (25)

where / ,( )2~ r f= ~  ( , ) Ra 0!f f f= 2~  are tunable parame-
ters, and where the flow set is given by the condition 
( , ) .u C R R 0#|!x = $t  For small values of af , a Taylor expan-
sion of J around ut leads to

( , ) ( ) ( )
( )

( ) ( )sin sinf u J u u
J u

O2 2
a

a
2

2
2

x
f

x x f=- + +f t t
t
tc m

Averaging Theory: From ODEs to Hybrid Systems

Dynamical systems with time-varying oscillating vector fields 

are traditionally studied using averaging theory. Classic 

references on averaging theory for differential equations in-

clude [56], [57], [S6], and [S7]. For HDSs, averaging tools have 

also been studied in [69], [100], [102], [103], and [S8]. Next, we 

review some results on averaging theory for hybrid systems, 

adapted from [69], [102], and [S7].

HYBRID SYSTEMS WITH OSCILLATING FLOW MAPS

Consider an HDS of the form (9), with states ( , )z x p R Rn m#!=  

and ,R 0!x $  and dynamics

	 ( , , ) ,
( , , )

( )x p C C C
x f x p
p F p

1
   Rx p p0# #|! !x

x

x
f

=

=

=

$

o

o

o

Z

[

\

]]

]]

� (S15a)

	 ( , , ) ,
( , )

( )x p D D D
x g x p
p G p  Rx p p0# #|! !x

x x

=

=

=
$

+

+

+

* � (S15b)

where 02f  is a small parameter, , ,C D Rx x
n1  , .C D Rp p

m1  

The state p can model logic states, timers, and oscillators as 

well as other auxiliary states. We assume that system (S15) 

satisfies the hybrid basic conditions. In (S15a), the small pa-

rameter f  introduces a timescale separation between the 

dynamics of x  and those of ( , ) .x p  When the vector field f 

is periodic with respect to ,x  the rapid fluctuations in x  re-

sult in fast oscillatory behaviors in ,xo  which can be averaged 

out to approximate the dynamics of x using a nonoscillating 

vector field. The following definition formalizes this notion of 

average

Definition 4 (The Average Map)

The function f is said to have an average map (·)fr  if, for each 

compact set ,K R Rn m
0 #1  there exists a continuous nonin-

creasing function c  satisfying ( ) ,lim 0TT c ="3  such that for 

all ( , , , )x p T K R R0 0 0# #!x $ $

	 ( ( , , ) ( , )) ( ) .f x p s f x p1 ds T
T

T
# c-

x

x+ r# � (S16)

The function (·)c  is called the convergence function.

When f is periodic, as is usually the case in ES, for each 

compact set ,K0  there exists c 00 2  such that we can take 

( ) / ( ),c 1 TT 0c = +  and it suffices to verify the integral (S16) 

in the interval [ , ],0 T  where T  is the period of the oscillations. 

In the rest of this section, we make the additional standing 

assumptions that f is periodic with respect to x  and that fr is 

continuous. However, we note that the periodicity of f can be 

relaxed by working with generalized averages in (S16).

By using the average map ,fr  we can study (S15) by inspect-

ing a “simpler” nonoscillating system, with states ( , ),x pr r  and the 

following average hybrid dynamics:

	 ( , ) ,
( , )

( )
x p C C C

x f x p
p F p

   x p
p

#|!
!

=
=

r r
r r r r

r r

o

o) � (S17a)

	 ( , ) ,
( , )

( )
.x p D D D

x g x p
p G p

  x p
p

#|!
!

=
=+

+

r r r

r r
) � (S17b)

Given that hybrid systems usually lack the uniqueness of so-

lutions property and might also exhibit solutions with jumps, 

standard results on closeness of solutions, established in the 

literature of averaging for differential equations, do not trivially 

t t

J J
j j

x  vs.  x̃ x  vs.  x̃
T + J ��τ

T

˙} ˙}

T

e e
(a) (b)

FIGURE 10 (a) and (b) A graphical illustration of the property of 
( , )x e -closeness in two hybrid arcs x and .xu  
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where, for a given compact set ,K R1  the notation ( )O af  
indicates high-order terms ( , )o uh x t  that satisfy, for some 

,k 02  the inequality | ( , )|o u kh a#x ft  for all R 0!x $  and all 
.u K!t  Since 

0
( )sin d 0

2
x x =~

r

8  and 
0

( / ) ( )sin d2
2

2~ r x x~
r

8
( / ),1 2=  it follows that the average map fave  of ,ff  given by 

(2), is precisely system (4), which satisfies

( )
( )

( )

( )

cof u u
J u

O u
J u k

k

F u

 B
B

a
a

a

k

ave

a|
2
2

2
2

!f
f

f=- +
+

+

= f

r
r

r

r

t
t c ^ h m

for all ,u K!r  where Fk af  is precisely the set-valued map 
defined in (24b) with ( ),/F J u2 2=- r  ,C R=  a constant func-
tion ,kv =  and .at f=  The previous inclusion implies that, 
on compact sets K, the set of solutions of system ( )u f uave=r ro  
is contained in the set of solutions of the differential inclu-
sion ( ) .u F u,k a! fr ro  Hence, by verifying the appropriate prop-
erties for all solutions of this differential inclusion (which is 
just an inflation of the model-based gradient flow), we can 

guarantee that these properties will also hold for all solu-
tions of ( )u f uave=r ro � 4

By using the construction of the inflated hybrid system 
(24), the following key technical property, corresponding to 
[8, Prop. 6.34], opens the door to a perturbation-based 
methodology to study hybrid set-seeking systems, thus 
generalizing the approach used to study the smooth ES 
algorithm (3). We recall that throughout this article, we 
assume that the hybrid system H  given by (17) always sat-
isfies the hybrid basic conditions by design.

Lemma 3 (Key Technical Lemma)
Suppose that x Rn

0 !  is such that each maximal solution 
to the nominal hybrid system ,H  given by (17), from x0  is 
complete or bounded. Then, for all 0$x  and ,02e  there 
exists 02t  such that for each solution xt  to the per-
turbed HDS (24), with | ( , ) | ,x x0 0 0 # t-t  there exists a 
solution x to ,H  with ( , ) ,x x0 0 0=  such that x and xt  are 
( , )x e -close. � 4

extend to hybrid systems. Instead, we can establish that for ev-

ery solution ( , , )x p x  of the original hybrid system (S15), there 

exists some solution ( , )x pr r  of the average hybrid dynamics (S17) 

that is ( , )T e -close. In particular, the following theorem follows 

from the results in [100], [102], and [S7].

Theorem 1 (Closeness of Solutions via Averaging)

Consider the hybrid systems (S15) and (S17). Suppose that 

system (S17) has no finite escape times. Then, for each com-

pact set of initial conditions ,K Rn
0 1  T R 0! 2  and ,R 0!e $  

there exists 02f)  such that for all ( , )0!f f)  and for all solu-

tions ( , , )x p x  to (S15) from ,K0  there exists a solution ( , )x pr r  to 

(S17) such that ( , )x pr r  and ( , )x p  are ( , )T e -close.

The result of Theorem 1 is a closeness-of-solutions property 

for hybrid systems that parallels similar properties used for the 

study of smooth ES systems. By using this property as well 

as suitable uniform stability properties in the average hybrid 

dynamics, the following theorem can be established.

Theorem 2 (SGPAS via Averaging in HDS)

Consider the hybrid systems (S15) and (S17). Suppose that there 

exists a compact set A Rn m1 +  that is UGAS for system (S17). 

Then, system (S15) renders the set A R 0# $  SGPAS as .0"f +

The stability result from Theorem 2 can be applied to ana-

lyze hybrid set-seeking dynamics of the form (S15). This result 

remains valid even when the stability properties of the aver-

aged dynamics (S17) are only of semi-global practical nature, 

with respect to a tunable parameter d  [69, Thm. 7]. This is 

commonly the case in ES control, where d  can represent the 

residual terms that appear in the average dynamics and that 

are of the same order as the amplitude of the dither signals, 

see also (4). In the context of hybrid set-seeking dynamics, d  

may encompass additional parameters, offering greater flex-

ibility in the design of the algorithms.

AVERAGING USING TIME-INVARIANT MODELS

Theorems 1 and 2 can be extended to other types of models, 

including hybrid systems of the form

	 ( , , ) ,
( , )
( , , )

,

x p C C C
x F x p
p f p x

1
   Rx p

x

p0# #|!

!

x x

x
f

= =

=

$

o

o

o

Z

[

\

]]

]]

� (S18a)

	 ( , , ) ,   
( , )
( , )x p D D D

x G x p
p G x pRx p

x

p0# #|!

!

!x

x x

=

=
$

+

+

+

* � (S18b)

where all the mappings and sets are selected to satisfy the hy-

brid basic conditions. Here, the dynamics of x are set-valued, 

but the average map can still be computed as in (S16) using fp  

instead of f.
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Lemma 3 also applies to differential equations simply 
by taking ,D Q=  ,C Rn=  and F being a continuous func-
tion. For instance, for the smooth ES system considered in 
Example 8, we can use Lemma 3 to directly conclude that, 
on compact sets, for each solution u afr  of the differential 
inclusion ( ),u F u,ka a a!f f fr ro  there exists a solution uu  of the 
model-based gradient flow ( ( )/ )u J u u2 2=-u u uo  such that u afr  
and uu  are ( , )fx -close. Since, as shown before, on compact 
sets we have ,f F ,kave a! f  it follows that the ( , )fx -closeness 
property also holds for the solutions of the average dynam-
ics of (25) and the solutions of the target gradient flow. 
This analytical methodology extends beyond gradient 
flows and smooth dynamics to general hybrid set-seek-
ing systems, enabling the establishment of closeness-of-
solutions properties via perturbation theory for hybrid 
systems. In this context, the use of hybrid time domains 
and graphical convergence provides a foundational math-
ematical framework for hybrid set-seeking control.

Stability Notions for Hybrid Set-Seeking Systems
Since hybrid systems usually incorporate logic modes, 
timers, clocks, and other auxiliary states that do not settle 
into a point but rather evolve on bounded sets, we study the 
uniform stability properties of hybrid set-seeking systems 
with respect to general compact sets.

Definition 2 (Uniform Global Asymptotic Stability)
A compact set A Rn1  is said to be uniformly globally asymp-
totically stable (UGAS) for system (17) [or (19)] if there exists 
a class-K  L  function b  such that any maximal solution to 
H  satisfies the bound

	 | ( , )| (| ( , )| , ),    ( , ) ( ) .x t j x t j t j x0 0 domA A 6# !b + � (26)

If there exist positive constants ,c c 01 2 2  such that 
( , ) ,r s c re c s

1
2b = -  then A  is said to be uniformly globally expo-

nentially stable (UGES).� 4
When A { },0=  Definition 2 recovers the standard 

asymptotic stability notions studied for differential equa-
tions [57, Ch. 4] and smooth ES systems [44], [64]. The use of 
KL  bounds in (26) provides uniformity in terms of rates of 
convergence and overshoots. Note that Definition 2 
requires that all solutions to the HDS (17) satisfy the bound 
(26) at all times in the domain of the solution. However, it 
does not require that all solutions be complete. For hybrid 
systems, the completeness of solutions is usually estab-
lished independently.

Example 9 (Dynamics with Vanishing Coefficients)
Under suitable assumptions, gradient flows and other opti-
mization dynamics typically satisfy the UGAS property in 
Definition 2, relative to the set of minimizers of a cost func-
tion J. However, this assumption does not hold for all gradi-
ent systems, even if J is strongly convex. For instance, 
systems with vanishing coefficients of the form

	 ( ) ( ),        ( ) ( )x J x x x J x 0or d da x a x=- + + =o op � (27)

for which ( )lim 0a x ="3x  typically exhibit nonuniform 
convergence properties with respect to ( ),0x  thus preclud-
ing bounds of the form (26) [92]. However, under the 
appropriate hybrid regularizations of ,x  for example, time-
triggered [69], [93] or event-triggered restarting [94], the 
resulting hybrid dynamics can satisfy (26) for some 

,KL!b  see also “Set-Seeking Dynamics with Momentum 
and Resets.”� 4

Since ES systems rely on perturbation theory, the fol-
lowing stability property is commonly used in the analysis 
of seeking algorithms.

Definition 3 (Semiglobal Practical Stability)
Consider an HDS ,Hf  where 02f  is a tunable parameter. 
System Hf  is said to render a compact set A  semiglobally 
practically asymptotically stable (SGPAS) if there exists a 
class-KL  function b  such that for each ,02 2oD  there 
exists 02f)  such that for all ( , )0!f f)  and all initial condi-
tions | ( , ) | ,x 0 0 # D  any maximal solution to Hf  satisfies 
the bound

	 | ( , )| (| ( , )| , ) ,    ( , ) ( ) .x t j x t j t j x0 0 domA A 6# !b o+ + � (28)

If there exist positive constants ,c c 01 2 2  such that 
( , ) ,r s c re c s

1
2b = -  then A  is said to be semiglobally practically 

exponentially stable (SGPES).� 4
The SGPAS property can be extended to hybrid systems 

that depend on multiple parameters ( , , , ) .m1 2 ff f f f=  In 
this case, we use the notation SGPAS as ( , , , ) 0m1 2 "ff f f +  
to denote that (28) holds with the parameters if  sufficiently 
small and being selected sequentially, starting from 1f  and 
ending with .mf  While the sequential tuning of certain 
parameters in ES can be relaxed in some cases [66], to sim-
plify our presentation, we do not study such relaxations in 
this article. Instead, we observe that for most seeking 
dynamics based on averaging—though not all (see [95], 
[96], and [97])—whether modeled as differential equations 
or hybrid systems, the property of SGPAS is typically the 
strongest guarantee one can expect. For smooth seeking 
systems, such as in (3), the small parameters in f  are related 
to the dither amplitude ,af  the inverse of the dither fre-
quency ~  and, when additional dynamics such as filters 
are used, the corresponding inverse of the filter gain. For 
hybrid seeking systems, we will allow f  to also include 
parameters that are intrinsic to the hybrid dynamics, for 
example, dh  in the “source-seeking and surveillance” appli-
cation discussed in Example 3.

PART 2: HYBRID SET-SEEKING SYSTEMS FOR 
STATIC MAPS
Equipped with the modeling and analysis tools introduced 
in Part 1, we now consider a broad class of hybrid set-
seeking systems for solving model-free decision-making 
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problems. The primary objective in ES is to regulate the 
plant input u using only measurements of the output y to 
drive u toward the solution of an application-dependent opti-
mization or decision-making problem of the form

	  ( ),    J u uoptimize subject to  U! t � (29)

where the set U Rn1t  captures the constraints on the input, 
and (·)J  corresponds to the cost function, which is assumed 
to be sufficiently smooth. We assume that the set of solu-
tions to the problem (29) is not empty, and we denote it by 

,RO n1  which is also assumed to be compact. The fact that 
O  might not be a singleton further motivates the terminol-
ogy “set-seeking” as opposed to the more traditional names 
“extremum-seeking” or “equilibrium seeking.”

Remark 1
The decision-making problem (29) can also be formulated to 
study multiagent networked systems with individual out-
puts yi  and cost functions ,Ji  for all { , , },i N1 f!  where N is 
the number of subsystems. This case is relevant for distrib-
uted optimization problems as well as for Nash equilibrium 
(NE)-seeking problems in game theoretic scenarios; see, for 
instance, [51], [104], [105], [106], and [107] for different exam-
ples of seeking dynamics studied in these settings.

For the remainder of this section, we assume that the 
plant to be optimized is characterized by a static map J, as 
illustrated in the scheme of Figure 11. In this scheme, we 
use suggestive notation in which the data of the hybrid 

controller { , , , }C F D GH =  are allowed to depend on y, the 
output signal of the plant. This notation indicates that the 
particular structure of the data of H  is designed specifi-
cally for each application of interest. However, the general 
structure of the hybrid set-seeking controllers remains 
largely consistent across applications.

To investigate hybrid set-seeking systems with dynamic 
inclusions in the loop, we begin by extending the smooth 
seeking dynamics (3) to the setting of hybrid systems. Spe-
cifically, similar to Example  3, and to avoid dealing with 
time-varying differential inclusions whose averaged maps 
may be difficult to compute explicitly, we consider a class of 
time-invariant hybrid seeking systems consisting of a 
dynamic derivative estimator and a dither generator, with states 
( , ) ,R Rn n2#!p n  and a hybrid decision-making algorithm, 
with internal state ( , ) .x u z R R,u z

n r| #!= t t  Figure 12 shows a 
block diagram representation of the set-seeking controllers. 
Our objective is to design the system’s core components so 
that, using only output measurements ( )J u , the plant input 
u Rn!  is driven to a small neighborhood of the solution set 
of (29). The design must also ensure that the resulting 
closed-loop system satisfies the hybrid basic conditions.

Autonomous Derivative Estimators
The dynamic derivative estimators make use of n linear 
oscillators of the form (14), with overall state ( , , )n1| fn n n=

,S Rn n2! 1  satisfying ( , ) ,S, ,i i i1 2
1!n n n= <  for all { , , },i n1 f!  

and dynamics

	 ( ) ,     Sn!n ~ n nU=o � (30)

where the ~-parameterized block matrix :R Rn n2 2"U~  is 
given by
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with ( , , ) .n1 f~ ~ ~=  The entries of ~  are selected as 
( )/ ,i i~ l e= ~  where 02e~  is a tunable constant, and the 

il ’s are rational numbers that satisfy i j!l l  for i j!  and 
( , ) { , , } .i j n1 f!

ẋ ∈F(x,y) x ∈C(y)
x+ ∈G(x,y) x ∈D(y)

Hybrid Set-Seeking
Dynamics

Plant
y = J(u)

u y

FIGURE 11 A high-level conceptual feedback scheme of hybrid set-
seeking systems for static maps. 
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FIGURE 12 The main components of hybrid set-seeking systems with periodic probing. 
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The role of system (30) is to generate a vector of n peri-
odic probing signals with different frequency for the pur-
pose of real-time exploration. This is achieved by extracting 
the odd entries of the vector ,n  given by ( )t,i 1n =

( ) ( ) ( ) ( ),cos sint t0 0i i i i2 1 2~ n ~ n+-  for each { , , }i n1 f!  via 
multiplication with the matrix [ , , , , , , , , , ],e e e e0 0 0 0D i n1 2| f f=  
where 0 Rn!  corresponds to a column vector of zeros, and 
e Ri

n!  corresponds to the unitary vector with the ith  entry 
equal to one. Since, by the definition of its flow set in (30), 
the oscillator is restricted to evolve in ,Sn  we have 

( ) ( ) .0 0 1i i2 1
2

2
2n n+ =-  Moreover, the set Sn  is forward 

invariant, and since the system (30) has no solutions defined 
outside ,Sn  the set is also trivially UGAS for the dynamics 
(30). We note that although other types of dither signals 
and oscillators can be considered—including hybrid ones 
[108]—we focus here, for simplicity, on standard sinusoidal 
probing signals generated by linear oscillators.

The performance of the derivative estimators in ES sys-
tems can usually be enhanced by incorporating filters into 
the dynamics. For hybrid set seeking, we can start by con-
sidering a simple low-pass filter with state Rn!p  and con-
tinuous-time dynamics

	
k

y2 D
f

f

a
$ $p

f
p

f
n=- -o c m� (32)

where ,k 0f f 2f  are tunable parameters and which is 
allowed to evolve in a compact set ,B Rn| 1mK =p p  with 

R 0!m 2p  selected sufficiently large to encompass all the 
complete solutions of interest. As shown later in Theorem 
4 and in “Hybrid Set-Seeking Dynamics with Momentum 
and Resets,” it is also possible to incorporate filters with 
hybrid dynamics to, for example, improve transient per-
formance. However, we can simply take p p=+  when no 
discrete-time updates are incorporated into the filters. The 
compactness assumption on Kp  can also be relaxed under 
additional structure on the dynamics.

Hybrid Decision-Making Dynamics
As mentioned in the “Introduction,” the basic ES algorithm 
(3) is designed to approximate—on average—the behavior 

of the model-based “target” gradient flow (5). In the context 
of hybrid set-seeking systems, we aim to consider more 
general hybrid target systems for optimization and deci-
sion making. Therefore, instead of (3), we consider a class of 
hybrid seeking dynamics with state ( , ) ,x u z R R,u z

n r| #!= t t  
,r Z 0! $  where ut  is the main state of the system and where 

z Rr!  is an auxiliary state that can model timers, logic 
modes, memory states, etc.

The state x ,u z  evolves according to the following hybrid 
decision-making dynamics:

	 ( , ),     x F x x C, , , ,u z u z u z u z! !pdo t � (33a)

	 ( ),        x G x x D, , , ,u z u z u z u z! !d
+ t � (33b)

where the set-valued mappings :F R RRn r n n rC#d
+ +t  and 

:G R Rn r n rCd
+ +t  are allowed to depend on a small tunable 

parameter 02d  that provides flexibility for the design of 
the controller. It follows that the data of system (33) are 
given by , , , ;C F D GH , ,u z u z|=d d d

t t t" ,  it receives as input the 
state ,p  generated by the filter (32), and it generates the state 

,ut  which acts on the plant via the following control law:

	 .u u Daf n= +t � (34)

The nominal hybrid decision-making dynamics (33) are 
designed so that the following assumption holds.

Assumption 1 (Hybrid Decision-Making Dynamics)
The following properties hold:

a)	 There exists R 0!d) 2  such that for all ( , ]0!d d)

1)	 The sets C ,u z  and D ,u z  are closed and satisfy 
( ) ,P C U,u u z 1 t  ( ) ,P D U,u u z 1 t  where Pu  denotes the 

projection on the u-component of the set.
2)	 (·, ·)Fdt  is OSC, LB, and convex-valued relative to 

,C R,u z
n#  and (·)Gd

t  is OSC and LB relative to .D ,u z

b)	 There exists a compact set Rr1W  such that the 
set A O| #W=  is SGPAS as 0"d +  for the target 
hybrid decision-making system corresponding to 
(33) with ( ),J u| dp = t  where the set O  is the set of 
solutions to (29).

While condition (a) provides regularity to the data of 
system ,Hd

t  item (b) indicates that Hd
t  should be designed to 

guarantee that the set of solutions to problem (29) is stabi-
lized under the assumption that the gradient Jd  is known by the 
hybrid decision-making dynamics. Figure 13 shows a block dia-
gram representation of the target hybrid decision-making 
system considered in item (b) of Assumption 1. However, 
we stress that, in practice, the hybrid controller will use only 
real-time measurements of J, and the exact mathematical 
forms of J and Jd  are assumed to be unknown. However, 
qualitative properties of J, for example, quadratic-like struc-
tures, convexity, invexity, etc., are typically used to study 
stability in ES algorithms.

If Hd
t  does not depend on any parameter ,d  then item 

(b) in Assumption 1 simply asks that the set A  is UGAS. 

ẋu,z ��F��(xu,z, y)ˆ

x+
u,z ��G��(xu,z)ˆ

u y

Target Hybrid Decision-Making System

�J (u)ˆ

xu,z ��Cu,z

xu,z ��Du,z

FIGURE 13 A conceptual feedback scheme of the target hybrid 
decision-making system considered in Assumption 1. 
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If, additionally, system (33) does not depend on any aux-
iliary state ,z Rr!t  then the set W  can be neglected, and 
we can take C C R,u z u

n1=  and .D D R,u z u
n1=  We will 

use the convention r 0=  to specify this case. Finally, note 
that if, in addition, we have that ,Du Q=  ,C Ru

n=  and Fdt  
is a Lipschitz continuous function, then the previous 
properties reduce to the standard assumptions consid-
ered in the modern literature of smooth ES [65], [72], 
[109]. Local (practical) stability results can also be estab-
lished when only the local qualitative properties of Jd  or 
J are known.

Hybrid Set-Seeking: Closed-Loop System
The overall hybrid set-seeking dynamics are obtained by 
interconnecting the static plant ( ),y J u=  the oscillator (30), 
the filter (32), and the hybrid decision-making dynamics 
(33) using the feedback law (34). The resulting hybrid 
system has an overall state ( , , )x x R,u z

r n4| !p n= +  and data 
given by { , , , },C F D GH|=  with

	 C C S,u z
n# #| K= p � (35a)
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m � (35b)

	 D D S,u z
n# #| K= p � (35c)

	 ( )
( )

.x G x
G x ,u z

|! p

n

=
d

+

t

f p � (35d)

The stability properties of (35) are captured by the follow-
ing theorem, which follows by computing the average 
dynamics of (35) with respect to n  and then applying sin-
gular perturbation arguments to study the average hybrid 
dynamics as a perturbed multitime-scale system with the 
state p  evolving on a faster timescale; see Theorem 6 and 
“Remark 1: Averaging Using Singular Perturbations” in 
“Singularly Perturbed HDSs.”

Theorem 3
Suppose that Assumption 1 holds. Then, the hybrid set-
seeking system (35) with ( )y J u=  and the feedback con-
trol law (34) renders the set A Sn# #Kp  SGPAS as 
( , , , ) .0f a "d f f f~

+ � 4
The stability result of Theorem 3 states that the trajecto-

ries of (35) satisfy bounds of the form (26) with respect to 
the set A .Sn# #Kp  In particular, since Kp  and Sn  are com-
pact, the state x ,u z  in (35) satisfies

	 | ( , )| (| ( , )| , )x t j x t j0 0A A, ,u z u z# b o+ + � (36)

for all ( , ) ( ) .t j xdom ,u z! . Note that Theorem 3 does not 
make assertions about the completeness of solutions since 

these properties need to be established for each particular 
application under an appropriate design of the data of the 
hybrid system.

Remark 2
The SGPAS result of Theorem 3 also establishes a tuning 
order for the parameters ( , , , ) .f ad f f f~  The first parameter 
to be selected “sufficiently” small is ,d  such that item (b) 
in Assumption 1 holds. Subsequently, the parameters ,ff  

,af  and f~  should be selected to be sufficiently small, in 
that order.� 4

Corollary 1
Suppose that Assumption 1 holds and the sets C ,u z  and D ,u z  
are bounded. Then, the hybrid dynamics (35) with ( )y J u=  
and control law (34) render the set A Sn# #Kp  Globally Prac-
tically Asymptotically Stable (GPAS) as ( , , , ) .0f a "d f f f~

+ � 4
Achieving global stability when the flow and jump sets 

are bounded is particularly relevant for ES problems 
defined on smooth compact manifolds. In such spaces, 
standard ES algorithms with target decision-making 
dynamics characterized by smooth ODEs can achieve only 
local, or, at best, almost global asymptotic stability. This fol-
lows because such spaces are not contractible, a property 
that is needed for globally asymptotic stability in smooth 
dynamical systems [110]. However, hybrid set-seeking sys-
tems can overcome these limitations and achieve global 
bounds of the form (36), see [111] and [112].

Remark 3
When ,D ,u z| Q=  system (35) does not experience jumps, 
and the set-seeking dynamics reduce to the continuous-
time system

	 C C S,u z
n# #| K= p � (37a)

	 ( )

( , )

( )

.x F x

F x
k

y2 D

,u z

f

f

a
| $!

p

f
p

f

~ n

n

U

= - -

d

o

tJ

L

K
K
K
KK

c

N

P

O
O
O
OO
m � (37b)

Set-valued ES systems of the form (37) can emerge in appli-
cations where the optimizing vector field is discontinuous. 
In such cases, Fdt  will correspond to the Krasovskii regular-
ization of the vector field (see “Krasovskii Solutions of 
ODEs” in “Continuous-Time Set-Valued Dynamical Sys-
tems”). If, on the other hand, Fdt  is a Lipschitz continuous 
function, and ,C R,u z

n=  then (37) recovers the standard 
framework for the study of gradient-based smooth ES 
dynamics [45], [66], [65].� 4

One of the advantages of modeling seeking systems 
with autonomous dither generators of the form (30) is that 
the resulting closed-loop system (35) satisfies the hybrid 
basic conditions and has suitable stability properties with 
respect to a compact set (see Theorem 3). As a consequence, 
one can directly study the inflated hybrid system (24) 
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obtained from the data of the hybrid seeking dynamics (35) 
to establish the following robustness result via [8, Thm. 7.21].

Corollary 2 
Suppose that Assumption 1 holds. For each compact set of 
initial conditions ,K Rn r

0 1
+  let Theorem 3 generate suffi-

ciently small parameters ( , , , )f af f fd ~  such that property (36) 
holds. Then, the inflated hybrid set-seeking system (24) gen-
erated from the data of system (35), with control law (34), ren-
ders the set A Sn# #Kp  SGPAS as 0"t +  (relative to ) .K0 �4

Since, as discussed in Part 1 of this article, the inflated 
system (24) can capture a variety of additive disturbances 
and perturbations acting on the states and dynamics of 
the algorithms, the result of Corollary 2 essentially implies 
that the hybrid set-seeking algorithms (35) will retain 
their (semiglobal practical) stability properties under a 
broad class of small additive disturbances and perturba-
tions acting on the states and dynamics of the algorithms.

Remark 4 
To account for situations where the plant output is influ-
enced by external events, such as sporadic feedback mea-
surements or external malicious signals, the filter in (35b) 
can be modified to adopt the more general structure

	 ( )
k

x yD2
,

f

f

a
u z

f f
p p c n=- -o c m� (38)

where (·)c  is a continuous function. In this case, item (b) of 
Assumption 1 should hold with ( ) ( ) .x J u,u z dp c= t � 4

Hybrid Set-Seeking Dynamics With Hybrid Filters
By removing any explicit dependence of Fdt  on the oscil-
latory signal ,n  the nonhybrid low-pass filter considered 
in (35) facilitates the computation of the average hybrid 
dynamics for a broad class of set-valued decision-mak-
ing dynamics (33). However, this comes at the price of 
having an additional timescale in the system induced by 

Singularly Perturbed HDSs

Stability properties of ES systems rely on multiple times-

cale separations induced in the closed-loop system via 

the appropriate tuning of the control parameters. Singular 

perturbation theory is a well-established field in the literature 

of differential equations that enables the study of systems for 

which certain states evolve in a faster timescale and converge 

to a quasi-steady-state manifold, where the original system 

can be “reduced” [57], [58]. Here, we review some extensions 

of singular perturbations to hybrid systems [102], [S6], [S7] that 

fit the models considered in this article. Further details can be 

found in [S7].

HYBRID SYSTEMS WITH “FAST” AND” SLOW” STATES

Consider a hybrid system with states ( , )x RRn n1 2#!i  and the 

following dynamics:

	 ( , ) ,
( , )
( , )

x C C
x F x

F x
    x

x
#|!

!

!
i

i

fi i
H=

i

o
o) � (S19a)

	 ( , ) ,     ( , ) ( , )x D D x G xx #|! !i i iH= + + � (S19b)

where the set-valued mappings :F R R Rx
n n n1 2 1C#  and 

:F R R Rn n n1 2 2C#i  characterize the continuous-time dynam-

ics of x and ,i  respectively. Similarly, :G R RRn n n n1 2 1 2C# +  

describes the jump map of the system. The flow set C is 

composed of the Cartesian product of the sets C Rx
n11  and 

,C Rz
n21  while the jump set D is composed of the sets D Rx

n11  

and .D Rn21i  We make the assumption that system (S19) sat-

isfies the hybrid basic conditions and that H  is a compact set.

In system (S19), R 0!f 2  is a small parameter that induces 

a timescale separation between the continuous-time dynam-

ics of the state x Rn1!  and the continuous-time dynamics of 

.Rn2!i  In particular, when f  is small, x Rn1!  behaves as a 

“slow” state in the system, while Rn2!i  behaves as a “fast” 

state. When the fast dynamics in system (S23) define a suit-

able “quasi-steady” state, the behavior of the state x can be ap-

proximately predicted by a reduced system. For example, this 

is the case when i  converges to a continuously differentiable 

quasi-steady-state manifold : ,m R Rn m"  as is usually the case 

in the literature of differential equations. However, in the con-

text of hybrid systems, it is common to have fast dynamics for 

which the quasi-steady state is actually characterized by a set-

valued mapping : .M R Rn mC  In such cases, we assume that M 

is OSC and LB and that for each ,02t  the set

	 {( , ) : ( ), }M x M x x B! !i i t=t � (S20)

is UGAS for the following boundary layer dynamics:

	 ( , ) , , ( , ) .x C x F x0       Bx + #! !i t i iH = io o^ h � (S21)

Note that in (S21), the state x is taken as a constant from any 

initial condition on .C Bx + t

Using the mapping M, the reduced hybrid system, with 

state ,x Rr
n!  can be defined using the following dynamics:

	 ,   ( ) { : ( , ), ( )}x C x F x f f F x M xcox r x|! ! ! !i i=o � (S22a)

	 ,   ( ) { : ( , ) ( , ),  } .x D x G x f f f G xx r x1 1 2|! ! ! !i i H=+ �(S22b)

By construction, and by the assumptions on the data of system 

(S19), the reduced hybrid system (S22) satisfies the hybrid ba-

sic conditions.
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selecting 0f 2f  sufficiently small and by restricting p  to 
evolve in a compact set for the purpose of stability analy-
sis. Nevertheless, it is possible to relax these assumptions 
by replacing the flow and jump sets of (35) with the more 
general sets

	 ,      C C D DS S, , , ,u z c
n

u z d
n# #| | # #K K= =p p � (39a)

where , R, ,c d
n1K Kp p  are closed sets, and by considering the 

following flow and jump maps:

	 ( )

( , )

( )

x F x

F x

k y2 D
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f
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| $!

p

p
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~ n
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d

o
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K
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	 ( )
( , )
( , )x G x

G x
G x

,

,

u z

u z|!
p

p

n

=
d

p
+

t

f p� (39c)

where the set-valued maps Gd
t  and Gp  are both assumed to 

be OSC and LB relative to .D , ,u z d#Kp  In this case, we con-
sider the following assumption.

Assumption 2
Condition (a) of Assumption 1 holds, and for the target 
hybrid decision-making dynamics

	  
( , )

( )
, ( , )

x F x
k J u

x C
, ,

, , ,
u z u z

f
u z u z c#

d
! !

p

p

p l
p K

- -
d

p

o
o

t

t
e e ^o ho � (40a)

	  
( , )
( , )

, ( , )x G x
G x

x D, ,

,
, , ,

u z u z

u z
u z u z d#! !

p

p

p
p K

d

p
p

+

+

t
e eo o � (40b)

where ,k 0f2  there exist R!l  and compact sets Rz
r1W  and 

Rf
n1W  such that the set A O z f| # #W W=  is SGPAS as .0"d +

With Assumption 2 at hand, we can establish the follow-
ing theorem.

Theorem 6 (SGPAS in Singularly Perturbed HDSs)

Suppose that there exists a compact set A Rn11  that is UGAS 

for the reduced HDS (S22). Then, the singularly perturbed 

HDS (S19) renders the set A#H  SGPAS as .0"f +

When the hybrid system (S19) possesses additional 

structure, stronger results, such as UGAS or UGES, can 

be established. For instance, in the context of hybrid ES 

with hybrid filters operating on a faster timescale, the 

flow and jump sets in (S19) take the form C C Cx #= i  and 

,D D Dx #= i  where Ci  and Di  are not necessarily compact. 

By imposing the appropriate Lyapunov-based conditions on 

the reduced dynamics, boundary layer dynamics, and cer-

tain interconnection properties, UGAS or UGES can usually 

be established for these dynamics, provided that f  is suf-

ficiently small [102, Sec. 5]. This approach mirrors the clas-

sical composite Lyapunov method based on quadratic-like 

Lyapunov functions used to analyze singularly perturbed 

differential equations [S11].

Remark 1: Averaging Using Singular Perturbations

There are close connections between averaging and certain 

models of singularly perturbed systems. For example, when 

the fast state in (S23) does not settle to a point but instead os-

cillates, it is still possible to define a well-posed reduced hybrid 

system. For example, when the continuous-time dynamics in 

(S23) have the form

	 ( , ) ,     
( , )
( , )

x C C
x f x

f xx
x

#|!i
i

fi i
H

=

=
=

i

o
o) � (S23)

and the jump map in (S19b) is of the form ( , ) ( ) { }G x G xx #i i= , 

we can define a hybrid reduced system using the data

	 ,   ( )x C x f xx! =r r r ro � (S24a)

	 ,   ( )x D x G xx! !+r r r � (S24b)

where fr is a continuous function that satisfies

	 ( ( , ( )) ( , )) ( )dT f x s f x p s T1
x

T
K

0
#i c- r# � (S25)

for all T R 0>!  all ,x C Kx +!  all compact sets ,K Rn11  and all 

solutions : [ , ]T0 Rn2"i  of the dynamics ( ) ( , ( )),t f x ti i= i
o  where 

(·)Kc  is a continuous nonincreasing function that satisfies 

( )lim T 0T Kc ="3  and that is allowed to depend on K. Note that 

the definition of fr in (S25) is similar to the average map defined 

in (S16). Indeed, one can study oscillatory hybrid systems with 

fast states generated by time-invariant systems via averaging 

using the model (S24). This observation is important to exploit 

robustness properties in well-posed hybrid systems with com-

pact attractors.
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Theorem 4
Suppose that Assumption 2 holds. Then, the hybrid set-
seeking system (39) with ( )y J u=  and control law (34) ren-
ders the set A Sn#  SGPAS as ( , , ) .0a "d f f~

+ � 4
Seeking systems with hybrid filters is useful for incor-

porating resets or restarting mechanisms to reduce over-
shoot, improve transient performance [69], [94], [113], or 
regularize accelerated gradient flows with dynamic 
damping, which can speed up convergence when the cost 
function exhibits low curvature [69], [114], [115]. In such 
systems, the continuous-time dynamics of p  can be appro-
priately modified without significantly altering the struc-
ture of (40).

Hybrid Set-Seeking Dynamics With Growing Timers
We now consider the simpler hybrid set-seeking systems 
that dispense with the filters and for which the time varia-
tion in the dither signal is generated by an exogenous timer 
that grows unbounded, as in systems (3) and (19); see also 
“Averaging Theory: From ODEs to Hybrid Systems.” In this 
case, we can consider hybrid set-seeking systems with con-
trol law (34) and dynamics

	 !( , )  ,
( , ( ))

x C
x F x y

1     R, ,

, ,

u z u z

u z u z

0

a

#
$

x
n x

x
f

=

=
$

d f

~

o

o

t

* � (41a)
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u z u z
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=

=
$

d
+

+

t
) � (41b)

where ( ) ( / )( ( ), ( ), , ( )),sin sin sin2 2 2 2a n1 2a | fn x f rl x rl x rl x=f  
and the parameters 0i 2l  are rational and satisfy i j!l l  for all 

{ , , , } .i j n1 2 f! !  Note that the “bouncing” seeking system 
studied in Example 2 has the form of (41). When ,D ,u z Q=  

,C R,u z
n=  and ( )F y an x=-d f

t  we recover the most basic contin-
uous-time ES scheme studied in the literature [45], [66].

The stability properties of the hybrid set-system (41) are 
studied under the following assumption, which leverages 
the notion of the average map introduced in “Averaging 
Theory: From ODEs to Hybrid Systems.”

Assumption 3
There exists R 0!d) 2  such that for all ( , ],0!d d)  the follow-
ing properties hold:

a)	 Condition a)-1 of Assumption 1 is satisfied, and the 
functions Fdt  and Gd

t  are continuous.
b)	 There exists a compact set Rr1W  such that the set 
A O| #W=  is SGPAS as 0"d +  for the target hybrid 
decision-making dynamics

	 ( , ( )),    x F x J u x C, , , ,u z u z u z u zd != do t t � (42a)

	 ( ),            .x G x x D, , , ,u z u z u x u z!= d
+ t � (42b)

c)	 For each compact set ,K Rn1  there exists 0a 2f)  such 
that for all ( , ),0a a!f f)  the average map of Fdt  in (41), 

denoted ,Fdr  satisfies ( ) ( )F x F x, ,u z u za!d f
r r r  for all ,x K,u z !r  

where F af  is the inflated set-valued map constructed 
as in (24b) from the data ( ) ( , ( )) .F x F x J u, ,u z u z| d= d

t t

The conditions of Assumption 3 essentially ask that the 
flow map in (41) is designed such that, as ,0"f~ +  and on 
average, the hybrid dynamics behave as an af -perturbed 
hybrid system for which the unperturbed nominal dynam-
ics (42) are able to solve the decision-making problem (29).

A direct application of averaging tools—see Theorems 1 
and 2 in “Averaging Theory: From ODEs to Hybrid Sys-
tems”—along with robustness results for hybrid systems 
satisfying the hybrid basic conditions (see [8, Thm. 7.21]), 
leads to the following theorem concerning the closed set 
A .R 0# $

Theorem 5 
Suppose that Assumption 3 holds. Then, the hybrid set-
seeking system (41) with ( )y J u=  and control law

	 ( )u u 2
a
2

a
f
n x= + ft

renders the set A R 0# $  SGPAS as ( , , ) .0a "d f f~
+ � 4

Hybrid Set-Seeking Systems With Estimates of  
Higher Derivatives
A variety of decision-making dynamics benefit from incor-
porating higher-order derivatives of the cost function to 
improve transient performance. For example, Newton 
methods utilize the second derivative of J to eliminate con-
vergence dependence on the cost function’s curvature. In 
smooth ES systems, it has been shown [64], [65], [72] that 
higher-order derivatives can also be embedded into the 
controller through suitable design and manipulation of the 
dither signals n  and the output function y. Naturally, simi-
lar extensions are possible in the context of hybrid set-seek-
ing systems by appropriately modifying the flow maps in 
(35b) or (41a). While we do not explore these manipulations 
in detail, we refer the reader to [64], [65], [72], [116], and [117] 
as well as to an example in the next section, where an ES 
algorithm switches between Newton- and gradient-based 
dynamics to enhance performance.

EXAMPLES AND APPLICATIONS OF HYBRID  
SET-SEEKING SYSTEMS
The study of adaptive seeking systems with logic modes, 
event-based rules, and set-valued dynamics opens new 
avenues for research at the intersection of real-time 
model-free control and computer science, with applica-
tions in CPSs. In particular, equipped with the previous 
theoretical tools, in this section, we now study different 
types of hybrid set-seeking algorithms, including sys-
tems that can be modeled as logic-based switching ES, 
state-based switched ES, and reset-based ES. By working 
with well-posed hybrid systems, we show how different 
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“if-then” rules can be systematically incorporated into 
set-seeking algorithms while providing stability and 
robustness guarantees that parallel those existing for con-
tinuous-time systems.

Constrained Seeking via Set-Valued Dynamics
By considering (35) with ,x uuz = t  ,r 0=  Jdp =  and sets 

,C U,u z = t  ,D ,u z Q=  ,C D Gz z QW= = = =dt  we can apply The-
orem 3 to establish stability properties for a broad class of 
novel continuous-time set-valued set-seeking systems, where 
the target decision-making dynamics evolve according to

	 , ( ) , .u f u J u u   Ud! !ot t t t t^ h � (43)

In particular, set-valued algorithms of the form (43) are 
common in decision-making problems with constraints 
due to the use of inner parametric optimization loops [118], 
[119], [120], projections [121], or state-dependent switching 
rules [122]. The following example considers a set-valued 
seeking algorithm inspired by population dynamics [118] 
and also illustrates the discussion on Remark 1.

Example 10 Nash Equilibrium-Seeking in Population Games)
Consider a multiagent system with three agents having 
payoffs of the form

	 ( ),  ( ),  ( )J u u u J u u u J u u u1 1 3 2 2 2 3 1 3 3 2 1= - + = - + = - + � (44)

and actions ( , , )u u u u R1 2 3
3!=  restricted to evolve in the 

simplex set { : },u u u u 1U R 0
3

1 2 3| != + + =$
t  which is com-

pact and convex. The agents seek to optimize their own 
payoff Ji  by controlling their own action ,ui  subject to the 
coupled constraint imposed by the set ,Ut  resulting in a 
generalized NE-seeking problem. Since the vector of par-
tial gradients ( , , )J J J J1 1 2 2 3 3d d d d=  has entries given by 

,J u u1 1 3 2d =- +  ,J u u2 2 3 1d =- +  and ,J u u3 3 2 1d =- +  the 
NE-seeking problem can also be studied as a rock-paper-
scissors population game with three strategies [118]. The 
unique NE of this game is given by (( / ), ( / ), ( / )) .u 1 3 1 3 1 3=)  
To learn u)  using only measurements of ,Ji  players can 
implement (35) with the dynamics

	 : ,maxu ku k w w u u   U U
u U

! ! !p p- + =< <

!

ot t t t t t
t t$ . � (45)

where .k 02  By construction, the set-valued dynamics (45) 
satisfy condition (a) of Assumption 1. Moreover, item (b) of 
Assumption 1 can be verified by studying the target system 

{ : },   ,maxu u w w J u J uU Uu Ud d! ! !- + = <<
!

ot t t t t t
t t  which ren-

ders UGAS the NE .u)  Indeed, this stability property holds 
for a broader class of population games that satisfy 
( ) ( ( ) ( ))u u J u J u 0a b a bd d #- -<  for all ,u u Ua b ! t  [118, Thm. 
7.2.7], which allows us to verify Assumption 1 without the 
explicit knowledge of the costs .Ji  Figure 14 shows three 
different trajectories generated by the set-seeking dynam-
ics (35) using (45), evolving on the set ,Ut  and converging to 

a neighborhood of the NE .u)  Note that the slow-frequency 
oscillations shown in the inset in Figure 14(a) are not 
induced by the proving signals ,n  but instead by the dis-
continuous nature of the dynamics (45). On the other hand, 
the oscillatory behavior on the state ,p  induced by the prob-
ing signals, is clearly shown in Figure 14(b). For this simula-
tion, the parameters were selected as . ,0 01af =  . ,k 0 005=  

/ ,k 10f ff =  and ( . , , . ) .18 5 20 25 3 104#~ =

Set-valued dynamical systems are also common in the 
analysis of projected gradient-based algorithms. The fol-
lowing example illustrates this application in a seeking 
algorithm that satisfies Assumption 2, where the filter and 
the decision-making dynamics are designed to operate on 
the same timescale.

Example 11 (Set Seeking With Projected Dynamics)
Consider a model-free optimization problem of the form 
(29), where J is strictly convex, and Ut  is a closed and 
convex set with nonempty interior, describing safety con-
straints that need to be satisfied for all time. To tackle this 
problem, we can consider the set-seeking system (39) with 
D Q=  and

	 ( ),    u k u UP ( )T uU !p= -ot tttt � (46)

970 980 990

260.62 260.624 260.628

578.752 578.754 578.756 578.758

100 200 300 400 500

Time (s)

(a)

(b)

Time (s)

600 700 800 900

–0.8

S
ta

te
s 

of
 th

e 
F

ilt
er

s

–0.6
–0.4
–0.2

0
0.2
0.4
0.6
0.8

–0.04
–0.02

0
0.02

110.12 110.124 110.128

0.5
0.6
0.7

–0.45
–0.4

–0.35
–0.3

–0.25

–0.084

–0.08

–0.076

–0.072

0.2

R

0.4

0.6
200 400

Time (s)
600 800 1,0000

0

0.5

1

0.8

1

0
0

0.5
S

1 0 0.2 0.4
P

0.6 0.8 1

u1(t) + u2(t) + u3(t) = 1

u� = (  ,  ,  )1
3

1
3

1
3

FIGURE 14 The trajectories of the set-seeking system studied in 
Example 10. (a) Three simulations with different initial conditions 

( ),u 0t  evolving on the simplex Ut  and converging to a neighbor-
hood of .u)  (b) The time evolution of the filter states for one par-
ticular initialization of the algorithm. 
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where k 02  and ( )·PTUt  projects the vector p-  onto the 
tangent cone of Ut  at .ut  In general, this projection leads 
to discontinuous vector fields, necessitating tools from 
nonsmooth analysis (see “Continuous-Time Set-Valued 
Dynamical Systems”): namely, the use of Krasovskii reg-
ularizations (S5). Indeed, under mild regularity assump-
tions on J and Ut  (see [70]), the Krasovskii solutions to (35) 
and (46) coincide with their standard (Carathéodory) 
solutions. Therefore, the resulting target average system 
(40), given by

	 ( ),    ( ) ,  u k J u u UP ( )T u fU d !p p p= - =- -o ot tt ttt ^ h � (47)

renders the set A { } { ( ))}u J u U Rn# #d != ) ) t  UGAS for k f  
sufficiently small and ;1l =  see [70, Lemma 10]. It follows that 
Assumption 2 is satisfied with ,R, ,c d

nK K= =p p  and k 0f 2  
sufficiently small [70, Lemma 10]. Therefore, by Theorem 4, the 
model-free set-seeking dynamics (39) assure convergence to a 

neighborhood of the optimal solution u)  in .Ut  Figure 15 shows 
a trajectory generated by (39) using the dynamics (46), approxi-
mately tracking the time-varying minimizer of a slowly vary-
ing cost function of the form ( ) ( ) ( ) ,J u u q u q1 1

2
2 2

2= - + -  
where ( ) ( ( ), ( ))t q t q t q t1 27 |=  is a slowly varying parameter 
and where the feasible set Ut  corresponds to a 45°-rotated box 
centered at the origin. As observed, the trajectories ut  gener-
ated by the set-seeking dynamics remain in Ut  for all time. The 
simulation used the parameters . ,0 01af =  ( , ),100 150~ =  and 

,k 1f =  . .k 0 2=  The state q was generated by a linear oscillator 
of the form (14) with frequency equal to 0.001. We note that ES 
systems with projected dynamics can also be studied using 
Lipschitz vector fields [70, Sec. IV.A] as well as smooth Rie-
mannian projections for decision-making problems defined 
on manifolds [106], [112].

Example 12 (Seeking with Unknown Constraints)
In Examples 10 and 11, the constraints that describe the 
decision-making problem (29) were known a priori by the 
practitioner. However, in certain applications, the precise 
mathematical form of the function that describes the con-
straints is also unknown. In particular, consider the con-
strained ES problem (29), where J is strictly convex and

	 { : ( ) }u c u 0U Rn! #=t � (48)

where :c R Rn "  is an unknown smooth convex function 
that is accessible only via evaluations and such that Ut  has 
nonempty interior. To tackle the seeking problem with 
unknown constraints, we can consider the dynamics (35) 
with D Q=  and the set-valued rule

	
{ }

( , )
{ }

 ( )
( )

 ( )

u k K
c u
c u
c u

0
0
0

if
if 
if

J

J c

c

$
1

2

!
p

p p

p

-

-

=
ot

t

t

t

* � (49)

where ,k 02  ( , ) { : ( ) , [ , ]},K z z 1 0 1RJ c
n

J c| ! !p p mp m p m= = + -  
and where the states Jp  and cp  are generated by low-pass 
filters of the form (32), with inputs ( )y J u=  and ( ),y c u=  
respectively. It follows that condition (a) of Assumption 1 
holds [122], and the target decision-making system (33) 
associated with (49) is given by
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  ( )
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 ( )

u k
J u

K u
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c u
c u
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0
0
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$
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!
-

-

=
ot

t

t

t

t

t

t

* � (50)

where ( ) { : ( ) ( ) ( ), [ , ]},K u z z J u c u1 0 1Rn| d d! !m m m= = + -t t t  
which also satisfies item (b) of Assumption 1 [122]. There-
fore, by Theorem 3, the trajectories of (35) with dynamics (49) 
converge to a neighborhood of ,u)  the optimizer of J in  .Ut  
Figure 16 depicts a trajectory of the seeking dynamics gen-
erated by (49). The trajectory is initialized outside the fea-
sible set and tracks the minimizer of a slowly varying cost 
function ( ) .J u  In this case, ( ) ,c u a u b= +<  where [ ],a 1 2= - -  
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FIGURE 15 The trajectories of the set-seeking system studied in 
Example 11. (a) The evolution of the trajectories ut (red) within the 
feasible set ,Ut  corresponding to the rotated square. The blue tra-
jectory represents the slowly varying minimizer of the cost func-
tion J in .R2  As shown, the red trajectories closely follow the blue 
trajectory inside the feasible set. (b) The trajectories of u1t  (blue) 
and u2t  (red), the optimal solution u)  (black dotted), and the time-
varying maximizers in R2  (dotted red and blue). As shown in the 
inset, the trajectory ut closely tracks the constrained optimal solu-
tion .u)  
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,b 2=  and J is the same as in Example 11. The parameters 
used in the simulation were . ,0 01af =  ( , ),100 250~ =  

,k 1f =  and . .k 0 1=  As shown, the trajectory exhibits two 
phases. Initially, it converges to the feasible set while disre-
garding feedback from the cost function. Once inside the 
feasible set, the seeking dynamics drive it to a neighbor-
hood of the optimal solution .u)  As is typical, the discon-
tinuous nature of (49) induces chattering along the 
boundary of the feasible set .Ut  In the next sections, we 
show how to avoid this chattering by introducing time reg-
ularization via resetting timers or spatial regularization 
via switching conditions that induce hysteresis.

Seeking With Arbitrarily Fast Switching Dynamics
Let { , , },q1Q max| f=  where ,q Zmax 1! $  and consider a col-
lection of set-valued mappings : ,f R RRq

n n nC#  with main 
state ,u Rn!t  auxiliary state ,q Q!  and target decision-
making dynamics (33) with ,Jdp =  given by

	 , ( ) ,   ,   ( , )u f u J u q u q0 U Qq #d! !=o ot t t t t^ h � (51a)

	 ,            ,  ( , ) \{ } .u u q u q qUQ Q#! !=+ +t t t t � (51b)

The update rule (51a) describes a gradient-based differen-
tial inclusion parameterized by a constant q. On the other 
hand, the dynamics (51b) model the switches of q to a dif-
ferent mode in the set Q  while keeping the main state ut  
constant. Figure 17 provides a typical graphical representa-
tion of logic-based systems that switch between different 
modes. Such types of representation are connected to the 
well-known hybrid automata, which can also be written as 
an HDS (17); see [8, Ex. 1.10]. In this sense, the tools pre-
sented in this article can also be used for the synthesis and 
analysis of seeking systems based on hybrid automata. 
Nonsmooth systems of the form (51a) can also be consid-
ered for the study of ES algorithms with finite-time or 
fixed-time (practical) convergence properties [123], [124].

Let the data of (51) satisfy the conditions in Assump-
tion 1)-(a) so that it can be used as a suitable target hybrid 

decision-making system. The following proposition, 
adapted from [91] and [125], establishes that item (b) in 
Assumption 1 also holds under arbitrarily fast switching of 
q, provided that there exists a common Lyapunov function 
that certifies the stability of (51a) with respect to the set O  
across all modes .q Q!

Proposition 1 (Seeking Under Fast Switching)
Suppose that for each ,q Q!  the mapping fq  in (51a) is OSC, 
LB, and convex-valued. Suppose also that there exists 

, ,K1 2 !a a 3  a continuous positive definite function 
: ,W RR 0 0"$ $  and a continuously differentiable function 
: ( ) ,V Vdom R 0" $  with ( ),VdomU 1t  such that for all 

,u U!t t  all ,f fq!u  and all :q Q!

	 (| | ) ( ) (| | )u V u u1 2O O# #a at t t � (52a)

	 ( ), (| | ).V u f W u Od #G H -t tu � (52b)

Then, the differential inclusion

	
( , ( )) ( , ( )),    u F u J u f u J u uco Uq

q Q

|d d! !=
!

ot t t t t t t t'
�

(53)

has the structure of (33) with the state ,x uuz = t  ,r 0=  ,Jdp =  
and sets ,C U,u z = t  ,D ,u z Q=  .C D Gz z QW= = = =dt  More-
over, system (53) satisfies Assumption 1, and for each non-
purely discrete solution ( , )u qt  of the switching system (51), 
ut  is also a solution to (53). � 4

The main takeaway from Proposition 1 is that seeking 
algorithms can be designed and analyzed to switch arbi-
trarily fast between a finite number of modes, provided that 
that their continuous-time target decision-making dynamics 
share a common Lyapunov function. In this case, all (non-
discrete) solutions of the switching decision-making dynam-
ics (51) can be generated by the differential inclusion (53). 
Note that common Lyapunov functions satisfying the condi-
tions of Proposition 1 emerge frequently in optimization 
algorithms since the cost function J usually serves as a 
common Lyapunov function for different optimization 
dynamics. For example, this is the case in the standard gra-
dient ascent and Newton methods as well as related dynam-
ics, such as the Newton variable structure algorithm or the 
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c (u) � 0
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FIGURE 16 The trajectories ut of the seeking dynamics in Exam-
ple 12. After converging to the feasible set, the trajectories approx-
imately track the slowly varying optimizer .u)  
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FIGURE 17 Logic-based ES allows one to switch between different 
algorithms or “operating modes.” 
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continuous Jacobian matrix transpose algorithm, for qua-
dratic cost functions (see [126, Ch. 2]). A common Lyapunov 
function also emerges frequently in algorithms for distrib-
uted optimization and learning in multiagent systems with 
undirected switching communication topologies [127], [128].

Example 13 (Switching Multiagent Seeking Systems)
Consider a multiagent system where N agents seek to coopera-
tively solve the following consensus-optimization problem:

	 ( ) ( ), , . .min J u J u u s t u u uR
i

N

i i i
n

N1 1 2 f!= = = =
=
/ � (54)

Agents can communicate only to neighbors, who are char-
acterized by an undirected graph that is allowed to change 
topology arbitrarily fast but which is connected at all 
times. Since (54) is a well-studied problem in the literature 
whenever the gradients Jid  are known to the agents, there 
is a plethora of potential target nominal dynamics (33) that 
could be considered for the design of an ES system [129]. To 
illustrate the use of Krasovskii solutions, we consider the 
dynamics

	 ( , ) ( )u F u k u u ksign,
( )

i i i
j t

j i i
Ni

! p
d

cp= - -
!

d
ot t t t t/ � (55)

where sign  is the set-valued map defined in (S5); that is

	 ( )
{ }

[ , ]
{ }

.z
z
z
z

1
1 1
1

0
0
0

sign
 if 
 if 
 if 

2

1
= -

-

=* � (56)

To generate ,ip  each agent implements its own autonomous 
derivative estimator (30) using its own cost function Ji  as 
input. In this way, agents share information with neighbors 
only via the dynamics (55). By indexing all possible graph 
topologies using a set of logic modes { , , , },q1 2Q maxf=  the 
resulting system has the form (51), where each fixed logic 
mode q represents a particular graph topology. Figure 18 
presents a numerical example with five agents, showing 
the evolution in time of the states ,uit  which converge to the 
optimal solution. The cost functions used in the simula-
tions are given by ( / ) ,J u u b u1001 2i i i i i= - <<  where b1 =

( , , , , ) ,1 2 3 4 5 <  ( , , , , ) ,b 5 4 3 2 12 =
<  ( , , , , ) ,b 2 3 4 5 13 =

<  ( ,b 34 =

, , , ) ,4 5 1 2 <  ( , , , , ) ,b 4 5 1 2 35 =
<  and the ES parameters are 

. ,0 8af =  . ,k 0 05=  . ,k 0 1f =  . ,0 1lf =  ( / , / , / ,500 5 6 3 8 2 3~ =

/ , / ),4 5 7 10  ,15a =  and . .0 1c =  It can be verified that, in 
this example, the target nominal system (55) with Ji idp =  
and sufficiently large d  admits a common Lyapunov func-
tion across all connected undirected graphs [129]. It follows 
that Proposition 1 holds, and therefore, by Theorem 3, the 
set-seeking dynamics achieve practical convergence to the 
set of solutions of (54).

Seeking With Average Dwell-Time Switching
When a common Lyapunov function does not exist for the 
target switching system (51), it is still possible to stabilize O  
in a semiglobal practical sense by restricting how fast the 
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APRIL 2026  «  IEEE CONTROL SYSTEMS  115

state q switches between modes. For example, this can be 
achieved by imposing a dwell-time or an average dwell-time 
constraint on the switching signal. As discussed in Example 
3, these types of constraints can be enforced by using a 
hybrid automaton with state R1 0!x $  and dynamics

	 [ , ], [ , ]N0 0    1 1 1 0! !x h xo � (57a)

	 , [ , ]N1 1   1 1 1 0!x x x= -+ � (57b)

where R1 0!h 2  and .N R0 1! $  In particular, every solution 
to (57) has a hybrid time domain E with the property that 
for each of its elements ( , ), ( , )s i t j E!  with ,s i t j#+ +  the 
following inequality holds:

	 ( , ) : ( )N t s j i t s N1 0# h= - - + � (58)

where ( , )N t s  denotes the number of jumps in the inter-
val [s, t]; see [80]. Therefore, when considering the joint 
hybrid dynamics (51) and (57), the hybrid time domains 
of the resulting system also satisfy inequality (58), thus 
effectively imposing a bound on how frequently q can 
switch in (51). When ,N 10 =  inequality (58) reduces to the 
well-known dwell-time condition; see [85]. When 

,ZN0 1! 2  inequality (58) describes an average dwell-time 
condition. It turns out that any hybrid time domain sat-
isfying (58) can be generated by the hybrid automaton 
(57); see [130, Proposition 1.1]. Therefore, these dynamics 
can be used to study switching set-seeking systems 
under dwell-time and average dwell-time constraints on 
the switching signal.

Proposition 2 (Seeking With Slow Switching)
Suppose that for each ,q Q!  the mapping fq  in (51a) is OSC, 
LB, and convex-valued. Moreover, suppose that for each 

,q Q!  the ut -dynamics in system (51a) render UGAS the set 
.O  Then, the HDS generated by (51) and (57) has the struc-

ture of (33) with ,r 2=  ,1d h=  : ( , ) ,z q x= <t  :C U,u z #= t  
[ , ],N0Q 0#  : [ , ],D N1U Q,u z 0# #= t  : [ , ],N0Q 0#W =  :F =dt

{ } [ , ],f 0 0q 1# # h  and : { } \{ } { } .G u Q q 11# # x= -d
t t  Moreover, 

this HDS satisfies all the items in Assumption 1.� 4
The result of Proposition 2, which follows from [8, Cor-

ollary 7.28], enables the study of switching seeking dynam-
ics where each seeking mode is able to individually stabilize 
the set O  and where the switching between modes is “suf-
ficiently slow” on average. Such types of problems might 
emerge in multiagent systems with switching directed 
communication graphs for which a common Lyapunov 
function does not exist as well as in seeking problems with 
slow variations in the landscape of the cost function or 
problems that require a persistent switching of the adapta-
tion gains to achieve a desired performance.

The result of Proposition 2 can also be extended to ES 
systems with switching cost functions, even when the cost 
functions do not share the same minimizer ,u Rq

n!)  as in 
Example 3. In this case, when ( )f ·q  is single-valued and 

continuous, for a sufficiently large compact set K of initial 
conditions, the (practical) stability properties of the result-
ing switching dynamics (51) and (57) can be studied with 
respect to the Omega-limit set from K, denoted ( ),KX  
which is given by ( ) ,K qq Q

X X=
!
'  where

	 { } { } [ , ]R u j q N1
1 0Bq q

j
0 0

Z 0

# #X = +
+

)

! $

cc m m( � (59)

and where ( )R K0  denotes the reachable set from K. An 
illustration of this set is presented in Figure 6 for the 
source-seeking problem with persistent surveillance. For 
further details on switching systems with distinct equilib-
rium points, we refer the reader to [86].

Seeking With Switching Unstable Modes
In many applications, such as source-seeking missions, 
seeking algorithms are often implemented in highly 
adversarial and dynamic environments. In these settings, 
intermittent communication, sensing, or actuation fail-
ures are unavoidable due to external factors. Such inter-
mittent failures can lead to unstable behaviors, which, 
however, can be corrected if the system is able to return to 
its nominal operating condition “sufficiently” often. This 
scenario can be analyzed using the framework of hybrid 
set-seeking systems by considering both stable and 
unstable modes in (51). Specifically, the compact set 

: { , , }q1Q maxf=  can be partitioned as ,Q QQ u s,=  where 
the modes q Qs!  represent stable dynamics and the 
modes q Qu!  represent unstable dynamics. For this type 
of system, stability can be guaranteed as long as the total 
activation time ( , )T s t  of unstable modes during any time 
interval ( , )s t  satisfies the bound

	 ( , ) : ( ( , ( ))) ( )T s t q r j r dr T t sIQ
s

t
0 2u # h= + -# � (60)

where [ , ),0 12 !h  ,T R0 0! $  and ( )j r  is the minimum j 
such that ( , )r j  belong to the domain of the solution. Simi-
larly to (57) and (58), the average activation-time con-
straint (60) can also be imposed on the switching signal 
q by using the following hybrid automaton with state 

R2 0!x $  and dynamics:

	 [ , ] ( ), [ , ]q T0 0      I2 2 2 0Qu! !x h x-o � (61a)

	 , [ , ]T0                          2 2 2 0!x x x=+ � (61b)

where ( )·IQu  corresponds to the standard indicator func-
tion. In particular, every solution to the HDS given by (51) 
and (61) has a hybrid time domain E, such that for each of its 
elements ( , ), ( , )s i t j E!  with s i t j#+ +  and signal : ,q E Q"  
we have that the bound (60) holds. In fact, each hybrid time 
domain E with elements ( , ), ( , )s i t j E!  with ,s i t j#+ +  
satisfying (60), can be generated by the hybrid dynamics 
(51) and (61) [91, Lemma 7]. Therefore, by combining 
dynamics (51), (57), and (61), we can design different types 
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of hybrid seeking algorithms (33) that satisfy Assumption 1 
even when the decision-making algorithms operate under 
a persistent loss of communication, sensing, or actuation.

Proposition 3 (Seeking with Unstable Dynamics)
Suppose that for each ,q Q!  the mapping fq  in (51) is OSC, 
LB, and convex-valued and that there exist ,R 1!| $  

, ,K, ,q q1 2 !a a 3  ,Rs 0!m 2  Ru 0!m 2  and smooth functions 
: ,V U Rq 0" $
t  such that the following inequalities hold:

	 ( ) ( ) ( ),    ( , ) .u V u u q u UQ, ,q q q1 2 OO #6# # !a at t t t t � (62a)

	 , ( ), ( , , ) .V f V u q u f f  UQq s q s s qs s # #d 6# !G H m-u ut t t � (62b)

	 , ( ), ( , , ) .V f V u q u f f    UQq u q u u qu u # #d 6# !G H mu ut t t � (62c)

	 ( ) ( ), ( , ), .V u V u q p u       UQp q #6# !|t t t t � (62d)

If the previous parameters satisfy the following inequality:

	 ( ) ( )logs s u1 22m h n h m m+ + � (63)

then, the HDS composed by (51), (57), and (61) has the struc-
ture of (33) with r 3=  : ( , , ),z q 1 2x x=t  ,C D Uu u= = t  Cz =

[ , ] [ , ],N T0 0Q 0 0# #  [ , ] [ , ],D N T1 0Qz 0 0# #=  and : Q#W =
[ , ] [ , ] .N T0 00 0#  Moreover, this HDS satisfies the items in 
Assumption 1, and the solutions’ hybrid time domains sat-
isfy the bounds (58) and (60).� 4

The Lyapunov-based conditions (62) and the inequal-
ity (63) are common in the literature of switching systems 
with unstable modes. In this sense, Proposition 3 simply 
recasts such conditions using the hybrid automaton (57) 
and the hybrid monitor (61) such that, when intercon-
nected with the target nominal dynamics (51), the result-
ing system has the form (33) and satisfies all the 
conditions needed for the analysis of switching set-
seeking systems with unstable modes. The verification 
of the assumptions in Proposition 3 can be straightfor-
ward for some problems and algorithms, particularly 
when the cost J is quadratic, which leads to linear gradi-
ents .Jd  In fact, conditions (62a) and (62b) simply ask for 
UGAS of O  for each mode ,fq  where .q Qs!  Similarly, 
condition (62c) simply asks that solutions of the differen-
tial inclusions associated with the unstable modes q Qu!  
have no finite escape times. Additionally, condition (62d) 

is easily satisfied if the Lyapunov functions are quadratic. 
In this case, conservative estimates of the parameters ,sm  

,um  and n  can be used to design the parameters 1h  and 2h  
such that (63) holds.

To illustrate Proposition 3 as well as the discussion of 
Remark 4, we consider an ES algorithm with standard 
gradient dynamics ,u p=-ot  operating in an environment 
where the sign of the measurements of y is corrupted in 
real time. Specifically, we consider a quadratic cost func-
tion ( ) . ,J u u Qu b u0 01= +< <  where [ , / ; / , / ],Q 1 1 2 1 2 3 2=  

( . , . ),b 0 1 0 1=  and we define { , },q 1 1Q! = -  where q 1=-  
indicates that the output has been corrupted. See 
Figure 19 for a block diagram representation. Figure 20 
shows the time evolution of the resulting hybrid set-
seeking dynamics with two different average activation 
times of the mode ,q 1=-  using ( , ),810 420~ =  . ,0 1af =  
and .1ff =  As observed, when the activation time is suf-
ficiently short (that is, 2h  is small), the seeking system 
successfully converges to the optimal point. In contrast, 
when 2h  is too large, the system becomes unstable. For 
related applications of ES in the context of deceptive 
attacks on gradient estimates, we refer the reader to [131]. 
Note that by redefining the set Q  as { , },0 1Q =  the previ-
ous model can also capture ES systems operating under 
sporadic feedback. In this case, source seeking can still 
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FIGURE 19 A scheme of an ES controller under persistent multipli-
cative attacks ,q 1 1! -^ h" ,  on the output measurements. 
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be achieved, provided that the condition (60) is satisfied. 
Multiagent seeking problems involving persistent adver-
sarial agents can also be analyzed using similar tech-
niques; see [91, Sec. 6.3].

Seeking With Slowly Varying or Jumping Parameters
In many practical seeking problems, the parameters associ-
ated with the plant or the algorithm vary slowly over time. 
For instance, this occurs when the response map J is time 
varying or exhibits mild jumps on some of its parameters. 
Although slowly varying seeking problems have been 
studied under the assumption that the target decision-
making algorithm is input-to-state stable (ISS) with respect 
to the time derivatives of the varying signals in the cost 
[123], [132], [133], the ISS property may not necessarily hold 
for a broad class of decision-making algorithms (33). Nev-
ertheless, such problems can still be addressed using the 
hybrid set-seeking systems framework studied in this arti-
cle. In particular, by letting q represent the time-varying 
parameter (or its derivative, depending on the application), 
redefining Q  in (51) as a compact but not necessarily finite 
set, and by allowing the flow dynamics in the hybrid 
system (51) to depend explicitly on q, that is, ( , ( ), ),u f u J u qd!ot t t  
the slowly varying and weakly jumping behavior of q 
within Q  can be effectively modeled via the inclusions

	         ,      q q qand whereB B R3 3 3 0! ! !h h h+ 2
+o � (64)

which replace the q-dynamics in (51). In this scenario, we 
assume that for each ,q Q!  there exists an optimal com-
pact set UOq 1 t  that minimizes J, and we employ a simple 
average dwell-time automaton of the form (57) to rule out 
purely discrete-time solutions in the hybrid system. The 
following proposition is a direct consequence of [8, Corol-
lary 7.27].

Proposition 4 (Seeking Under Slowly Varying Parameters)
Let ,UOq 1 t  and suppose that for each ,q Q!  the mapping fq  
in (51a) satisfies condition (a) in Assumption 1 with the flow 
map given by ( , ( ), )f u J u qdt t  and the q-dynamics given by 
(51). Suppose also that for each ,q Q!  the dynamics 

( , ( ), )u f u J u qd!ot t t  render the set Oq  UGAS. Then, this  
HDS combined with the dynamics (57) and (64) has the 
structure of (33) with ,r 2=  ,3d h=  : ( , ),z q 1x=t  ,C D Uu u= = t  

[ , ],C N0Qz 0#=  : [ , ], : {( , ) : ,D N u q u1Q O Oz q0# != = t t  
},q Q!  and : Q#W = [ , ] .N0 0  Moreover, this HDS satisfies all 

the items in Assumption 1.� 4
An application of Proposition 4 was already illustrated 

in Example 11 and in Figure 15, where a slowly varying 
parameter q defines the cost function J. In particular, when 

,q 0=o  the state q remains constant, and the trajectories ut  of 
the system converge to a neighborhood of the optimal point 

( ) .u q)  Conversely, when ,q B3! ho  with Q  compact and 
03 2h  sufficiently small, the tracking error ( )u u u q= - )u t  

converges to a neighborhood of zero.

Seeking in Noncontractible Spaces:  
Source Seeking With Obstacles
Smooth controllers, and dynamical systems in general, face 
fundamental limitations in stabilization problems when 
operating in complex spaces, particularly when obstacles 
are present. This is a consequence of the fact that obstacles 
usually preclude the contractibility of the operational 
space, which is a necessary condition for global stabilization 
[110] under smooth feedback laws. For example, it has been 
shown that in obstacle avoidance problems, different types 
of controllers, including those based on navigation func-
tions or control barrier functions, can generate “deadlocks” 
[134] and undesirable spurious equilibria in the closed-loop 
system [135]. While it is well known that such undesirable 
points—often forming a set of measure zero—can be 
“pushed out” to the boundary of the feasible set [136], intro-
ducing even arbitrarily small perturbations from measure-
ment noise or external disturbances in the closed-loop 
system can cause these problematic points in the state space 
to no longer be of measure zero, thereby precluding (almost) 
global convergence guarantees. However, these obstruc-
tions to robust global stabilization under obstacles, which 
also apply to optimization dynamics, can be overcome by 
using hybrid set-seeking systems [83], [111], [112], [137]. For 
example, consider a vehicle operating on the plane accord-
ing to the simple point-mass dynamics

	 ,p p    R2!a=o � (65)

where ( , )p p p1 2=  is the position, and R2!a  is the control 
input. The main goal of the vehicle is to “discover” in real 
time the location { }u RO 2!= *  where a potential field J 
attains its maximum value, using only intensity measure-
ments, while simultaneously avoiding an obstacle RN 21  
in the plane. As discussed in [110] and [137], this problem 
cannot be robustly solved using target decision-making 
algorithms (33) characterized by smooth feedback dynam-
ics due to the topological obstructions introduced by the 
obstacle. Therefore, to achieve source seeking and obstacle 
avoidance, we consider a hybrid source-seeking controller 
with the feedback law given by

	 .Ra 0a f ~ n p= + � (66)

Assuming that we have access to measurements of J at the 
points p [to be used by the filter (32)] and p af n-  (to be used 
in the flow and jump sets), which is possible via the coloca-
tion of sensors, we consider the change of variable 
u p af n= -t  to obtain the dynamics ,u p=ot  which puts the 
system into the form (35b) with F p=t  and ( ) .y J u af n= +t  To 
design the target hybrid decision-making dynamics (33), 
and inspired by [137], we let { , }q 1 2Q! =  be a logic state 
that remains constant during flows and that is used to con-
struct the following mode-dependent function:

	 ( ) ( ) ( )J u J u B uq q=- +t t t t � (67)
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where Bq  is a mode-dependent barrier function to be 
designed. We restrict our attention to bounded obstacles 

RN n1  for which there exists ( , ) ,p p p R, ,0 0 1 0 2
2!=  R 0!t 2  

and R 0!d 2  such that p BN 01 t+  and ( )p 2 2B0 +t+

( ) ;u B Qd+ =*  that is, the obstacle N  is contained in a ball of 
radius t , centered at the point ,p0  and located sufficiently 
far away from the target .p*  To achieve obstacle avoidance, 
we divide the space into two different regions, each region 
indexed by a mode { , }q 1 2!  and having a corresponding 
mode-dependent signal ( ),J ·q

t  defined in (67). The main goal 
is to design the regions so that the vehicle can synergisti-
cally use the two potential fields ( )J ·q

t  to safely navigate the 
space. To formalize this idea, consider the set

	 : :p p p 2 2B ,p 0 10 # t= -t $ .� (68)

which satisfies { } { } .p p 2 2B BB ,p0 001 1t t+ +t  Addition-
ally, consider the following subsets of :R2
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and let ,: L LL a b1 1 1,=  : ,L LL a b2 2 2,=  and : .U L L1 2,=  
Figure 21 illustrates the construction of the sets L1  and ,L2  
which satisfy u L L1 2+!*  and also ,L N1 + Q=  .L N2 + Q=  
In fact, \RU B ,p

2
0= t . The mode-dependent barrier func-

tion Bq  is designed such that the function ( , ) :W u q =t

( ) ( )J u J u*
q +t t t  satisfies the following assumption.

Assumption 4 (Mode-Dependent Barrier Functions)
a)	 For each ,q Q!  the map : { }J R Rq

2
0" , 3$

t  is continu-
ously differentiable in ,Lq  and as u"3t  or ( ),u bd Lq"t  
we have that ( ) .J uq "3t t  Moreover, for every \ ,u R Lq

2!t  
we define ( ) : .J uq 3=t

b)	 There exist functions , K1 2 !a a 3  and a proper indi-
cator2 su  of u*  on ,U  such that

( ( )) ( , ) ( ( )), .minu W u s u u   L
s

1 2
Q

6# # !a s a s
!

u ut t t t

c)	 There exists a positive definite function ,t  such that 
for each :q Q!

( ) ( ( , ))J u W u qq
2

d $ tt t t

for all .u Lq!t � 4
The previous properties essentially guarantee that in 

each region ,Lq  a gradient-based feedback law of the form 
( )u J uqd=-ot t t  can steer the vehicle toward points where the 

virtual potential Jq
t  has smaller values, without leaving the 

region .Lq  Since it is not possible to satisfy property (c) in 
the entire space using only one barrier function, we ask 
that the condition holds only in each of the regions Lq  via 
a different potential .Jq

t

By using the measurements of Jq
t  at the points ,ut  we can 

now introduce the flow and jump sets for the hybrid set-
seeking system (Figure 21), with state ( , )u qt

	 : ( , ) : ( ) ( )C u q J u J uQU,u q q q3#! # |= -t t t t t" ,� (69a)

	 : ( , ) : ( ) ( ) ( )D u q J u J uQU,u q q q3#! $ | m= - -t t t t t" ,� (69b)

where ( , )1 3!|  and ( , )0 1!m |-  are tunable parameters. 
The set C ,u q  describes the points in the space where the con-
troller uses the potential field ,Jq

t  while the set D ,u q  indicates 
the “switching zones” for the controller, where the controller 
toggles the logic state using .q q3= -+  By construction, this 
switching behavior will take place whenever the value of the 
current function Jq

t  exceeds a threshold compared to the 

2A function : RU 0"s $u  is a proper indicator on the open set U  if it is con-
tinuous and ( )xi "3su  when i "3  if either xi "3; ;  or the sequence xi i 1

3
=" ,  
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q 2=  to evolve in L2  until it converges to a neighborhood of the source. 
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other function .J q3-
t  In particular, the construction of the flow 

and jump sets imposes a hysteresis property on the switching 
controller, which precludes Zeno behavior. The red and blue 
lines in Figure 21 illustrate the boundaries of D ,u q  and ,C ,u q  
respectively. The following proposition shows that the result-
ing nominal target hybrid controller has the form (33) and 
satisfies all the properties of Assumption 1 relative to .QU #

Proposition 5 (Source Seeking and Obstacle Avoidance)
Consider the hybrid set-seeking system (35), with sets C ,u q  
and D ,u q  given by (69), function ,F p=dt  and input .y Jq= t  
Suppose that Assumption 4 holds. Then, system (35) satis-
fies condition (a) in Assumption 1 with ,r 1=  ,0d =  ,z q=t  

,QW =  and { } .uO = )  Moreover, item (b) holds with the 
basin of attraction .U Q# � 4

To further illustrate the stability properties of the result-
ing hybrid source-seeking system for obstacle avoidance, we 
show in Figure 21 the constructions of the partitions L1  and 
L2  as well as the trajectory of the vehicle (65) under the con-
trol law (66), evolving over the two virtual partitions. As 
observed, the hybrid controller can (practically) stabilize the 
source of the signal J by switching the potential field after 
approximately 30 s of flow while avoiding the obstacle. We 
note that this simple example can be extended to other vehi-
cle dynamics, including nonholonomic vehicles [83], and to 
the multiobstacle case by considering other types of target 
hybrid systems [83], [138], [139]. In such cases, the target 
hybrid decision-making dynamics (33) will be modified, but 
the structure and stability properties of the hybrid set-seek-
ing dynamics (35) can be studied using similar tools.

Seeking With Momentum and Resets
Reset control [140], [141], [142] is a well-known technique used 
to improve transient performance in dynamical systems that 
incorporate integrators in the feedback loop. The main idea 
behind the incorporation of resets is to dissipate energy at the 
appropriate times to decrease overshoots and improve tran-
sient performance [142]. Resets can also be used to model 
restarting methods [113], [114], commonly employed in opti-
mization routines. By leveraging tools from hybrid systems, 
set-seeking algorithms with momentum and restarting can 
be designed to reduce overshoots and improve transient per-
formance [69], [90], [116]. To illustrate this idea, we can con-
sider the following target hybrid decision-making dynamics 
with state ( , , )u q R RRn n

0# #!x $t  and data

	 [ , ]C T TRR,u z
n n

0# #= � (70a)

	 ( , , )

( ) ( )

( )F u q

q u k J u

k J u

2

2
1

2

d

dx
x

x

t

=

- -

-t t

t t

t

J

L

K
K
KK

N

P

O
O
OO
� (70b)

	 { }D TR R,u z
n n# #= � (70c)

	 ( , , ) ( )G u q
u

u q
T
1

0

x a a= + -t t

t

tf p� (70d)

where k 01 $  and , , ,T T k 00 2 2t  are tunable parameters 
that satisfy .T T02  The parameter { , }0 1!a  is selected a 
priori to indicate whether the state q is reset during jumps. 
When the timer x  satisfies ,Tx =  the discrete-time dynam-
ics (70d) reset the timer back to .T0  If, additionally, the 
parameter a  satisfies ,1a =  then the state q is also reset to 
the current value of .ut  Figure 22 is a block diagram repre-
sentation of the hybrid set-seeking dynamics (35) associ-
ated with the target system (70) for the case .k 01 =  The 
low-pass filter is omitted for simplicity.

Using the change of coordinates s u= t  and q s= + 
( / ) ( ),s k J1 2 1dx +o  the flows induced by (70b) are related to 
the second-order ODE

( )
( ) ( ) ( )s s k J s k J s s J s

2
4 02 1

2d d d
x

x

x
x+

+
+ + + =<

o
o o op c m

which has been studied in the context of accelerated optimi-
zation algorithms under different choices of xo and param-
eters ,k k1 2  [93], [114], [143], [144], [145]. For example, when 

,k 01 =  the previous dynamics can also be written in state-
space representation using s s1 =  and ,s s2 = o  leading to

	 , ( ),s s s c s c J s    1 2 2
1

2 2 1d
x

x t= =- - =o o o � (71)

for suitable constants , .c c 01 22  Note that when ,Jd p=  the 
system (71) has a structure similar to (40a) when .F p=dt  To 
avoid the issues discussed in Example 9, we can consider 
the flow and jump sets described in (70c) and (70a), respec-
tively, and the jump map

	 , ( ) ,s s s s T1     1 1 2 2 0a x= = - =+ + + � (72)

which has a similar structure as (40b), with ,s u1 = t  ,z x=t  
,s2 p=  ( , ),G s T1 0=dt  and ( ) .G s1 2a= -p  Therefore, this 

system can be viewed as a target hybrid decision-making 
system equipped with a hybrid filter that incorporates 
jumps to periodically reset the momentum to zero. Under 
a suitable choice of parameters, this hybrid set-seeking 
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FIGURE 22 A block diagram representation of the hybrid set-
seeking system with momentum, with (70) as the target hybrid 
decision-making dynamics with .k 01 =  Here, the low-pass filter 
is omitted. 
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system can stabilize the set of minimizers of a convex 
function J using only measurements. In particular, the 
next proposition follows from the results in [69] and illus-
trates the role of Theorem 4 in a slightly modified version 
of system (40) with nonlinear x -dependent damping.

Proposition 6 (Seeking With Momentum and Resets)
Suppose that J is strictly convex and its unique minimizer is 
given by ,u)  Jd  is globally Lipschitz, and ( / ) .1 2t =  If ,0a =  
then the HDS with flow and jump sets given by (70a) and 
(70c) and flow and jump maps given by (71) and (72) satisfies 
all the items of Assumption 2 with ,u s1=t  ,z x=t  ,r 1=  ,s2p =  

,1l =-  [ , ],C T TR,u z
n

0#=  { },D TR,u z
n#=  ,R, ,c d

nK K= =p p  
{ },uO = )  [ , ],T Tz 0W =  and { } .0fW =  If 1a =  and J is also 

strongly convex, then Assumption 2 also holds for T suffi-
ciently large, and in this case, the set A  is UGES.

Figure 23 shows the performance of the hybrid set seek-
ing constructed with (70) as the target decision-making 
system compared to the standard smooth gradient descent-
based ES algorithm (3). As observed, the transient perfor-
mance of the controller can be substantially improved 
under a suitable tuning of the resetting parameters [ , ].T T0  
For applications of similar ES algorithms in the context of 
traffic light systems, we refer the reader to [115].

The hybrid set-seeking dynamics (70) (Figure 22) can be 
extended to multiagent systems and to game theoretic set-
tings where the goal is to converge to a Nash equilibrium 
[90], [147]. However, in these applications, the resets need to 
be coordinated to emulate the centralized “accelerated” per-
formance observed in Figure 23; see [90]. Typically, such 
coordination mechanisms also need to be set-valued to 
guarantee global convergence properties [148]. Adaptive 
resetting mechanisms that implement resets whenever 
state-dependent conditions are satisfied can also be consid-
ered for the design of hybrid set-seeking systems; see [94].

Seeking With Aggressive Gradient Exploration  
and Newton Fine-Tuning
When the cost function J is smooth and its Hessian matrix 
is positive definite, the decision-making problem (29) can 

be efficiently solved using Newton-like ES algorithms, 
which offer superior transient performance—allowing 
user-specified convergence rates—compared to traditional 
gradient-based ES methods [72], [116]. However, real-time 
estimation and inversion of the Hessian matrix in Newton-
like ES algorithms can be highly sensitive to measurement 
noise and may lead to instabilities, particularly when the 
initial conditions are far from the desired estimates. While 
increasing the frequency of the dither signals can help 
mitigate these challenges, it may require potentially unfea-
sible shorter sampling intervals to avoid aliasing during 
implementations. One potential solution to this issue is to 
use the more stable gradient-based ES algorithm when the 
system is far from the optimizer and to switch to a New-
ton-like ES method for fine-tuning convergence near the 
optimum, a methodology that is not uncommon in stan-
dard optimization [149, pp. 23]. This idea can be formal-
ized and implemented in a model-free manner using 
hybrid set-seeking dynamics whenever a reasonable esti-
mate of the optimal value of the cost J is known. To sim-
plify our presentation, we focus on the two-dimensional 
setting, and we incorporate a Hessian estimator into the 
flow map of (35b). Namely, instead of (35b), we let 

( , )1 2p p p=  and consider a hybrid set-seeking system with 
feedback law (34), overall state ( , , )x ,u z p n , and flow map
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where ( , ) ,x u z R,u z
3!= t t  and

	 ( , )
( )

.F x
z z1

0,u z
1 2

p
p p

=
- - -t
t tc m � (74)

In this system, the auxiliary state : { , }z 0 1Q! =t  acts as a 
logic mode, and R2

2!p  can be seen as an estimate of the 
vector ,J J2 1d d-  where J2d  is the Hessian of J [150], [151]. 
The matrix-valued function :N RR2 2 2" #  can be designed 
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as in [72] so that it has entries satisfying N11 =

( / )( ( / )),16 1 2a
2

1
2f n -  ( / )( )( / ) ,N 16 1 2a22

2
3
2f n= -  ( / )N 4 a12

2f=

,1 3n n  and .N N12 21=  To define the sets C and D, we follow 
a uniting control approach [9], where the logic state zt  indi-
cates the current algorithm used by the controller. In par-
ticular, when the value of the cost J is sufficiently close to 
the optimal value ,J*  we use .z 0=t  On the other hand, 
when the value of J is greater than ,J*  we use .z 1=t  While 
this approach might require knowledge of ,J*  for many ES 
applications where the cost to be minimized corresponds 
to some error function, it is known that .J 0* =  On the other 
hand, if J*  is unknown, a rough estimate can be used for 
the initial construction of the controller.

Building on these ideas, the switching zones for zt  are 
defined using tunable thresholds specified by constants c0  
and ,c10  with .c c 00 102 2  To characterize these thresholds, 
we define the sets

	 : { : ( ) }RC u J u J c*
0

2
0! #= -t t � (75a)

	 : \{ : ( ) }R RC u J u J c*
1

2 2
101!= -t t � (75b)

as well as the sets

	 : \{ : ( ) }R RD u J u J c*
0

2 2
01!= -t t � (76a)

	 : : ( ) .RD u J u J c*
1

2
10! #= -t t" , � (76b)

Using the constructions (75) and (76), the flow and jump 
sets for the state x ,u z  are given by

	 : { } { }C C C0 1,u z 0 1# , #= ^ ^h h� (77a)

	 : { } { }D D D0 1,u z 0 1# , #= ^ ^h h� (77b)

and the discrete-time dynamics of x ,u z  are given by

	 ( ) .G x
u

z1,u z =
-

t t

t
c m � (78)

This scheme can be seen as an ES with a “hybrid supervisor” 
that decides when to switch, thereby precluding Zeno 
behavior owing to the hysteresis mechanism induced by the 
design of the flow and jump sets. A diagram of the switching 
zones in R2  is shown in Figure 25.

Proposition 7 (Switched Newton-Gradient Dynamics)
Consider the hybrid set-seeking dynamics (35), with 

( ),y J u=  flow map (73), data (74)–(78), and feedback law 
(34). Then, condition (a) of Assumption 1 holds with r 1=  
and .0d =  Moreover, if J is smooth, and strongly convex, 
then item (b) also holds for the respective target hybrid 
decision-making dynamics with ,J1 dp =  ,J J2

2 1d dp = -  
{ }uO = )  and { } .0W = � 4

We illustrate the Newton-gradient switched seeking 
dynamics using a simple 2D numerical example for a qua-
dratic cost function J, with the results shown in Figure 26. The 
figure depicts in green a diverging trajectory that occurs 
when Newton-like ES dynamics are applied far from the opti-
mal point using a moderate frequency ~. As shown by the 
blue trajectory, incorporating the hybrid uniting mechanism 
introduced in this section not only eliminates the instability 
but also significantly improves the transient performance of 
the controller—outperforming the more robust yet slower 
gradient-based ES dynamics, represented by the red trajec-
tory. Figure 27 highlights this improvement in transient 
behavior, reducing the convergence time by more than half.

PART 3: HYBRID SET-SEEKING SYSTEMS FOR 
DYNAMIC PLANTS
In the previous section, we presented results and illustra-
tive examples of hybrid set-seeking systems applied to 
plants modeled as static maps with output ( ) .y J u=  In 
Part 3, we extend these results to settings in which the plant 
exhibits dynamics. By leveraging singular perturbation 
results for hybrid inclusions (see “Singularly Perturbed 
HDSs”), the standard methodology used to incorporate 
dynamic plants into smooth ES controllers can be naturally 
extended to the hybrid systems framework. This extension 
enables real-time set seeking in dynamical systems.

Model of the Plant 
Consider a plant with state ,Rm!i  input ,u Rn!  and 
output ,y R!  modeled by the constrained differential 
inclusion

	 ( , ), ( , ) , ( , )P u u y u           U#! !i i i { iK =i
o � (79)
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FIGURE 25 (a)–(c) The representation of sets defined in (75) and (76) as well as the region of the space where hysteresis is induced in 
the switched controller. 



122  IEEE CONTROL SYSTEMS  »  APRIL 2026

where :P R RRm n mC#  is a set-valued mapping, :Rm #{

R Rn "  is an output function, i  evolves in the compact set 
: ,B Rm1mK =i i  R 0!m 2i  can be taken arbitrarily large to 

encompass any solution of interest, and u evolves in the 
closed set : ,U U B= +t  where .U Rn1t  The unitary inflation 
on Ut  is motivated by the fact that the control signal u will 
satisfy ( , )u t j B UU a! 1f+t  for all ( , )t j  in the domain of 
the solutions, where ( , )0 1a !f  is a tunable parameter.

To have enough regularity in the closed-loop system, 
we assume that Ut  is a closed set, that ( , )P · ·  is OSC, LB, 
and convex-valued relative to ,R Um #  and that ( , )· ·{  is 
continuously differentiable. In this sense, the model (79) 
is quite general as it captures differential equations with 
a continuous right-hand side as well as discontinuous 
plants modeled by their corresponding Krasovskii regu-
larizations (see “Krasovskii Solutions of ODEs” in “Con-
tinuous-Time Set-Valued Dynamical Systems”). Common 
examples of plants with a discontinuous right-hand side 
include mechanical systems with Coulomb friction [154, 
Ch. 12], systems arbitrarily switching between a finite 
number of continuous vector fields [8, Example 2.14], and 
plants with uncertain models and internal discontinuous 
feedback controllers, such as those based on sliding mode 
control [57].

Model-Free Feedback Optimization
For dynamic plants, the goal in ES is to regulate the input u 
toward the set of points that optimizes the steady-state 
input-to-output map of the plant. To ensure a well-defined 
optimization problem, we assume that the plant (79) exhib-
its suitable stability properties for each fixed input u. This 
can be achieved by first designing an inner controller that 
stabilizes (79) with respect to an external reference. Specifi-
cally, we assume that there exists a set-valued mapping 

:H R Rn mC  that is OSC and LB relative to ,U  such that 
( ,)H U 1 Ki  and for each 02t , the compact set

	 : {( , ) : ( ), }u H u uM U B+! !i i t=t � (80)

is UGAS for the dynamics

	 ( , ) ( ),    ( , ),    .u P u u 0U B# +! !i t i iK =i
o o � (81)

In other words, the previous property establishes that for 
each fixed input u, the plant dynamics (79) have a well-
defined (potentially set-valued) quasi-steady state, char-
acterized by the set-valued mapping H. This property 
generalizes the classic assumptions made for ES in dif-
ferential equations, for example, [66, Assumptions 1 and 
2], for the case that the plant under control is given by a 
constrained set-valued dynamical system.

Example 14 (Oscillator with Coulomb Friction)
Consider a simple harmonic oscillator with Coulomb fric-
tion and a controllable velocity offset, given in open loop by 
the discontinuous dynamics

	 ,      ( ) ,     u M
B u M

K u 0sgn1 2 2 2 1i i i i i= - =- - - =o o o � (82)

with ,B R21mK =i i  ,U R=  ( , , ) ,RB K M 0
3! 2  and 

( / )B K 02 2mi  is selected sufficiently large to characterize 
all the complete solutions of interest. The Krasovskii regu-
larization of this system affects only the dynamics of 2i  
and is given by
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In this case, for each ,02t  system (81) renders the set 
: {( , ) : [ ( / ), ( / )] { }, }u B K B K u uM BR# +! !i i t= -t  UGAS 

[155, Section 3], thus satisfying the assumptions made on (79).� 4

Example 15 (Fast Switching Plant)
Consider an open-loop switched linear system given by 

( , ) : ,p u A B uq q qi i i= = +o  ,u 0=o  : ,U R=  ( , ) ,R 0
2!e m 2i  with 
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where { , }q 1 2! . Under the arbitrarily fast switching of q, this 
system is conveniently modeled by the differential inclusion

	 { ( , ) ( ) ( , ), [ , ]}, ,p u p u u1 0 1 0 1 2! !i a i a i a+ - =o o � (85)

which is OSC, LB, and convex-valued. For each ,02t  
system (85) with the flow set U B# + tKi ^ h renders UGAS 
the set : {( , ) : { } { }, },u u u0M BR# +! !i i t=t  thus satisfy-
ing the required assumption. 4

To ensure a well-defined single-valued steady-state 
model-free optimization problem, we also assume that for 
each u U!  and any pair , ( ),H u!i il  the condition 

( , ) ( , )u u{ i { i= l  holds. In Example 14, any continuous 
output function ( , )· ·{  that depends only on 2i  in its first 
argument will satisfy this assumption. On the other hand, 
in Example 15, any continuous output function satisfies this 
assumption. If H is single-valued, as in the traditional litera-
ture of ES, then this assumption is also satisfied.

We can now define the response map of the plant (79)

	 ( ) : { ( , ) : ( )}J u u H u!{ i i= � (86)

which is assumed to be continuously differentiable. As in 
the static case, the set-seeking problem is given by

	   ( ),      .J u uoptimize subject to U! t � (87)

For consistency, we denote again the set of solutions to 
(87) as ,RO n1  which is assumed to be nonempty and 
compact.

Closed-Loop System and Stability Properties
To interconnect the plant (79) with the hybrid set-seeking 
dynamics (35) via the feedback law (34), a timescale separa-
tion usually needs to be induced between the flows of both 
systems. To achieve this separation, the flow map (35b) is 
multiplied by a small gain ,k 02  leading to the following 
closed-loop hybrid system:

	 :C C S,u z
n# # #K K= p i � (88a)
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	 :D D S,u z
n# # #K K= p i � (88c)
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where : ( , , , ) ,x x R,u z
r n m4!p n i= + +  with tunable parameters 

( , , , ).k a ff f f~  Figure 28 shows a high-level block diagram of 
the interconnection between the plant and the controller. 
The dependence of the hybrid dynamics on the output y 
highlights that the specific structure of the components is 
application dependent.

To study the stability properties of the closed-loop 
system (88) via singular perturbation theory, we introduce 
a new continuous-time variable given by .s kt=  Since 
( / ) ( / ) ,d dt x k d ds x=  the continuous-time dynamics (88b) in 
the new s timescale become
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which, combined with (88a), (88c), and (88d), generates a sin-
gularly perturbed hybrid system of the form (S19) with kf =  
(see “Singularly Perturbed HDSs”). We denote this system as 
Hs  to emphasize that the continuous-time dynamics evolve 
in the s timescale. For this system, it follows that the reduced 
hybrid dynamics (S22) are precisely given by the hybrid set-
seeking systems (35) with ( )y J u= , whose stability properties 
were studied in Theorems 3 and 4. Since the boundary layer 
dynamics of Hs  are precisely given by the plant dynamics 
(81), we can use Theorem 6 (see “Singularly Perturbed HDSs”) 
to obtain the following stability result for hybrid set-seeking 
systems with plants in the loop [91]:

Theorem 7 (Stability Properties in Dynamic Maps)
Consider the HDS Hs , and suppose that Assumption 1 
holds for the hybrid reduced set-seeking dynamics (35). 
Then, the set SA n# # #K Kp i  is SGPAS as ( , , ,f ad f f

, ) .k 0"f~
+

Based on Theorem 7 and the material presented in Parts 
2 and 3 of this article, several comments are in order.

	» The semiglobal practical stability properties of Theo-
rem 7 are established with respect to compact sets, 
where the main state x ,u z  is steered toward a neigh-
borhood of A O #W= ; that is, ut  converges to a 
neighborhood of the optimal solution to the problem 
(87). Since the actual input u is defined via the feed-
back law (34), it will also converge to a neighborhood 
of order af  of the set ,O  which is consistent with the 
classic results in ES.

	» It is possible to refine the convergence statement for 
the state ,i  such that ( , ) ( )t j H O"i  as ( , )t j " 3 . 
Without additional structure or regularity conditions, 
this property holds only if jumps do not dominate the 
hybrid system’s dynamics—that is, the system must 
not exhibit Zeno behavior or purely discrete solu-
tions. Such pathological behaviors can be ruled out by 
applying any of the temporal regularization strategies 



124  IEEE CONTROL SYSTEMS  »  APRIL 2026

discussed in Part 2 using dynamic timers, which 
impose dwell-time or average dwell-time constraints 
on the jump times.

	» Similarly to the static map case, the result of Theo-
rem 7 asserts suitable KL  bounds of the form (28) for 
all solutions of the system. In this sense, we do not 
insist on the uniqueness of solutions for any of the 
proposed controllers. Instead, we ask that every solu-
tion satisfies the desired property. When multiple 
solutions exist from a given initial condition, the 
practitioner can select the most meaningful solution 
for the application of interest based on application-
dependent considerations.

	» As discussed in Part 2, the result of Theorem 7 can be 
extended to cover set-seeking systems that use hybrid 
filters and hybrid dither generators as part of the 
feedback loops. Similarly, more complex plants can 
be incorporated by using averaging tools for hybrid 
systems that exhibit hybrid boundary layer dynam-
ics. Due to space constraints, we do not elaborate on 
these extensions here, and instead, we refer readers 
interested in these subjects to references [43], [98], 
[100], [102], and [108].

We finish this section with a numerical example in the 
context of Nash equilibrium-seeking in noncooperative 
games, and by highlighting the fact that the stability 
results presented in Theorems 3, 4, and 7 are amenable to 
standard discretization techniques, such as (consistent) 
Euler methods or Runge-Kutta methods (c.f., Corollary 2). 
This followed by the fact that the proposed hybrid con-
trollers are robust to small perturbations, including those 
that emerge when the flow map is discretized. For fur-
ther details on this subject, we refer the reader to [69, 
Sec. 4] and [88].

Example 16 (Nash Seeking With Intermittent Updates)
Consider a two-player noncooperative game, where each 
player { , }i 1 2!  is characterized by a switching plant with 
state ( , ),, ,i i i1 2i i i=  and dynamics of the form (84), that is

	 p u2
3

4
5

, , ,i i i i i1 1 2i i i=- + - +o ` j � (90)

	 p p u4
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4
5

4
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4
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where : ( ) { , }p q 1 2domi "  is the switching signal, which, for 
simplicity, is assumed to be the same for both players. Each 
player has a quadratic output function i{  that depends on 
the first state of each player, that is, ( )yi i 1{ i= =u

,Q b ci i i1 1 1i i i+ +< <u u u  where ( , ),, ,1 1 1 2 1i i i=u  ,Q bR Ri i
2 2 2! !#  

and c Ri !  are selected as in [91, Sec.6.3]. The goal of the 
players is to individually maximize their own steady-state 
input-to-output cost function (86) using only individual 
output measurements .yi  However, unlike traditional Nash-
seeking problems where players continuously update their 
actions [51], [107], we study the scenario where the inputs to 
the player dynamics are updated only sporadically, which is 
common under computational or communication con-
straints. To model this behavior, we assign to each player a 
logic state { , }q 0 1i !  that multiplies the dynamics of the 
player’s states ,uit  { , }.i 1 2!  In particular, we consider the 
simple Nash-seeking rule ,u qi i ip=ot  where ip  is generated by 
an individual low-pass filter implemented by each player. 

Figure 29 shows a block diagram representation of the 
closed-loop system of each player { , }i 1 2!  under the 
seeking dynamics with switching logic states qi  and 
switching plant with logic states .pi  To study the stability 
properties of the overall switching system, we let 

{ , , , }1 2 3 4, !  be a logic state that indexes the four possible 
combinations of the pair ( , ),q q1 2  where 1, =  corresponds 
to .q q 11 2= =  Using { , , , }1 2 3 4Q, ! =  as a logic state and 

,Q Q Qs u,=  where { }1Qs =  and { , , },2 3 4Qu =  we impose 
an average dwell-time bound of the form (58) on the jump 
times of ,+  using the hybrid automaton (57) and an aver-
age activation bound (60) using the hybrid monitor (61). 
Additionally, since the switching plant admits a common 
Lyapunov function, we leverage Proposition 1 and con-
sider the differential inclusion (53) obtained from the two 
modes of the plant. The resulting system has the form (88), 
with main states ( , , , ) .x u,u z 1 2, x x= t  Figure 30 shows the 
trajectories of the state variables 1i  for the players under 
the Nash-seeking dynamics with intermittent updates. 
The red-shaded regions indicate time intervals during 
which player 2 does not update its action, while the 
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FIGURE 28 A dynamic plant interconnected with hybrid set-seeking 
dynamics for model-free feedback optimization. 

The analytical development of hybrid set-seeking systems builds on the 

traditional tools used for ES control: averaging and singular perturbation theory. 
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blue-shaded region corresponds to periods when player 1 
does not update .u1t  As observed, for a moderate value of 

,2h  the trajectories still converge to a neighborhood of the 
NE, indicated by the dotted lines. However, the conver-
gence time increases as .12 "h  For related results in sce-
narios where qi  is allowed to take negative values—causing 
the nominal Nash-seeking dynamics to become unstable 
for bounded periods of time (that is, in the presence of 
adversarial players)—we refer the reader to [91, Sec.6.3].

CONCLUSION
Hybrid set-seeking systems extend traditional continuous-
time ES algorithms by enabling feedback schemes, algo-
rithms, and plants that incorporate both continuous-time 
and discrete-time dynamics and whose stability properties 
are studied with respect to general sets as opposed to equi-
librium points. These systems naturally arise in applications 
that require switching between multiple controllers to meet 
stringent transient or steady-state specifications that cannot 
be achieved with smooth feedback alone. They are also rele-
vant for “intelligent” controllers that use “if-then” rules. 
Hybrid set-seeking systems may also emerge when the seek-
ing dynamics are smooth but the plant under control exhib-
its hybrid behavior, such as jumps or impacts. Other potential 
applications include developing general real-time model-
free optimization algorithms for CPSs, where digital compo-
nents are integrated into physical plants, such as in 
sampled-data systems and event-triggered control. The ana-
lytical development of hybrid set-seeking systems builds on 
the traditional tools used for ES control: averaging and sin-
gular perturbation theory. By extending these tools to hybrid 
systems, new families of model-free hybrid set-seeking sys-
tems can be constructed to emulate the model-based hybrid 
decision-making algorithm. In this sense, working with 
hybrid time domains and dynamics that satisfy the appro-
priate regularity conditions allows for the property of “close-
ness of solutions,” which is crucial in the study of smooth ES 
systems, to be established for hybrid set-seeking systems as 

well. By leveraging both this property and the uniform sta-
bility of the target dynamics, semiglobal stability can be 
demonstrated for general hybrid set-seeking dynamics.

The approaches studied in this article rely on conven-
tional averaging techniques, often referred to as “first-
order” averaging. However, over the past decade, a rich 
body of work in ES has emerged based on Lie-bracket and 
second-order averaging techniques; see [48], [95], [101], [133], 
[144], [151], [152], and [153]. These methods are often better 
suited for applications involving geometric constraints, 
such as mechanical systems and other applications defined 
on manifolds. For a monograph on Lie-bracket-based ES 
with applications to model-free stabilization, we refer the 
reader to [146]. For hybrid tools similar to those discussed in 
this article, which are applicable to Lie-bracket averaging-
based systems, we refer readers to [103] and [156].

The examples studied in this article only scratch the surface 
of the broader potential of hybrid ES and hybrid set-seeking 
for model-free control and optimization. These approaches 
open the door to novel controllers and algorithms capable of 
incorporating “if-then” logic through hybrid systems tools. 
Furthermore, such algorithms are expected to benefit from 
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techniques developed in related fields, including computer 
science, signal processing, and communications.

Finally, in addition to the development of these novel 
algorithms, several open problems remain in the context 
of hybrid seeking systems. These include the develop-
ment of a comprehensive stability framework for hybrid 
seeking systems that incorporate stochastic behaviors, as 
well as developing tools for interconnected networked 
seeking systems, that is, “open ES systems”—an underex-
plored area with numerous potential applications in com-
plex engineering, biological, and sociotechnical systems 
where multiple individual agents implement different 
adaptation and optimization algorithms for real-time 
decision making.
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[64] D. NeS̆ić, Y. Tan, C. Manzie, A. Mohammadi, and W. Moase, “A unify-
ing framework for analysis and design of extremum seeking controllers,” 
in Proc. IEEE Chin. Control Decis. Conf., 2012, pp. 4274–4285, doi: 10.1109/
CCDC.2012.6244001.
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[123] J. I. Poveda and M. Krstić, “Fixed-time seeking and tracking of time-
varying extrema,” in Proc. 60th IEEE Conf. Decis. Control (CDC), Piscataway, 
NJ, USA: IEEE Press, pp. 108–113, 2021, doi: 10.1109/CDC45484.2021.9683248.
[124] J. Poveda and M. Krstic, “Nonsmooth extremum seeking control 
with user-prescribed fixed-time convergence,” IEEE Trans. Autom. Control, 
vol. 66, no. 12, pp. 6156–6163, Dec. 2021, doi: 10.1109/TAC.2021.3063700.
[125] R. Kamalapurkar, J. A. Rosenfeld, A. Parikh, A. R. Teel, and W. E. Dixon, 
“Invariance-like results for nonautonomous switched systems,” IEEE Trans. Au-
tom. Control, vol. 64, no. 2, pp. 614–627, Feb. 2019, doi: 10.1109/TAC.2018.2838055.
[126] A. Bhaya and E. Kaszkurewicz, Control Perspectives on Numerical Algo-
rithms and Matrix Problems. Philadelphia, PA, USA: SIAM, 2006.
[127] R. Olfati-Saber and R. Murray, “Consensus problems in networks of 
agents with switching topology and time-delays,” IEEE Trans. Autom. Con-
trol, vol. 49, no. 9, pp. 1520–1533, Sep. 2004, doi: 10.1109/TAC.2004.834113.
[128] J. I. Poveda, M. Benosman, and A. R. Teel, “Distributed extremum 
seeking in multi-agent systems with arbitrary switching graphs,” IFAC-Pa-
persOnLine, vol. 50, no. 1, pp. 735–740, 2017, doi: 10.1016/j.ifacol.2017.08.240.
[129] P. Lin, W. Ren, and J. A. Farrell, “Distributed continuous-time optimi-
zation: Nonuniform gradient gains, finite-time convergence, and convex 
constraint set,” IEEE Trans. Autom. Control, vol. 62, no. 5, pp. 2239–2253, 2017, 
doi: 10.1109/TAC.2016.2604324.
[130] C. Cai, A. R. Teel, and R. Goebel, “Smooth Lyapunov functions for 
hybrid systems. Part II: (Pre)asymptotically stable compact sets,” IEEE 
Trans. Autom. Control, vol.  53, no.  3, pp. 734–748, Apr. 2008, doi: 10.1109/
TAC.2008.919257.
[131] F. Galarza-Jimenez, G. Bianchin, J. I. Poveda, and E. Dall’Anese, “Online 
optimization of LTI systems under persistent attacks: Stability, tracking, and 
robustness,” Nonlinear Anal. Hybrid Syst., vol. 44, May 2022, Art. no. 101152.
[132] A. Scheinker and M. Krstic, “Extremum seeking-based tracking for 
unknown systems with unknown control directions,” in Proc. 51st IEEE 
Conf. Decis. Control (CDC), Piscataway, NJ, USA: IEEE Press, 2012, pp. 6065–
6070, doi: 10.1109/CDC.2012.6426821.
[133] C. Labar, C. Ebenbauer, and L. Marconi, “ISS-like properties in Lie-
bracket approximations and application to extremum seeking,” Automatica, 
vol. 136, Feb. 2022, Art. no. 110041, doi: 10.1016/j.automatica.2021.110041.

[134] M. Jankovic, M. Santillo, and Y. Wang, “Multiagent systems with 
CBF-based controllers: Collision avoidance and liveness from instability,” 
IEEE Trans. Control Syst. Technol., vol. 32, no. 2, pp. 705–712, Mar. 2024, doi: 
10.1109/TCST.2023.3324531.
[135] M. Marley, R. Skjetne, and A. R. Teel, “Hybrid control barrier func-
tions for continuous-time systems,” IEEE Trans. Autom. Control, vol.  69, 
no. 10, pp. 6605–6619, Oct. 2024, doi: 10.1109/TAC.2024.3374265.
[136] D. E. Koditschek and E. Rimon, “Robot navigation functions on mani-
folds with boundary,” Adv. Appl. Math., vol. 11, no. 4, pp. 412–442, 1990, doi: 
10.1016/0196-8858(90)90017-S.
[137] R. G. Sanfelice, M. J. Messina, S. E. Tuna, and A. R. Teel, “Robust hy-
brid controllers for continuous-time systems with applications to obstacle 
avoidance and regulation to disconnected set of points,” in Proc. Am. Con-
trol Conf., 2006, pp. 3352–3357.
[138] S. Berkane, A. Bisoffi, and D. V. Dimarogonas, “Obstacle avoidance via 
hybrid feedback,” IEEE Trans. Autom. Control, vol. 67, no. 1, pp. 512–519, Jan. 
2022, doi: 10.1109/TAC.2021.3086329.
[139] M. Sawant, I. Polushin, and A. Tayebi, “Hybrid feedback control de-
sign for nonconvex obstacle avoidance,” IEEE Trans. Autom. Control, vol. 69, 
no. 11, pp. 7508–7523, Nov. 2024, doi: 10.1109/TAC.2024.3388952.
[140] P. Jain and P. Kar, “Non-convex optimization for machine learning,” 
Found. Trends Mach. Learn., vol. 10, nos. 3–4, pp. 142–363, 2017.
[141] D. Nesic, A. R. Teel, and L. Zaccarian, “Stability and performance of SISO 
control systems with first-order reset elements,” IEEE Trans. Autom. Control, 
vol. 56, no. 11, pp. 2567–2582, Nov. 2011, doi: 10.1109/TAC.2011.2114436.
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E
xtremum seeking control (ESC) 
is a mathematically rigorous 
data-driven framework, exten-
sively researched over the last 
two decades. At its core, ESC is 

based on designing a closed-loop sys-
tem aimed at optimizing a cost func-
tion, whether static or dynamic, with-
out the need for its explicit expression 
or gradient, characterizing it as a zero-
order optimization method within the 
broader domain of continuous optimi-
zation. This article recalls the founda-
tional principles of ESC, then pivots 
to ESC’s practical applications across 
various industries (see “Summary”). 
We highlight ESC’s role in dynamically 
tuning electromagnetic brakes in high-
rise elevators, which promotes durabil-
ity and performance. Furthermore, we 
detail the application of ESC in real-
time enhancement of 4G/5G digital 
amplifiers—crucial components in the 
ubiquitous digital environment. Final-
ly, we explore how ESC can be used in 
fluidic systems, more specifically, heat-
ing, ventilation, and air-conditioning 
(HVAC) systems, demonstrating its 
capability to dynamically adjust the in-
tricate interplay between temperature 
and airflow, thereby achieving optimal 
environmental conditions.
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ESC was first introduced in France, in 1920, to regulate 
the electrical voltage of the railway [1]. However, it was not 
until 2000, eight decades later, that a comprehensive theo-
retical framework was established to analyze the conver-
gence of ESC for dynamical maps modeled by ordinary 
differential equations (ODEs) [2]. The groundbreaking 
work in [2] was subsequently followed by numerous tech-
nical papers exploring ESC across various system classes, 
from stochastic systems [3] to multiagent systems [4] and, 
more recently, hybrid systems [5]. This extensive research 
has culminated in a series of outstanding books on the sub-
ject [6], [7], [8].

Today, feedback controllers are implemented in a vari-
ety of real-time systems. Several types of feedback exist, 
for example, state or output feedback and linear or non-
linear feedback. However, one common characteristic of 
all available feedback controllers is the fact that they all 
rely on some “well chosen” feedback gains. The selection 
of these feedback gains is often done based on some 
desired performance. For instance, the gains can be 
chosen to minimize the overshoot of a linear closed-loop 
system. Settling time can be another performance target. 
Minimizing a given finite-time or asymptotic, state, or 
output tracking error can be of interest in many applica-
tions as well.

Over the years, there have been myriad results on feed-
back gain tuning. Maybe one of the most famous and 
widely taught techniques is the so-called Ziegler–Nichols 
rules for proportional-integral-derivative (PID) gain tuning 
for linear systems [9]. However, such rules apply for the 
particular class of linear systems under linear PID feed-
back and are considered heuristic in nature. For more gen-
eral cases of models and controllers, with a more systematic 
or autonomous way of tuning feedback gains, the control 
community started looking at an iterative procedure to 
autotune feedback gains for closed-loop systems.

Indeed, in the seminal paper [10], the authors introduced 
the idea that feedback controllers’ parameters could be 
tuned iteratively to compensate for model uncertainties 
and that the tuning could be based on measurements, 
which are directly obtained from the system. This idea of 
iterative control tuning lead to the so-called iterative feed-
back tuning (IFT) research field, where the goal is to itera-
tively autotune feedback gains of closed-loop systems, 
based on the online optimization of a well-defined perfor-
mance cost function.

There have been a lot of results on IFT in the past 
20 years, and it is not the purpose of this article to survey 

all existing works in the field. However, these results are 
mainly dedicated to linear systems controlled with linear 
feedback, for example, [11], [12], [13], [14], [15], and [16]. 
Based on these IFT algorithms for linear systems, some 
extensions to nonlinear systems have been studied. For 
instance, in [17], the author studied the case of discrete non-
linear systems controlled with linear time-invariant output 
feedback. The effect of IFT algorithms, developed origi-
nally for linear systems, was studied on nonlinear systems 
by assuming local Taylor approximation of nonlinear 
dynamics. However, the full analysis of the feedback loop, 
that is, IFT merged with the linear controller and the non-
linear dynamics, was not reported in this paper. Other 
feedback gain iterative tuning algorithms were developed 
for nonlinear systems in [18], [19], and [20]. The algorithms 
developed in these papers first assume that the closed-loop 
input and output signals remain bounded during the gain 
tuning, and then they rely on the numerical estimation of 
the gradient of a given cost function with respect to the 
controller gains, which necessitates running the system 
n 2+  times if the dimension of the tuned gain vector is n. 
This obviously can be a limiting factor if the number of 
tuned parameters is large.

In this article, we report some recent results that 
rely on ESC (refer to “ESC: Basic Ideas” for a succinct 

Summary

Real-life systems are often faced with the problem of 

having to adapt to changing operating conditions. For 

example, the aging of system components or changes in 

environmental conditions might lead to important drifts of 

the nominal operating conditions. As a result, it is of para-

mount importance to consider the robustness and adapt-

ability of control modules meant for real-time deployment. 

One way of achieving such robustness and adaptability is 

by fine-tuning the controller in real time when assessing its 

interaction with the environment. This is mostly known as 

“iterative feedback tuning” (“IFT”) in the control community. 

We propose to look at this problem of IFT from the perspec-

tive of ESC. Indeed, ESC is a zero-order data-driven optimi-

zation method that could be readily leveraged for the IFT of 

real-time controllers, where the optimization cost function 

encompasses the feedback tuning performance target. In 

this article, we present three industrial applications of ESC 

in the context of IFT.

Extremum seeking control is a mathematically rigorous data-driven 

framework, extensively researched over the last two decades.
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introduction) to solve the IFT problem for complex 
industrial systems.

ESC can be classified as model-free adaptive control in 
the sense that it does not rely on any mathematical model 
of the system. ESC algorithms are solely based on online 
measurements collected directly from the system. The term 
“adaptive” here means that the controller can adapt to and 

deal with any uncertainty in the system since the controller 
does not rely on any specific model.

Recently, ESC has been incorporated into the design of 
various systems, such as electromagnetic actuators for 
high-rise elevators and 5G digital power amplifiers (DPAs). 
Some of the highlights of these results are presented in the 
following sections.

ESC: Basic Ideas

To provide the reader with an understanding of how ESC meth-

ods function, we introduce a few simple ESC algorithms. Let 

us begin by considering the following general dynamics:

	 ( , )x f x u=o � (S1)

where x Rn!  is the state, u R!  is the scalar control (for 

simplicity), and :f R RRn n"#  is a smooth function. Now, as-

sume that the equation given by (S1) describes the behav-

ior of a real-world system. The objective of the control is to 

optimize the system’s performance, which could range from 

a simple task, such as regulating a specific output to a con-

stant target value, to a more complex one, such as tracking 

a desired time-varying trajectory. We model the desired per-

formance with a smooth function ( , ) : ,J x u R R Rn "#  which 

can be simplified to ( )J u  since the state x is influenced by 

u. To establish convergence results, we must assume the 

following conditions.

Assumption 1

There exists a smooth function :l R Rn"  such that

	 ( , ) , ( ) .f x u x l u0 if and only if= = � (S2)

Assumption 2

For each ,u R!  the equilibrium ( )x l u=  of the system (S1) is 

locally exponentially stable.

Assumption 3

There exists (a maximum) u R!)  such that
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Based on these assumptions, we can design some simple 

extremum seekers with proven convergence bounds. Indeed, 

one of the simplest ways to maximize J is to use gradient-

based ESC, as follows:

	 , .u k du
dJ k 02=o � (S4)

We can analyze the convergence of the ESC algorithm (S4) by 

using the Lyapunov function

	 ( ) ( ) , .V J u J u u u0 for2 != -) ) � (S5)

The derivative of V leads to

	 .V du
dJ u k du

dJ 0
2
#= =-o o c m � (S6)

This proves that algorithm (S4) drives u to the invariant set subject 

to ,/dJ du 0=  which is (by Assumption 3) equivalent to .u u= )  

However, as simple as algorithm (S4) might seem, it still requires 

knowledge of the gradient of J. To overcome this requirement, 

one can instead use an algorithm motivated by the sliding mode 

control ideas. For instance, we can define the tracking error

	 ( ) ( )e J u tref= - � (S7)

where “ref” denotes a time function that is monotonically 

increasing. The idea is that if J tracks ref, then it increases 

until it reaches an invariant set centered around the equality 

./dJ du 0=  A simple way to achieve this goal is by choosing 

the following ESC law:

	 ( , , .sinsgnu k k
e k k 01
2

1 22r=o ` j � (S8)

This controller is shown to steer u to the set subject to 

( )/ /dJ du t kref ,11; ; ; ;o  which can be made arbitrarily small by 

proper tuning of .k1

Another well-known extremum seeking approach is the so-

called perturbation-based ESC. It uses a perturbation signal 

(often sinusoidal) to explore the space of control and steers 

the control variable toward its local optimum by implicitly fol-

lowing a gradient update. This type of ESC algorithm has been 

thoroughly analyzed, for example, in [2]. Let us show a simpli-

fied version of a sinusoidal disturbance-based ESC algorithm. 
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It has been shown, using averaging theory and singular per-

turbation theory, that this simple algorithm, under some simple 

assumptions (of at least local optimality and the smoothness 

of J), can (locally) converge to a neighborhood of the optimal 

control ,u)  for example, [2]. Several other ESC algorithms exist; 

however, it is not the purpose of this article to review all the ex-

tremum seeking results. Instead, we refer the interested reader 

to the recent survey [49].
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ELECTROMAGNETIC ACTUATORS FOR HIGH- 
RISE BUILDINGS
Electromagnetic actuators operate on the fundamental 
principles of electromagnetism, converting electrical 
energy into mechanical motion (refer to “Electromagnetic 
Actuators: A Brief Overview”). Their ability to deliver pre-
cise, rapid, and controlled movements makes them ideal 
for applications where reliability and safety are para-
mount. In high-rise buildings, where elevator systems 
must operate continuously and often under significant 
loads, the advantages of electromagnetic actuators are par-
ticularly pronounced.

Electromagnetic actuators provide exceptional precision 
in controlling the braking mechanism of elevators. In high-
rise buildings, where elevators travel at high speeds and 
over long distances, the ability to precisely control the 
deceleration and stopping of the elevator car is crucial for 
safety and passenger comfort. Electromagnetic actuators 
allow for smooth and controlled braking, reducing the like-
lihood of abrupt stops that could cause discomfort or injury 
to passengers.

More specifically, noise is a significant concern in 
high-rise buildings, particularly in residential or office 
environments, where quiet operation is desired. Electro-
magnetic actuators contribute to noise reduction in eleva-
tor systems by providing smooth and quiet operation. The 
absence of fluid movement or mechanical friction, as seen 
in hydraulic or mechanical systems, means that electro-
magnetic brakes generate less noise during engagement 
and disengagement. This is particularly important in 

high-rise buildings where multiple elevators operate 
simultaneously.

Electromagnetic actuators allow for precise control of 
a moving armature between two target positions. With 
regard to noise management, the primary objective, 
known as the “soft landing” of the moving armature, is to 
ensure minimal contact velocity between the armature 
and the fixed parts of the actuator (the left and right sides 
of the electromagnet in Figure 1). This motion is typically 
iterative, as the actuator must repeatedly open and close 
to achieve the desired cyclic motion of a mechanical part 
attached to it (the “actuated object” in Figure 1). Such 
actuators are commonly used in elevator brakes, where 
the moving mechanical part contacts the elevator sheave’s 

Electromagnetic Actuators: A Brief Overview

Electromagnetic actuators are devices that convert electrical 

energy into mechanical motion using the principles of elec-

tromagnetism [S1]. These actuators typically consist of a coil of 

wire that generates a magnetic field when an electric current 

passes through it and a movable ferromagnetic core, or arma-

ture, that responds to this magnetic field. The interaction be-

tween the magnetic field and the core produces force or motion, 

which can be harnessed to perform various mechanical tasks.

HOW ELECTROMAGNETIC ACTUATORS WORK

The basic operation of an electromagnetic actuator involves 

the generation of a magnetic field by the coil, which in turn at-

tracts or repels the ferromagnetic core. By controlling the elec-

tric current through the coil, the magnetic field strength can 

be varied, allowing precise control over the movement of the 

core. This movement can be linear, as in solenoids, or rotary, 

as in electric motors. The force generated by the actuator is 

proportional to the current, making it a highly controllable and 

efficient means of producing motion.

APPLICATIONS OF ELECTROMAGNETIC ACTUATORS

Electromagnetic actuators are widely used in various applica-

tions across multiple industries. In the automotive industry, 

they are employed in systems like fuel injectors and brake 

actuators, where precise control over mechanical movement 

is essential. In industrial automation, electromagnetic actua-

tors are used in robotic arms and conveyor systems to perform 

tasks such as lifting, positioning, and sorting.

One notable application is in the field of elevator systems, 

particularly in high-rise buildings. Here, electromagnetic ac-

tuators are integral to the operation of electromagnetic brakes, 

which are crucial to ensuring the safety and smooth operation 

of elevators. These brakes rely on electromagnetic forces to 

engage or release the brake pads, providing reliable control 

over the elevator’s motion.

REFERENCE
[S1] J.-R. Brauer, Magnetic Actuators and Sensors, 2nd ed. Hoboken, 
NJ, USA: Wiley, 2006.
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FIGURE 1 An electromagnetic actuator.
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drum to halt its rotation and consequently stop the verti-
cal motion of the elevator car. Soft landing performance 
is particularly desirable in this application because it is 
associated with lower noise levels, which is crucial for 
deployment in high-rise residential buildings.

To achieve robust soft landing performance that can 
withstand system aging, we propose the control loop in 
Figure 2. This ESC-based control architecture can be 
decomposed into three main components. First, there is a 
system modeling phase coupled with a reference trajectory 
generator that produces desired armature trajectories for 
the system to follow. Second, a model-based controller is 
designed to track these reference trajectories through a 
feedback policy that modulates the coil voltage based on 
real-time measurements, including armature position and 
velocity. Third, an adaptive ESC-based gain tuning mecha-
nism continuously optimizes the feedback policy’s param-
eters to compensate for system aging. The following 
sections provide detailed descriptions of each component.

System Modeling
We consider the following nonlinear model for electromag-
netic actuators: 
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where xa  represents the armature position physically 
constrained between the initial position of the armature 
0 and the maximal position of the armature ,x f  /dx dta  
represents the armature velocity, m is the armature mass, 
k is the spring constant, x0  is the initial spring length, h  
is the damping coefficient (assumed to be constant), 

( )/( )ai b x2 a
2 2+  represents the electromagnetic force (EMF) 

generated by the coil, a and b are two constant parameters 

of the coil, R is the resistance of the 
coil, / )(aL b xa= +  is the coil induc-
tance, and ( ) )( / )( /ai b x dx dta a

2+  rep-
resents the back EMF. Finally, i 
denotes the coil current, /di dt  is its 
time derivative, and u represents the 
control voltage applied to the coil. In 
this model, we do not consider the 
saturation region of the flux linkage 
in the magnetic field generated by 
the coil since we assume that a cur-
rent and armature motion ranges 
within the linear region of the flux. 

We define xref  as a desired arma-
ture position trajectory such that xref  
is a smooth (at least )C2  function sat-
isfying the initial/final constraints: 

( ) , ( ) ,x x t x0 0 f fref ref= = ( ) ,x 0 0ref =o  
( ) ,x t 0fref =o  where t f  is the desired finite motion time and 

x f  is a desired final position, which is considered equal to 
the maximal position of the armature.

We consider the dynamical system (1) with bounded 
parametric uncertainties in the spring coefficient ,kd  with 
| | ,k kmax#d d  and the damping coefficient ,dh  with 
| | ,max#dh dh  such that k knominal= kd+  and ,nominalh h dh= +  
where  k andnominal nominalh  are the nominal values of the 
spring stiffness and the damping coefficient, respectively.

Next, following the input–output linearization and 
Lyapunov reconstruction methods, for example, [21], we 
can write the following robust passive controller:
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( )( / )x dx t dtref ref=o  and ( ) ,( )/x d x t dt2 2
ref ref=p  and ,V z PzT=  

P 02  is a solution of equation ,PA A P IT+ =-uu uu  with
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where , ,  K K Kand1 2 3  are chosen such that Auu  is Hurwitz.

IFT of the Controller Gains Using ESC
Considering a cyclic behavior of the actuator such that 
each iteration happens over a time interval of length ,t f  we 
define the tuning cost function, to be minimized with 
respect to ,b  as

	 ( ) ( ) ( )J C z It C z Itf f1 1
2

2 2
2b = + � (4)
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FIGURE 2 An elevator brake: the control loop with ESC gain tuning. Here, Fi  represents 
functional relationships among variables, where detailed mathematical expression is omit-
ted for simplicity.
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where , , ...I 1 2 3=  is the number of iterations, , ,C C 01 2 2  
and the optimization variable is [ , , , ] ,K K K k T

1 2 3b d d d d=  so 
that the feedback gains are written as
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where , , ,  K K K kand1 2 3 nominalnominal nominal nominal  are the nominal 
initial values of the feedback gains in (2).

Following a dither-based ESC approach, such as (S9), the 
variations of the estimated gains are given by
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where , , ,a a a aandK K K k1 2 3  are positive and ,p q r!~ ~ ~+

, , { , , , },p q r 1 2 3 4!  for .p q r! !

The system of equations (6) may appear complex at first 
glance; however, it is fundamentally a parallel implemen-
tation of the basic ESC equations in (S9), replicated for each 
of the four gains that require tuning in this application. 
The final two equations in (6) serve a specific purpose: 
they discretize the ESC outputs and maintain them con-
stant throughout one learning iteration, which corre-
sponds to a complete armature motion trajectory over a 
time interval .t f

We successfully implemented this controller on an eleva-
tor brake test bed. As illustrated in Figure 3, during the 
control-free phase (when the drum is in free fall), the noise 
monitor displays several impact noise peaks. However, after 
activating the ESC-based control tuner (either using a laser 
sensor or an estimator to obtain the displacement measure-
ment ),xa  the noise level is reduced to negligible levels. This 
reduction in the noise level is directly linked to improved 
control of the moving drum’s trajectory, which closely fol-
lows a desired smooth landing path, as in Figure 4.

This is an example in which ESC was successfully 
implemented to enhance the real-time performance of a 
mechatronics system. However, ESC has also been applied 
to various other real-world applications, including purely 
electronic systems, such as DPAs. The following section 
explores this particular application in more detail.

No Control

First Phase Second Phase Third Phase

Restart-No Control Restart No Control

Control With Laser Sensor Control With Estimator

FIGURE 3 An elevator brake: noise level reduction. In the first phase, there is no control. The second phase restarts with no control and 
then switches to control with armature position measurement. The third phase restarts with no control and then switches to control with 
armature position estimation from coil current measurement.
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DPAS FOR 5G NETWORKS
The rapid evolution of wireless communication systems has 
been driven by the increasing demand for higher data rates, 
lower latency, and improved connectivity. 5G networks are 
at the forefront of this technological advancement, promis-
ing to deliver unprecedented performance across a wide 
range of applications, from enhanced mobile broadband to 
ultrareliable low-latency communication and massive 
machine-type communication. Central to the successful 
deployment of 5G networks is the development of efficient 
and high-performance PAs, which play a critical role in 
ensuring the reliability and quality of transmitted signals.

In traditional analog PAs, efficiency and linearity are 
often at odds, which poses significant challenges in the 
design of amplifiers that can meet the stringent require-
ments of 5G. The increasing use of higher frequency bands, 
such as millimeter waves, and complex modulation schemes 
like quadrature amplitude modulation further complicate 
PA design. These factors necessitate a shift toward DPAs, 
which offer the potential to overcome the limitations of 
analog designs through digital processing techniques.

DPAs leverage digital signal processing to improve lin-
earity and efficiency while also reducing power consump-
tion (see “DPAs: A Brief Overview”). By converting the input 
signal into a digital format, DPAs can more precisely control 
the amplification process, enabling advanced techniques, 
such as digital predistortion (DPD) and envelope tracking. 
These techniques are crucial to maintaining signal integrity 
in the high-frequency high-bandwidth environment of 5G 
networks. More specifically, DPD is a highly effective linear-
ization technique that is used to counteract nonlinearities in 
PAs [22]. DPD works by applying a precorrection to the input 
signal, ensuring that the combined system of the DPD and 
PA operates as an ideal linear and memoryless amplifier.

The adoption of DPAs in 5G networks also aligns with 
the broader trend of software-defined radio, where the 
flexibility of digital components allows for rapid adapta-
tion to changing standards and requirements. This adapt-
ability is particularly important in the context of 5G, where 
the network must support a wide range of use cases, each 
with its own unique performance criteria.

In the literature, advanced PA architectures based on 
dynamic load or supply modulation have been proposed to 
avoid wasting power resources [23]. Some of the most pop-
ular solutions are Doherty [24], envelope tracking [25], 
Chireix [26], and outphasing [27]. These highly efficient 
topologies require linearization techniques, such as DPD, 
to meet the linearity requirement, especially with an 
increase of the signal bandwidth.

Amplification architectures based on active load modu-
lation, such as the Doherty amplifier, are among the most 
widely used techniques to enhance PA efficiency. These 
architectures exploit the nonlinear interaction between the 
main and auxiliary transistors, particularly for modulated 
signals with a large dynamic range. Although these designs 
can be implemented with a single radio-frequency (RF) 
input for use in transmitters, several studies have high-
lighted the advantages of maintaining separate inputs [28], 
[29], [30]. Additionally, the benefits of dual-input PAs over 
single-input configurations have been explored in [31].

Separation of the RF input introduces additional degrees 
of freedom, often referred to as “free optimization param-
eters,” which can be adjusted to optimize performance and 
enhance PA efficiency [32]. These free parameters encom-
pass critical circuit- and system-level factors, such as PA 
bias voltages, the power ratio, and phase shift of individual 
input signals.

When focusing on dual-input Doherty PAs (DIDPAs), 
identifying the optimal values of these free parameters that 
ensure high performance typically necessitates experimen-
tal cross validation or exhaustive search. These processes 
can be costly and computationally intensive, particularly 
when dealing with an unconstrained search space. Opti-
mizing these free parameters within a defined range can be 
framed as a global optimization problem. Various tech-
niques have been proposed in the literature to determine 
the optimal set of free parameters within large search 
intervals [33].

Generally, a DIDPA operates at maximum efficiency, 
which often results in compromised linearity. To address 
this limitation, an effective system approach is needed to 
balance the tradeoff between linearity and efficiency. 
Designing a DPD model that can accurately determine the 
inverse characteristics of a DIDPA is challenging, espe-
cially when it comes to identifying a model that is both 
suitable for hardware implementation and possesses 
favorable numerical properties along with high modeling 
accuracy.

A practical approach to optimizing a DIDPA involves 
integrating it into an iterative system-based process that 
focuses on two key aspects: optimizing the free parameters 
enabled by the separation of the input signals and compen-
sating for nonlinearities through DPD linearization.

The first significant work on online learning-based opti-
mization of DIDPAs was introduced in [34]. The authors 
proposed an adaptive technique utilizing a simultaneously 
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FIGURE 4 An elevator brake: the linear trajectory of the moving drum.
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DPAs: A Brief Overview

DPAs represent a significant advancement in the field of 

electronic amplification, especially in the context of mod-

ern communication systems [S2], [S3]. Unlike traditional analog 

PAs, which amplify continuous signals, DPAs amplify digital 

signals—discrete-time signals that represent data in the form 

of bits (zeros and ones). This digital approach allows greater 

efficiency, flexibility, and integration with digital processing 

systems, making DPAs a crucial component in modern high-

frequency applications, such as wireless communication and 

broadcasting. 

HOW DPAS WORK

A DPA converts a low-power digital signal into a higher-power 

signal suitable for driving antennas or other loads. The core of 

a DPA typically involves pulsewidth modulation or delta–sigma 

modulation, where the digital input signal is used to control 

the switching of transistors within the amplifier. These transis-

tors rapidly switch between the on and off states, creating a 

high-power output that mirrors the input signal but with much 

greater amplitude.

The process involves several key stages.

•	 Digital input processing: The input digital signal is pro-

cessed to generate the necessary control signals for the 

transistors.

•	 Switching stage: High-speed transistors switch on and 

off, controlled by the processed digital input. This stage 

is responsible for generating the amplified output signal.

•	 Filtering: The output signal, initially a high-frequency high-

power signal with switching noise, is passed through filters 

to remove unwanted noise and smooth the signal into a 

usable form.

•	 Output stage: The filtered signal is delivered to the load, 

such as an antenna or a speaker, with the necessary pow-

er level for effective operation.

ADVANTAGES OF DPAS

DPAs offer several advantages over traditional analog PAs.

•	 Efficiency: By operating transistors in switching mode 

(fully on or fully off), DPAs minimize power loss in the form 

of heat, leading to much higher efficiency.

•	 Linearity: Through advanced digital techniques, such 

as digital predistortion, DPAs can achieve high linearity, 

which is essential for minimizing distortion in complex 

modulation schemes used in modern communications.

•	 Integration: DPAs can be easily integrated with other digi-

tal systems, allowing for compact designs and seamless 

operation with digital signal processors and other digital 

components.

•	 Flexibility: The digital nature of DPAs allows for dynamic 

adaptation and real-time tuning, making them suitable for 

applications requiring variable output characteristics.

APPLICATIONS OF DPAS

DPAs are increasingly being adopted in various high-frequen-

cy applications where efficiency, linearity, and integration are 

paramount. Some of the key applications include

•	 Wireless communication: DPAs are essential in mod-

ern wireless communication systems, including 4G 

and 5G networks. They are used in base stations and 

mobile devices to amplify signals before transmission, 

ensuring that data are transmitted reliably over long dis-

tances. The high efficiency and linearity of DPAs help 

to reduce power consumption and minimize signal dis-

tortion, which is critical to maintaining the integrity of 

transmitted data.

•	 Broadcasting: In TV and radio broadcasting, DPAs are 

used to amplify the signal before it is broadcast over 

large areas. The ability to efficiently handle high power 

levels while maintaining signal quality makes DPAs ideal 

for this purpose.

•	 Satellite communication: DPAs are used in satellite com-

munication systems to amplify signals transmitted to and 

from satellites. The high efficiency of DPAs is particularly 

beneficial in satellite applications, where power resources 

are limited.

•	 Radio-frequency identification systems: Radio-frequency 

identification (RFID) systems rely on DPAs to power the 

signals used to communicate with RFID tags. The preci-

sion and efficiency of DPAs enhance the performance of 

RFID systems in various applications, including inventory 

management and access control.

•	 Medical devices: DPAs are also found in medical de-

vices, such as magnetic resonance imaging machines 

and other diagnostic equipment that requires high-

power RF signals. The precision and efficiency of DPAs 

contribute to the accuracy and effectiveness of these 

devices.

CONCLUSION

DPAs represent a significant technological advancement in 

the amplification of high-frequency signals. Their efficiency, 

linearity, and ease of integration with digital systems make 

them indispensable in a wide range of applications, from wire-

less communication and broadcasting to medical devices. As 

digital technology continues to evolve, the role of DPAs is ex-

pected to expand, driving further innovation in various fields.
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perturbed stochastic approximation algorithm to tune free 
parameters, such as the power ratio, phase shift, and bias 
voltages. A cost function, defined in terms of output gain 
(G) and power-added efficiency (PAE), was employed to 
guide the algorithm’s convergence.

Building on the work in [34], an extension was presented 
in [35], where the cost function was expanded to include 
additional metrics, specifically, the output power ( )Pout  and 
adjacent channel power ratio (ACPR), to better address lin-
earity considerations. The optimization process in [35] and 
[36] utilized a global optimization algorithm, such as simu-
lated annealing (SA), as a first step. After achieving an 
optimal cost function value, a fine-tuning process was 
implemented using ESC. The results presented below are 
from [35] and [36].

DIDPA
A dual-input PA, such as Doherty, is depicted in Figure 5.

The DIDPA has two RF inputs, a drain bias Vdc  and two 
gate source voltages VGS,1  and VGS,2  to control the transis-
tor’s terminal independently.

The instantaneous amplitude and phase of each base-
band input, along with the VGS  gate bias voltages, can be 
independently controlled and adjusted. This provides a 
significant degree of freedom to optimize these parameters 

for improved power efficiency. These parameters are tuned 
through ESC, which determines their optimal values in 
real time, ensuring that the DIDPA operates at a point that 
offers a better tradeoff between efficiency and linearity.

These free parameters are expressed as functions of 
low-level signals (refer to [36] for more details), which are 
summarized in Table 1; such low-level signals are then 
directly adjusted by the ESC controller.

Learning Cost Function
The cost function is an essential design aspect that ensures 
a good tradeoff between linearity and efficiency. The lin-
earity requirement is presented in terms of two optimiza-
tion objectives, namely, the error vector magnitude (EVM) 
and the ACPR, while the efficiency requirement is pre-
sented by the PAE and the output power .Pout

The EVM is a metric that measures the in-band distor-
tion level. The ACPR is used to evaluate out-band distor-
tions and is defined for the lower (left) and upper (right) 
adjacent channels. We propose to design the cost function J, 
to be maximized with respect to ,b  according to a linear 
weighted sum, which is defined as

	 ( ) ,J w J w J w J w J w 1P i
i

1 2 3 4
1

4

EVM ACPR PAE outb = + + + =
=

/ � (7)
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where EVM t , ACPR t , PAE t , and P ,tout  are the EVM target, 
ACPR target, PAE target, and Pout  target, respectively. The 
details of how these optimization cost terms are defined as 
a function of the control vector b  are beyond the scope of 
this review article and can be found in [36].

IFT Using ESC With Warm Start
The search for an optimal set of the parameters defined in 
Table 1 is a nonconvex optimization problem due to the 
nonlinear mapping between these low-level signals and 
the final objective function. To help the ESC algorithm 
reach a good local maximum while keeping the ESC simple 
and deployable under stringent computation power con-
straints, we choose to warm start the ESC with a black-box 
optimization method, namely, the SA approach [37]; see the 
diagram in Figure 6.

The SA algorithm is a stochastic search based on the 
Metropolis Monte Carlo method [38], the concept of which 

Low-Level Signals Symbol Unit

Threshold of peak-to-average power 
ratio reduction

n Decibels

Power ratio a Percent

Phase shift z Degrees

Attenuation difference } Decibels

Main bias voltage V ,mGS Volts

Peaking bias voltage V ,pGS Volts

TABLE 1  Parameters controlled by ESC.

RF Output

Drain Bias
Supply

Vdc

PA

Gate Source
Bias Supplies

RF Inputs Vout

Vin, 1

Vin, 2

VGS, 1 VGS, 2

FIGURE 5 A dual-input PA.
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is to accept not only the solutions that improve J but also 
some solutions that worsen it with a probability p, known 
as the “Metropolis criterion” and defined as

	 ( )p E e k
E
TboltD =

D- � (9)

where ED  is the change in the cost function, kbolt  is 
Boltzmann’s constant, and T  is the control parameter anal-
ogous to the temperature of the annealing process.

During the search, the temperature is gradually 
decreased until it reaches zero value in the perfect case.

Once the SA algorithm has reached a neighborhood of 
,opt,SAb  the optimization procedure switches to ESC for 

fine-tuning. The algorithm of ESC with a warm start is 
described in Algorithm 1.

Experimental Results
The performance of the ESC autotuner was evaluated on 
the testbed displayed in Figure 7.

The proposed system approach for the DIDPA is tested 
using a 64-quadrature amplitude modulation-modulated 
20-MHz bandwidth long-term evolution signal with a roll-
off factor of 0.6 at f 3c =  GHz, with 8 dB of peak-to-average 
power ratio. The weighting coefficients of the learning cost 
are chosen as . , . , . ,  . .w w w w0 1 0 1 0 4 0 4and1 2 3 4= = = =  
The target performance levels are set to %,3EVMt =

%, .P50 60 40ACPR  dB, PAE and  dBmt t tout,= - = =  The 
ESC warm start algorithm is tuned according to the follow-
ing coefficients: ,1T0 =  . ,0 01T f =  . ,0 96C =  ,k 1bolt =  

,60SAmax =  ,10~ =  ,K 1=  and . .a 0 01=  The evolution of 
the learning cost J is reported in Figure 8. The evolution of 
the optimization parameters appears in Figure 9. The com-
bination of the SA algorithm with ESC fine-tuning led to an 
optimal performance of . %46 58PAE =  and .P 35 63 dBmout =  
(refer to [36] for more details).

We conclude this article by presenting another application 
where ESC played a crucial role in the real-time autotuning 
of a complex feedback system. In this case, ESC was used to 
autotune models of airflow and temperature coupling in 
indoor environments. This coupling 
is most accurately described by the 
well-known Navier–Stokes (NS) par-
tial differential equation (PDE). How-
ever, solving this PDE in real time is 
practically infeasible. Therefore, we 
developed simplified versions of the 
NS PDE in the form of reduced-order 
models (ROMs). While ROMs are 
easier to implement and solve in real 
time, they require expert tuning to 
account for the information lost 
during the simplification of the NS 
PDE. In the next section, we demon-
strate how ESC can automate this 
tuning process in real time.

Measurements

Optimal Gains
PA

Measurements

ESC-Based Gains 
Finetuning

SA Warm Start

β = F(JEVM, JACPR, JPAE, JPout, β0)

β0

FIGURE 6 A PA: the control loop with SA–ESC gain tuning. Here, F 
represents a functional relationship among variables, where 
detailed mathematical expression is omitted for simplicity.
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ESC
Performance
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FIGURE 7 A Doherty testbed. LAN: local area network; GaN: gallium nitride; FPGA: field-
programmable gate array.

Initialization: ,T0  ,Tf  ,K  a, ~

Run SA algorithm

,ESC opt,SA0b H=

,ESC0b b=

J Jold opt,SA=

while 1 do

    Evaluate ( )J b

    if ( )J Jold2b  then

        ( )J Jold b=

        ( ) ( ) ( )sinJ a#p x b ~x=

        ( )K d
t

0
#b p x x=t #

        ( )sina tb b ~= +t

    else

        optb b=

        ( )J Jopt optb=

        end while loop

    end

end

Return optb

ALGORITHM 1 ESC with a warm start.
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FLUIDIC SPATIOTEMPORAL MODELS FOR HVAC 
APPLICATIONS
Thermal and fluid systems have been extensively studied 
across various scientific and engineering disciplines due 
to their wide range of applications. For example, optimiz-
ing energy management in HVAC systems (refer to 
“HVAC Systems: A Brief Overview”) has become a priority 
research area in many countries, given the significant 
impact of these systems on energy consumption [39], par-
ticularly in this era of artificial intelligence and large data 
centers [40].

One of the key challenges in HVAC management is accu-
rately estimating the entire spatial profile of airflow and 
temperature using a limited number of strategically placed 

sensors throughout a building. One approach to addressing 
this challenge is through the physics-based modeling of air-
flow dynamics and their interaction with temperature. One 
of the most accurate models for capturing airflow dynamics 
is described by NS equations.

State estimation for NS equations has been extensively 
investigated in the literature over the past decade. In [41], 
an infinite-dimensional Kalman filter was designed for a 
linearized NS equation around the velocity field of inter-
est. While the approach demonstrated good performance 
as an initial contribution to fluid estimation, two major 
challenges arise in practical implementation. First, the 
linearization assumption of NS equations can lead to a 
low-fidelity fluid model. Second, the high computational 
cost associated with discretizing the infinite-dimen-
sional filter poses significant challenges. To address these 
issues, the authors of [42] developed a proper orthogonal 
decomposition (POD)-based model reduction (refer to 
“POD Model Reduction” for an introduction) for NS 
equations and designed an extended Kalman filter for 
state estimation, showing effective results in estimating 
the velocity profile. Further research on state estimation 
for the POD–ROM of NS equations can be found in [43] 
and [44].

Higher-fidelity models of NS equations that account for 
buoyancy forces, driven by density changes due to tempera-
ture dependence, require additional complexity. The dynam-
ics of the temperature profile are also governed by the 
conservation of energy, resulting in the formulation of Bouss-
inesq equations, which describe coupled thermal and fluid 

systems. The design and analysis of 
Boussinesq equations are particularly 
challenging due to the coupled non-
linearity of the two PDEs, especially 
in 2D and 3D domains. Moreover, as 
highlighted in [45], POD-based model 
reduction can compromise the stabil-
ity of state variables, often due to the 
truncation of higher-order modes that 
serve as stabilizing factors.

A robust and stable model reduc-
tion for Boussinesq equations was 
developed in [46] through the intro-
duction of a new closure model that 
stabilizes the ROM. The authors dem-
onstrate the robust stability of this 
closure model in the presence of 
parameter uncertainties using Lyapu-
nov analysis. Additionally, the gains in 
the closure terms are autotuned using 
a learning-based ESC algorithm, 
which minimizes the errors between 
the true model solution and the ROM 
solution. The results presented in [46] 
show significant improvements in 
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HVAC Systems: A Brief Overview

HVAC systems are integral to maintain indoor environmental 

comfort in residential, commercial, and industrial settings. 

These systems are designed to regulate temperature, humid-

ity, and air quality within a building, ensuring a comfortable 

and safe indoor environment. HVAC systems combine three 

primary functions—heating, ventilation, and air-conditioning—

to create and maintain optimal indoor conditions regardless of 

external weather or environmental factors.

COMPONENTS OF HVAC SYSTEMS

HVAC systems are composed of several key components that 

work together to achieve the desired indoor climate [S4].

•	 Heating system: The heating component is responsible 

for maintaining a comfortable indoor temperature during 

colder weather. Common heating systems include furnac-

es, boilers, and heat pumps.

•	 Ventilation system: Ventilation is crucial for maintaining 

indoor air quality by removing contaminants and introduc-

ing fresh air into the building. Ventilation systems can be 

natural or mechanical. Natural ventilation relies on passive 

airflow through windows, vents, and other openings. Me-

chanical ventilation involves fans, ducts, and air handling 

units to actively circulate air within the building. This type 

of ventilation can be combined with air filters and purifiers 

to remove pollutants, allergens, and other harmful par-

ticles from the air.

•	 Air-conditioning system: The air-conditioning component 

cools and dehumidifies the indoor air, providing relief during 

hot weather. The most common air-conditioning systems in-

clude central air conditioners that use a compressor, evapo-

rator, and condenser to cool air and distribute it through the 

building’s ductwork and split systems that include an out-

door unit (condenser and compressor) and an indoor unit 

(evaporator), connected by refrigerant lines. They are often 

used in residential and small commercial applications.

HOW HVAC SYSTEMS WORK

HVAC systems operate through a combination of heating, cool-

ing, and ventilation processes that are carefully controlled to 

maintain desired indoor conditions. Here is a simplified over-

view of how these systems work.

•	 Temperature control: A thermostat monitors the indoor 

temperature and triggers the heating or cooling system to 

maintain the set temperature. In heating mode, the furnace 

or heat pump generates warmth, while in cooling mode, the 

air conditioner removes heat from the indoor air.

•	 Air circulation: The system’s fans and blowers circulate 

air through ducts, distributing warm or cool air throughout 

the building. Ventilation fans also introduce fresh air from 

the outside while exhausting stale air.

•	 Humidity regulation: HVAC systems help regulate indoor 

humidity levels, particularly through the dehumidifying ef-

fect of air-conditioning. Some systems also include hu-

midifiers to add moisture to the air in dry conditions.

•	 Air filtration: Air filters trap dust, pollen, and other parti-

cles, improving indoor air quality. Advanced systems may 

include air purifiers to remove additional pollutants.

APPLICATIONS OF HVAC SYSTEMS

HVAC systems are ubiquitous across various sectors, provid-

ing essential climate control and air quality management in 

diverse environments. Some of the key applications include

•	 Residential buildings: HVAC systems are standard in 

homes to maintain comfortable living conditions through-

out the year. They ensure warmth in winter, cooling in 

summer, and proper ventilation year-round.

•	 Commercial buildings: In offices, shopping malls, hotels, 

and other commercial spaces, HVAC systems are crucial 

for maintaining a comfortable environment for occupants. 

They also play a role in ensuring the efficient operation of 

electronic equipment by preventing overheating.

•	 Industrial facilities: HVAC systems in industrial settings 

are used not only for worker comfort but also to control the 

environment in manufacturing processes. For example, 

clean rooms in semiconductor manufacturing require pre-

cise temperature, humidity, and air quality control.

•	 Health-care facilities: Hospitals, clinics, and laboratories 

rely on advanced HVAC systems to maintain sterile en-

vironments, control infection, and ensure the comfort of 

patients and staff. These systems are critical for air filtra-

tion and maintaining specific temperature and humidity 

conditions.

•	 Data centers: HVAC systems are vital in data centers to 

prevent servers and other IT equipment from overheat-

ing. These systems are designed to maintain a constant 

temperature and humidity level to ensure the reliability of 

data processing and storage operations.

•	 Transportation: HVAC systems are used in vehicles, air-

planes, trains, and ships to provide passenger comfort 

and regulate the temperature of sensitive cargo.

CONCLUSION

HVAC systems are an essential part of modern infrastructure, 

providing critical temperature control, air quality management, 

and comfort across a wide range of environments. From resi-

dential homes to industrial facilities, these systems play a vital 

role in ensuring the well-being of occupants and the efficient 

operation of processes. As technology advances, HVAC sys-

tems continue to evolve, offering greater efficiency, enhanced 

control, and improved environmental sustainability
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solution prediction for laminar flows. However, the method’s 
effectiveness depends on accurate initial velocity and tem-
perature profiles, a requirement that could be mitigated 
through state estimation techniques utilizing sparse mea-
surements from a limited number of sensors. 

In the following, we summarize the results presented in 
[47], where the authors proposed a robust ESC-based observer 
for Boussinesq equations. Consistent with the methodology 
in [46], a data-driven ESC approach was employed to enable 
online estimation of model uncertainties.

NS Equations Model
We focus on the dynamics of the velocity field ( , ) :x tv  
R R3"#X +  and the temperature profile ( , ) : ,T x t R R"#X +  

where x denotes the spatial coordinate x ! X  and t 0$  
denotes the time. The spatial domain X  can be a 2D or 3D 
space. The governing equations are described by NS equa-
tions, with the condition of incompressible flow and the 
conservation of energy through heat transfer, which leads 
to the following coupled system:

	 ( )t pv v v v g$ $
2
2 d d dt x t+ =- + +` j � (10)

	 v 0$d = � (11)

	 c t
T T Tvp $
2
2 d d dt l+ =` ^j h� (12)

where ( )kg/m3t  is the density profile, [ )]p kg/(ms2  is the 
pressure field, ( )vx  is the viscous stress, ( )c J/kg Kp c  is the 
constant heat capacity, ( )W/m Kl c  is the constant thermal 
conductivity, and ( )gg e m/s3

2=-  is the gravitational 
force. In Boussinesq approximation, the buoyancy force is 
driven by changes in density 0t t tD= +  from the nomi-
nal density ,0t  and the density change is modeled as per-
turbations from the nominal temperature T0  using the 
perfect gas law ( ) ,T Tg g0 0t t bD =- -  / ,T1 0b =  and the 
constant term g0t  is absorbed into the pressure. The vis-
cous stress is governed by ( ) ( ),v v vTd dx to= +  with kine-
matic viscosity o  in square meters per second, whereas the 
velocity v  is in meters per second, and the temperature T 
is in Kelvin.

By introducing a characteristic length L, characteristic 
velocity ,v0  and wall temperature ,Tw  we define the follow-
ing normalized states:

	 , ,x L
x t L

t v v
vv0

0
= = =u u u � (13)

	 , .p
v
p

T T T
T T

w0
2

0

0

t
= =

-
-u u � (14)

Using these variables, PDEs (10)–(12) can be reduced to the 
following (where we dropped the tilde notation):

	 ( )t p Tv v v v e
Re
Gr

32$ $
2
2 d d d x+ =- + + � (15)

	 v 0$d = � (16)

	 RePrt
T T Tv 1$
2
2 d d d+ = c m� (17)

where we defined the Reynolds number ,/Re v L0 o=  
Grashof number ( ) ,( )/g T T LGr w 0

3 2b o= -  and Prandtl 
number / ./( )Pr nu k cp0t=

By defining the state vector ( ) [ ( ), ( ), , ( )] ,q t q t q t q tr r
T

1 2 v Tf= +  
where qi  is defined in [“POD Model Reduction,” (S12)], and 
using the Galerkin projection method, we obtain the fol-
lowing ODE (see [46] for the detailed derivation):

	 ( ) ( ) [ ( )] ( )q t Dq t Cq t q t bn= + +o � (18)

where 02n  is the viscosity / ,Re1n =  D is a negative def-
inite diffusion matrix with diagonal blocks corresponding 
to viscous stress and thermal diffusion, and C is a 3D tensor 
corresponding to the convection terms in (15) and (17). In 
the remainder of this article, we call the model (18) “ROM–
Galerkin” (“ROM-G”).

To solve the POD–ROM in (18), the values of the viscosity 
parameter n  and the initial conditions ( )q 0  are required. 
However, in most applications, these values are uncertain. 
As an alternative, thermal and velocity sensors can be 
deployed to measure the partial states of the system, which 
can then be formulated as a linear map from the POD states.

	 ( ) ( )y t Hq t= u � (19)

where H Rm n! #u  is a measurement matrix given by the 
sensor placement.

To integrate the model (18) with the acquired sensor data, 
a state estimator is designed to reconstruct the entire state 

( )q t  from the measured data. This reconstruction allows for 
the estimation of the velocity field ( , )x tvpod  and the tem-
perature profile ( , )T x tpod  across all x. A well-known design 
for this purpose is the Luenberger-like observer, which is 
constructed as a copy of the plant with the addition of mea-
surement error states, and it is expressed as follows:

	 ( ) ( ) [ ( )] ( ) ( ( ) ( ))q t Dq t Cq t q t b L y t Hq tn= + + + - uot t t t t t � (20)

where ( )q tt  is the estimation of states ( ),q t  nt  is the esti-
mated value of ,n  and L Rn m! #  is the observer gain to be 
determined. For analysis purposes, we impose that the 
lower bound of the viscosity n  is known; that is, .#n n  

One common characteristic of all available feedback controllers is the fact 

that they all rely on some “well chosen” feedback gains.
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Furthermore, our estimated value of the viscosity also sat-
isfies .#n nt  Let ( )q tu  be the estimation error state defined 
by ( ) ( ) ( ) .q t q t q t|= -u t  The ideal performance of the observer 
is characterized by some kind of stability property of the 
estimation error ( ) .q tu  Subtraction of the estimator (20) from 
the system (18) yields the error dynamics

	
( ) ( ) ( ) ( ) ( )

[ ( )] ( ) [ ( )] ( ) [ ( )] ( )
q t D LH q t Dq t Dq t

Cq t q t Cq t q t Cq t q t
n n n= - + +

+ + -
+u u u u u

u u u u

o
�

(21)

where 0| 2n n n= -+  and .n n n= -u t  The stability of the 
observer was analyzed in [47], where it was shown that 
under the proper choice of the observer matrix L, this 
observer leads to an input-to-state stable result (see “Input 
State Stability”) between the system parameters’ estima-
tion error and the state estimation error.

Parametric Uncertainty Estimation by ESC
To enhance the performance of the state observer (20) based on 
the measured value, the uncertain parameters estimate R!nt  
in (20) for the ROM-G used in the observer should be corrected 
through learning iterations; see the diagram in Figure 10. 

The learning cost function to be minimized with respect 
to nt  at every iteration is an error between the measured 
value and its estimate, which is formulated as

	 ( ) ( ( ) ( )) ( ( ) ( )) , .Q y t Hq t R y t Hq t dt R 0
t T

0

f

2n = - -u ut t t# � (22)

Since the estimate of the parameter nt  affects the observer 
state ,qt  the cost function Q is an implicit function of .nt  

Following [48], we impose that the cost function (·)Q  in (22) 
has a local minimum at n n=t  and is analytic and that its 
variation with respect to nt  is bounded in the neighborhood 
of ;n  that is, ( ) ,Q 2d< < #dn pnt  ,02 2p  for all ( ),N!dn n  
where ( )N n  denotes a compact neighborhood of .n

We apply an extremum seeking algorithm as a learning 
method for parameter identification. Let ( )int  be the estimate 
of the parameter n  at the ith iteration, and we introduce an 
internal variable z( )i  with initial value .z( ) ( )1 1n= t  The param-
eter update through the ESC algorithm is given by

	 ( )sinz z a i Q2
( ) ( ) ( )i i i
1

1
1 1 1d ~ d

r
n= + +

+ t` j � (23)

	 sinz a i 2
( ) ( )i i1

1
1

1 1n ~ d
r= + -+ +t ` j� (24)

Input State Stability

We introduce some definitions that are used in the sequel, for 

example, [21]. Consider the system

	 ( , , )x f t x u =o � (S10)

where : [ , )f 0 R RRn m n"# #3  is piecewise continuous in t and 

locally Lipschitz in x and u, uniformly in t. The input ( )u t  is a 

piecewise continuous bounded function of t for all .t 0$

A continuous function :R R0 0"a $ $  is a called a “class K  

function” if it is strictly increasing and ( ) .0 0a =  It is a class 

K3  function if it is class K  and ( ) .lim ss 3a ="3  A continu-

ous function : R RR 0 0 0"#b $ $ $  is a KL  function if, for each 

fixed ,t 0$  the function ( , )s tb  is a K  function and if, for each 

fixed ,s 0$  the function ( , )s tb  is decreasing and such that 

( , ) .lim s t 0t b ="3

Definition 1 ([S5], [21])

The system (S10) is said to be input-to-state stable (ISS) if 

there exist a class KL  function b  and a class K  function c  

such that for any initial state ( )x t0  and any bounded input ( ),u t  

the solution ( )x t  exists for all t t0$  and satisfies

( ) ( ) , ( ) .supx t x t t t u
t t

0 0
0

< < # < < < <b c x- +
# #x

^ `h j

Theorem 1 ([S5], [21])

Let : [ , )V 0 RRn "#3  be a continuously differentiable function 

such that

	
( ) ( , ) ( )

( , , ) ( ), ( )u

x V t x x

t
V

x
V f t x u W x x 0

1 2

2
2

2
2 6 2

< < # # < <

# < < $ < <

a a

t+ -
�

(S11)

for all ( , , ) [ , ) ,t x u 0 RRn m# #3!  where 1a  and 2a  are class K3  

functions, t  is a class K  function, and ( )W x  is a continuous 

positive definite function on .Rn  Then, the system (S10) is ISS.
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where the tuning parameters are ( , , ),a1 1~ d  which are the 
amplitude, frequency, and iteration increment ,02d  
respectively. Owing to the convergence analysis of the 
extremum seeking algorithm as presented, for example, in 
[2] and [48], the performance of the learning-based observer 
has been quantified in [47].

Numerical Simulation for 2D Boussinesq Equations

Input Parameters
We implement the numerical simulation by setting 
the spatial domain as a 2D rectangular shape; namely, 

( , ) ( , ) .0 8 0 1#X =  The nondimensional parameters are 
chosen as ,Re 104=  ,Pr 1=  and .4 10Gr 8#=  The experi-
ment is set up with two fluids at different temperatures, 
separated by a vertical barrier located at .x 4=  On the right 
side of the barrier, the fluid has a lower temperature of one, 
while on the left side, the fluid has a higher temperature of 
1.5. Once the barrier is removed, we anticipate that the 
warmer and less dense fluid will rise, while the cooler and 
denser fluid will sink. Initially, the flow is stationary, with 
the vorticity and stream function set to zero at t = 0, and the 
temperatures on either side of the barrier remain constant.

The 2D equations were simulated using a vorticity 
stream function formulation with no-slip boundary condi-
tions for vorticity and adiabatic boundary conditions for 
temperature. We use 10 POD basis functions for vorticity 
and 10 POD basis functions for temperature variables 

computed from snapshots taken every .2 10 s2# -  The sim-
ulation time is set as .t 10 sf =  In Figure 11, we present the 
direct numerical simulation of (15)–(17). The snapshot in 
Figure 11 corresponds to the spatial view of the flow at 

.t 8 s=  A mixing process becomes visible after the barrier 
between the two fluids is removed, which presents a chal-
lenging and complex example of fluid dynamics. The inter-
action between the fluids during mixing introduces 
additional complexity, particularly when predicting and 
analyzing the resulting flow patterns and behaviors.

For data collection, we deploy five sensors to measure 
temperature and five sensors to measure velocity, with 
their positions strategically selected using the Q-discrete 
empirical interpolation method, as described in [50] and 
examined in Figure 12. The measurement matrix Hu  in (19) 
is then constructed based on the POD basis functions (see 
“POD Model Reduction”).

ESC-Based Observer Autotuning
After discretizing the time, the dynamics of the ROM-G 
model (18) and its observer (19) are represented by the dif-
ference equation

( , , )q f q yk k k1 n=+t t t

where , , , ,k T0 1 ff=  ( ),q q k tk D=t t  and ./T t tf f D=  In the 
numerical experiment, measurements { }yk k

T
0

f

=  are gener-
ated through forward simulation of the model. These mea-
surements are then used to calculate the observer state 
{ } ,qk k

T
0

f

=
t  starting with an initial guess for .nt

Once the observer state { }qk k
T

0
f

=
t  is obtained, the esti-

mated parameter is updated iteratively using the ESC algo-
rithm. This process, alternating between running the 
observer and updating the parameter, continues for I itera-
tions, where I is the predefined number of iterations. The 
final estimate of the uncertain parameter is calculated by 
averaging the parameter values over the last 10% of the 
steps. Finally, the observer is rerun with the updated 
learned parameter to refine the results. This entire proce-
dure is outlined in Algorithm 2.

Performance of the Observer
In these tests, the initial observer state is set as ( )q 0 =t  
( ) ( ),q1 0e+  where . ,0 1e =  indicating a 10% error in the ini-
tial conditions of the observer state. The true viscosity is 
normalized to ,1n =  while the initial estimate of the viscos-
ity is set to . ,0 85( )1n =t  representing a 15% error. The param-
eters for the dither signals are configured as . ,a 0 021 =  

, ,1 0001~ =  and . .0 001d =  The learned parameter is 
updated progressively over the course of 1,000 iterations.

The simulation of the learning-based observer was car-
ried out, and Figure 13 presents the time evolution of the 
first two modes for both velocity and temperature. It shows 
the true values (red), the estimates before learning (green), 
and the estimates after learning (blue). For all four states, 
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the estimates after the ESC-based learning of the uncertain 
parameter show a marked improvement, aligning signifi-
cantly closer to the true values. As evident in Figure 14, the 
norm of the estimation error vector containing all modes 
converges to zero after learning (blue), while the error 
norm before learning demonstrates a diverging behavior.

The evolution of the learned parameter ( )int  throughout 
the learning iterations is depicted in Figure 15(a). Despite an 
initial estimate with a 15% error, the ESC approach shows 
that after approximately 200 iterations, the learned parame-
ter ( )int  converges near the true value .nt  The amplitude of 
fluctuations around the averaged learned parameter is 
directly influenced by the dither signal amplitude a, which 
can be adjusted by the user. While reducing a decreases the 
fluctuations, it typically slows down the convergence. This 
tradeoff can be optimized through performance improve-
ments to the ESC algorithm, such as those proposed in [51], 
which guarantee convergence to the global optimum even in 
the presence of local extrema. Refer also to [49] for more 
recent techniques tackling this issue. Finally, the iterative 
update of the cost function is given in Figure 15(b), where 
convergence to the minimum value of Q is observed after 

Input : { } ,yk k
T

0
f
=  ,( )1nt  ;q0t

;z ( )1! nt

for , , , ,i I1 2 f=  do

    for , ,k 0 f=   ,t 1f -  do

        ( , , );q f q y ( )
k k k

i
1 ! n+t t t

        ;y y Hqk k k! -u t

    end for

    Q !  Trapz{ }y yk
T

tu u ;
k
T

0
f
=

    ;sinz z a i Q2! d ~ d r+ +` j
    ;sinz a i 2

( )i 1 !n ~ d r+ -+t ` j
end for

ave !nt  Mean { } ;( )
. ·

i
i I
I

0 9n =t^ h
for , ,k 0 f=  ,T 1f -  do

    ( , , );q f q y ave
k k k1 ! n+t t t

end for

Output: ,avent  { }qk k
T

0
f
=t

ALGORITHM 2 Iterative learning for online parameter 
estimation in the state observer.

POD Model Reduction

Following Galerkin projection onto the subspace spanned by 

the POD basis functions, we have
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(S12)

where ( )xv0  and ( )T x0  are the steady-state solution to (10)–(12) 

and ( )xi
vz  and ( )xi

Tz  are POD basis functions given by

	 ( ) ( ( , ) ( )) ( )x t x t x w t dtv v1
i

f

t
i

v

0
0sim

f
z = -# � (S13)

for , , ,i r1 vf=  and

	 ( ) ( ( , ) ( )) ( )x t T x t T x w t dt1
i
T

f

t
i

0
0sim

f
z = -# � (S14)

for , , ,i r r r1 Tv vf= + +  with the orthogonal wight functions ( )w ti  

satisfying 
0

( ) ( )y w t w t dt 0t
i j

f =  if .i j!  The coefficients ( )q ti  in 

(S12) are the dynamical states representing the POD–ROM of 

Boussinesq equations.

Considering the POD projection error, for example, [S6], 

let :T H H" t  be the orthogonal projector from H  (infinite-

dimension Hilbert space) to the finite-dimension space Ht  

(hence, 1T H< < =  and T @  are the injection of Ht  into :H  

z zT =@ t  for all ).z H H! 1t t  Then we define the reduced es-

timation error as

	 ( ) ( ) ( ) .e t z t z tT H!= -t t � (S15)

This can be used as a proxy for the state estimation error

	 e z zT Hse / !-@ t � (S16)

when T  produces a small projection error ( )z zTT- @  since

	 ( ) ( ) ( ) ( ) .( )e t e t z t z tT T Tse = - -@ @ � (S17)

When Ht  is the span of r dominant POD basis functions and 

TPOD  is the corresponding projection for a specific trajectory z, 

that is, : ,H HT T rPOD "/ t

	 ( ) ( ) ,z z·T i
i

r

i
1

POD H$ G Hz z=
=

6 @ / � (S18)

then TPOD  minimizes the projection error

	 ( , ) ( ) ( )z z t z t dtT TP T
/t

0

1 2
2
H

f
< <= - @c m# � (S19)

over all projections T  into subspaces of H  with dimension 

r and where tf  denotes the finite time support over which the 

projection error is evaluated [S7].
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100 steps. Overall, this learning-based state estimation 
method exhibits strong performance in the numerical study 
of challenging 2D Boussinesq equations.

For a spatial 2D view of the ESC performance, Figure 11 
shows the true temperature and velocity at 8 s, while Fig-
ures 16 and 17 provide snapshots of the estimated spatial 
temperature and velocity at 8 s, along with the associated 
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spatial estimation error, when the ESC tuning is turned off. 
These are in contrast with the results obtained when the 
online ESC tuning is applied, as apparent in Figures 18 
and 19. It is evident that ESC tuning reduced the estimation 
error by an order of magnitude.

CONCLUSION
The application of control theory in industry has evolved 
from simple linear PID controllers to more advanced nonlin-
ear feedback systems. This progression has been driven by 
ongoing advancements in control theory, particularly in the 

development of feedback laws that ensure stability and 
robustness—key factors in any industrial implementation.

In particular, data-driven nonlinear controllers have 
recently started gaining traction in industrial settings. In 
this article, we focused on several key applications where a 
data-driven controller has been used, namely, ESC, to con-
tinuously optimize and enhance the performance of feed-
back systems.

For example, we demonstrated how ESC has been applied 
to electromagnetic brakes for smooth elevator control in 
high-rise buildings. In this case, ESC enables continuous 
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The application of control theory in industry has evolved from simple linear 

PID controllers to more advanced nonlinear feedback systems.
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tuning of a nonlinear feedback controller, effectively com-
pensating for the aging of the electromagnet actuator. This 
performance guarantee is crucial, given the critical safety 
role that the electromagnetic actuator brake plays in the ele-
vator system.

We also highlighted the application of ESC in the field of 
5G wireless communications, where we employed ESC to 
automatically tune the performance of a DPA. Tradition-
ally, this tuning process relied on manual expert-driven 
adjustments conducted in the factory. We transformed this 
offline expert-based tuning into an online adaptation con-
trol problem, one that ESC is ideally suited to address. In 
addition to performance enhancement, this application 
required the design of an online autotuner that is both 
simple to implement and efficient in its use of computa-
tional resources. As demonstrated in this article, dither-
based multiparametric ESC proved to be the ideal solution 
for meeting these deployment constraints.

Finally, we highlighted work in the area of spatiotem-
poral fluidic systems modeling and estimation for HVAC 
applications. Traditional HVAC systems primarily rely on 
temperature measurements to control the unit and main-
tain room temperature at a setpoint. A significant shift 
from this conventional approach is obtained by consider-
ing the coupling between temperature and airflow within 
the room. This interaction, often overlooked in HVAC 
controller design, is crucial for effectively modeling, 
visualizing, estimating, and controlling the temperature 
distribution in a space. In this article, we demonstrated 
how we model this interaction and how ESC enables us to 
autotune these models and estimators in real time.

In conclusion, we have demonstrated how ESC has been 
effectively applied in various industrial settings to enhance 
the estimation and control of highly complex and nonlinear 
dynamics. Despite significant advances, several research 
opportunities remain for the academic community to 
enhance ESC’s applicability in industrial settings. Particu-
larly in factory automation and warehouse applications, 
where discrete-event and hybrid systems predominate, the 
system dynamics often experience sudden event-based 
transitions. This characteristic necessitates the develop-
ment of data-driven discrete-event ESC methods. Another 
promising application lies in artificial intelligence, where 
models are initially trained on large datasets and subse-
quently deployed for real-time inference. In this context, 
novel ESC algorithms for large-scale systems could enable 
adaptive fine-tuning, allowing models to better respond to 
changing real-world conditions.
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Adaptive Control Meets 
Deep Learning

EXTREMUM SEEKING IN LATENT SPACE WITH  
PARTICLE ACCELERATOR APPLICATIONS

G
enerative deep learning has recently emerged 
as a transformational technology for a wide 
range of tasks, including image generation from 
user-defined captions, prediction of 3D protein 
structures directly from DNA sequences, and 

large language models (LLMs) that can write custom com-
puter code based on user prompts. One major challenge 

faced by machine learning (ML)- and artificial intelligence 
(AI)-based tools is that of time-varying systems or sys-
tems with distribution shift. ML typically relies on brute-
force retraining to readjust learned models when systems 
change. Extremum seeking (ES) is a model-independent 
adaptive feedback technique that can be used to stabilize 
unknown and open-loop unstable time-varying dynam-
ic systems and to optimize their analytically unknown 
time-varying output functions. ES is model independent 
and robust to both noise and time variations. This article 
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provides a brief review of several generative deep learn-
ing techniques and how they have been combined with ES 
so that while the generative models act as highly detailed 
virtual diagnostics of otherwise inaccessible system states, 
incorporating adaptive feedback within their latent em-
beddings increases their robustness for use with uncertain 
and time-varying systems. The approach is demonstrated 
with applications for time-varying charged particle beams 
in particle accelerators.

INTRODUCTION
Although ML is technically a subset of AI, and deep learn-
ing is a subset of ML, in this article these terms will be used 
interchangeably. Data-driven AI and ML algorithms have 
been demonstrated to have powerful abilities to learn 
useful representations of complex systems directly from 
vast amounts of data. Two clear examples of this are LLMs 
and diffusion-based image-generating models. For lan-
guage, the transformer architecture and its use of the atten-
tion mechanism was a major breakthrough in enabling 
deep neural networks to capture long-range dependencies 
between tokens (words) in long sequences of text and to 
learn the contextual embeddings in which the meaning of 
words changes depending on the surrounding context [1]. 
As a result, transformer-based LLMs have successfully 
learned effective statistical models of language. These 
LLMs are able to predict the next most likely word given a 
sequence of text so well that they can carry on conversa-
tions, answer questions, summarize large documents, and 
write custom computer code [2], [3].

For images, a statistical thermodynamics-inspired dif-
fusion process for generative deep neural networks of grad-
ually building up complex distributions from noise was a 
major breakthrough [4]. The diffusion approach has been 
utilized for the generation of high-resolution images [5], [6], 
[7]. Diffusion-based generative models are the state of the 
art for generating high-resolution images, especially when 
the images have a wide variety. The generative ability of 
diffusion-based models has made them powerful tools for 
a wide range of scientific applications. Diffusion-based 
models are being used for complex generative tasks in biol-
ogy [8], including Google’s AlphaFold 3, which is a diffu-
sion-based model capable of predicting 3D structures of 
proteins, nucleic acids, and small molecules [9]. Diffusion-
based models have also been used to study designs of new 
superconductors [10] and to generate megapixel-resolution 
virtual views of charged particle beams in large particle 
accelerators [11].

Although they are incredibly successful at learning 
useful representations over large data training sets, a major 
difficulty faced by AI and ML techniques is their use in 
dynamic, time-varying environments. This difficulty 
comes from the fact that once AI or ML models are trained 
for a given dataset, they are unable to adapt when applied 
to a time-varying system that continuously undergoes 

large distribution shifts. In such cases, AI- and ML-based 
techniques typically require brute-force retraining. While 
retraining is possible for many tasks, such as fine-tuning 
pretrained LLMs for specialized applications, it is a slow 
process that cannot be used for short-time-scale applica-
tions, such as real-time control of quickly changing 
dynamic systems.

In contrast to deep learning-based approaches, which are 
in many ways analogous to feedforward systems, the control 
theory community has always worked under the assump-
tion that we cannot fully trust models no matter how great 
the amount of data used to fit them and that we need active 
feedback to robustly handle uncertainty and time-varying 
situations. That is why control theory has provided the state-
of-the-art methods for real-time control of everything from a 
building’s temperature based on a thermostat setpoint, 
cruise control maintaining a set speed on dry, wet, or slip-
pery roads, to rockets bringing humans to the Moon.

Although they are much more robust than ML-based 
methods, a similar challenge faced by control theory-based 
approaches is that they are designed for specific subsys-
tems or components. For example, a kilometer-long parti-
cle accelerator may be composed of thousands of magnets 
and resonant accelerating cavities, and while an experi-
enced human with a global view of the entire system 
understands how to adjust any of these components to 
improve beam quality, each component requires its own 
local feedback loop.

The control theory community has been developing 
hybrid control–ML approaches that take advantage of the 
robustness of adaptive feedback controllers and the learn-
ing ability of ML-based models, such as deep neural net-
works. A promising approach to combine deep learning 
methods and adaptive feedback control is to utilize genera-
tive deep learning models as virtual diagnostics or high-
dimensional state space observers that provide views of 
otherwise inaccessible states of complex systems. These 
virtual diagnostics can be made to be robust and to track 
time-varying systems by incorporating adaptive feedback 
tuning of their learned internal representations, as shown 
in Figure 1. These virtual diagnostics can then be used by 
robust adaptive feedback controllers to control the system’s 
state in a robust way.

In the first demonstration of adaptive deep learning for 
particle accelerators, it was shown that, for controlling the 
shapes of intense relativistic charged particle beam distri-
butions, deep neural networks can be used to give initial 
estimates of parameter settings, which are imprecise but 
do escape local minima based on their broad high-level 
estimate of the system. Those initial estimates can then be 
adaptively refined by robust methods, such as ES, to zoom 
in on and robustly track the optimal accelerator parameter 
settings despite the time variation of the entire complex 
system [12]. This adaptive deep learning approach relied 
on an available online beam diagnostic that provided 
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images as online measurements of the charged particle 
beam’s 2D energy-versus-time projection. These measure-
ment images could be compared to a target 2D distribu-
tion, and the difference was used as a cost function to 

guide the feedback loop. However, in many cases, such 
detailed measurements are not available online in a non-
invasive way that does not interrupt system operation. 
Generative deep neural network-based approaches, such 
as conditional guided generative diffusion models, can 
generate complex virtual representations based only on 
noninvasive measurements, as recently demonstrated in 
[11], where vectors of noninvasive accelerator measure-
ments guided a generative diffusion process to generate 
detailed virtual views of accelerator beams.

This article provides a brief overview of generative deep 
learning methods and some recent efforts on combining 
the ability of deep learning methods with adaptive feed-
back to create virtual high-level global views of large com-
plex systems, including the use of adaptive feedback 
directly within the learned latent embeddings of these gen-
erative models to enable them to track time-varying sys-
tems without retraining. (See “Summary.”)

To motivate the rest of this article, we start with an 
illustrative example from [13], shown in Figure 2, which 
is a real-world application of the abstract setup shown in 
Figure 1. We consider a particle accelerator in which it is 

Summary

Generative deep learning tools, such as variational auto-

encoders, diffusion models, and transformers, attempt to 

learn the underlying probability distributions of large complex 

systems by utilizing deep neural networks. Once trained, the 

representations encoded by these models can be sampled 

to generate realistic new examples from the underlying distri-

butions. This article explores the use of bounded ES-based 

feedback directly within the learned latent embeddings of 

such generative models to adaptively track the high-dimen-

sion states of complex time-varying systems without access 

to the systems’ time-varying initial conditions and without 

brute-force retraining, which is the standard ML approach for 

time-varying systems with large distribution shifts.

High-Dimensional Complex Dynamic System

Deep Generative Model

Time-Varying Input X(t )

(a)

(b)

(c)

(d)

(e)

Invasive Measurement

Unknown
Time-Varying
Input X(t)

Low-Dimension
Latent Embedding

z(t)

Generated
Virtual
Diagnostics

Difference

Noninvasive
Diagnostics

Adaptive Feedback

Measured
Projections

z·(t) = F(z(t), J, t )

Yj (t ) J(Yj(y), Ŷj (t))

Ŷj (t)

Generated
Projections

Ŷ(t)

Y(t )

FIGURE 1 A high-level view is shown of adaptive generative deep learning for noninvasive virtual diagnostics of complex dynamics sys-
tems. (a) During the training phase, the deep generative models may have access to time-varying input beam conditions, X(t), but we 
assume that later on, when we apply the model, the initial conditions may change, and we may lose access to them. (b) The initial con-
ditions evolve according to some complex process, such as a 6D distribution of charged particles accelerating through a kilometer-long 
particle accelerator. (c) Our goal is to create an estimate of the system’s time-varying state ( )tY  by using a generative model without 
having to rely on a destructive measurement, such as placing a screen into the beam pipe, which measures the beam’s profile but 
destroys the beam during the measurement. (d) Our generative model creates an estimate ( ),Y tt  and from that we estimate projections 
(such as 1D current measurements) ( )Y tj

t  that can be compared to measurements ( )Y tj  with the difference defining a cost J. (e) The cost 
function is minimized by adaptive feedback acting on the low-dimensional latent representation of the generative model ( ),tz  allowing 
us to track ( )tY  despite unknown and time-varying initial conditions. 
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difficult (slow and destructive) to measure the input 
beam distribution ( ),X t  but it is much easier to measure 
the output beam ( ) .Y t  We therefore train a generative 
model that solves the inverse problem of mapping mea-
sured output beams to estimates of the input beam ( ) .X tt  
The generated input beam estimates are used as initial 
conditions in a physics model that simulates the complex 
beam dynamics of the accelerator and provides its own 
estimate of the output beam ( ) .Y tt  A cost function is then 
defined by comparing the simulated and measured 
output beam distributions:

	 ( ) ( ) ( ( ), ( ))E t Y t Y t tp z= - t � (1)

where ( )tp  represents accelerator parameters in the phys-
ics model, and ( )tz  is a low-dimensional intermediate 
latent representation created by the generative model 
from which the estimated input beam is created (latent 
variables and generative models are described in more 
detail next).

After training, during operations, when we no longer 
have access to the input beam, and it is changing with time, 
as are the actual parameters of the accelerator, we track 
these changes by adaptively adjusting both ( )tp  and ( )tz  by 
using a recently developed novel form of bounded ES [14]. 
Bounded ES is incredibly simple and elegant compared to 
the standard ES algorithms that have large collections of 

input and output filters that must be designed. The bounded 
ES feedback is simply defined as

	 ( ) ( ( ))cosz t t kE ti i i ia ~ ~= +o � (2)

	 ( ) ( ( ))cosp t t kE tj j j ja ~ ~= +o � (3)

which results in the minimization of ( )E t  by finding the cor-
rect input beam distribution by optimizing ( )tz  and the cor-
rect accelerator settings by simultaneously optimizing ( ) .tp

There are two major benefits of adjusting the latent rep-
resentation .z  The first benefit of this method is that z  is a 
much lower dimensional object, ( ),10O  as opposed to 
attempting to modify the unknown input beam image esti-
mate itself, which even for a low-resolution 52 52#  pixel 
image is a 2,704D object, which makes fast adaptive control 
feasible. The second benefit is that this becomes an unsu-
pervised task, where we only use the network’s predicted 
outputs ( ) .X tt  We do not need access to the true difficult-to-
measure ( )X t  with this approach.

CONTROL AND AI
While reinforcement learning (RL)-based methods have com-
bined aspects of optimal control theory with deep learning 
techniques, deep RL is still fundamentally a learning process 
in which deep neural network-based models of the controller, 
the value function, or both are learned for a specific dynamic 
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FIGURE 2 (a) We consider a particle accelerator for which measuring the time-varying input beam distribution ( )X t  is difficult and would 
interrupt operations, while measurements of the output beam ( )Y t  are available in real time. A generative model is developed to solve 
the inverse problem of mapping ( )Y t  to estimates of the input beam ( ) .X tt  Input beam estimates are used to initialize a physics model 
that attempts to simulate the beam evolution and predicts its own version of the output beam ( ) .Y tt  Comparing the measured and pre-
dicted output beams, we define a cost function that is minimized by simultaneously adaptively tuning a low-dimensional latent represen-
tation of the generative model ( )tz  as well as parameters of the physics model ( ) .tp  (b) Minimizing this error in real time by using a 
recently developed bounded ES algorithm allows us to accurately track the time-varying input beam as well as the time-varying accel-
erator parameters, for which a pretrained generative model alone catastrophically fails. CNN: convolutional neural network.
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system and need to be retrained if the system changes. For 
example, while an RL-based model might be able to master 
the game of chess, if any of the rules of chess were changed, 
such as allowing pawns to eat only the pieces directly in front 
of them rather than acting diagonally, any reasonable chess 
player could quickly adapt to the new set of rules, but the pre-
trained RL agent would completely fail until it was again 
retrained on millions of virtual chess games that incorporate 
the new rule. This well-known issue, that RL methods strug-
gle with changes to the environment for which they were 
designed, is an active area of research [15].

Approaches to this problem include efforts to speed up 
learning from fewer observations [16], [17], [18], and also to 
model RL problems as partially observable, in an attempt to 
design agents that are more robust [19]. Another approach is 
contextual RL, in which the underlying system is assumed to 
be parameterized by a set of contexts ,C  and a function is 
learned to map any given context c C!  to the appropriate 
Markov decision process (MDP) [20], resulting in a collection 
of models that share the same state and action space. This 
approach then relies on first identifying which context the 
current state is in via clustering, based on previous state 
examples labeled by the known list of contexts, then switch-
ing to the appropriate MDP. More recent versions of contex-
tual RL focus on more efficient training by using Bayesian 
methods to focus on specific scenarios in various contexts [21]. 
Despite ongoing efforts, the main limitations of RL-based 
methods remain; they still rely on retraining for any new 
context not already contained in ,C  mostly relying on 
assumptions of knowing C  a priori or being able to somehow 
parameterize it in a continuous way. An interesting recently 
developed approach for improving the robustness of RL-
based methods is the use of a stochastic model predictive con-
trol framework for nonlinear systems subject to unbounded 
process noise with closed-loop guarantees [22].

This is also one of the reasons why, despite years of suc-
cess in other problems and so many billions of invested 
dollars in research and compute costs for training the 
world’s biggest neural networks, and despite all of the 
hype, ML-based methods still struggle with dynamic prob-
lems, such as self-driving cars, especially when they face 
new and uncertain conditions (bad weather). In terms of 
real-time control applications, RL-based methods have 
focused on specific subsets of large complex systems, per-
forming iterative optimization while relying on the fact 
that the rest of the system is properly operating, thanks to 
large numbers of feedback control algorithms. For example, 
the highly celebrated RL-based approach for control of 
tokamak plasmas focused on a very specific aspect of the 
tokamak’s operation while relying on operators and many 
active adaptive feedback loops to first bring the machine to 
a proper operating condition and maintain it there. Only 
then could iterative refinement of the plasma profile take 
place, and only that specific problem within the incredibly 
diverse and complex tokamak could be approached at all as 

the RL agent was specifically trained for that one task via 
large numbers of simulations [23].

We recommend that interested readers take a look at a 
great survey on RL, its connections to control theory, and 
existing challenges, which makes the following state-
ment, which is very relevant to the preceding discussion: 
“In the adaptive setting, we want to learn the policy 
online. We only get one trajectory. The goal is, after a few 
steps, to have a model whose reward from here to eter-
nity will be large. This is very different and much harder 
than what people are doing in RL. In episodic RL, you get 
endless access to a simulator. In adaptive control, you get 
one go” [24].

Ideas are diffusing at an increasing rate between the 
control theory and ML communities, with many research-
ers now working within the intersection of these fields. 
The following is a nonexhaustive list of examples illus-
trating some of these efforts. Researchers have incorpo-
rated neural networks into hybrid multiagent control 
barrier function-based controllers combining offline and 
online learning with radial basis function neural net-
works, with network weights updated online with new 
observations [25]. This approach allows the agents to 
ensure safety by taking advantage of the neural network-
based predictions of other agents’ dynamics. A distribu-
tional RL approach has been developed that enhances the 
understanding of the effects of the randomness in the 
environment by letting agents learn the distribution of a 
random return including a model-free approach for esti-
mating the return distribution for unknown models [26]. 
A model-free RL algorithm has also been developed that 
enables the use of linear temporal logic (LTL) to formulate 
a goal for unknown continuous-state/action MDPs, and 
for synthesizing a corresponding optimal policy maxi-
mizing the probability of satisfying the given LTL prop-
erty [27]. A method has been developed that incorporates 
robust adaptive latent space feedback control within the 
architectures of generative variational autoencoder (VAE) 
and diffusion-based models to make them more robust 
for extrapolating beyond the training data for complex 
time-varying dynamic systems [28]. A robust kernelized 
data-enabled predictive control algorithm has been devel-
oped to perform model-free optimal control for nonlinear 
systems using only input and output data by combining 
kernel methods with data-enabled predictive control [29]. 
A method has also been developed using a neural state-
space model to approximate nonlinear systems, where a 
deep encoder network learns the nonlinearity from data 
and a state-space component captures the temporal rela-
tionship, to enable reference tracking in uncertain nonlin-
ear systems [30]. A method of safety verification and 
robustness analysis has been developed for neural net-
works against norm-bounded perturbations in their input 
based on semidefinite programming and quadratic con-
straints [31]. A method has also been developed extending 
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aggregation graph neural networks to time-varying sig-
nals and time-varying network support to learn a common 
local controller that exploits information from distant 
teammates using only local communication interchanges 
for control of large networks of mobile robots with inter-
acting dynamics and sparsely available communications 
[32]. A general safety framework based on Hamilton–
Jacobi reachability methods that can work in conjunction 
with an arbitrary learning algorithm has been developed 
that exploits approximate knowledge of the system 
dynamics to guarantee constraint satisfaction while mini-
mally interfering with the learning process [33]. Deep-
Reach is a recently developed method that leverages new 
developments in sinusoidal networks to construct a neural 
partial differential equation solver for high-dimensional 
reachability problems [34].

GENERATIVE DEEP LEARNING
Generative deep learning is a subset of ML in which deep 
neural networks are used to generate new objects that are 
different from what was included in their training data. 
Technically, what these generative models are doing is 
high-dimensional interpolation and extrapolation, usually 
with a stochastic component built in to increase the diver-
sity of the generated data.

LLMs are a great example of this. Given a set of text, 
LLMs are trained to statistically predict the next most prob-
able token (for this discussion, one can think of tokens as 
words). Once trained, LLMs are capable of creating new 
sentences and stories that are outside of the training dataset.

Uncertainty Quantification
Before moving on to more complex image-based genera-
tive models, we consider regression, as described in the 
great work of Nix and Weigand from 1994 for uncertainty 
quantification in ML [35]. Given a noisy dataset D= 

( , ) ,x y R Ri i i
N

1#!
=

" ,  we fit a function by assuming the data 
are coming from a normal distribution whose mean value 
is a function of x. A simple approach is to first assume a 
uniform standard deviation v  for the data. One then 
defines a function ( )f xn  parameterized by weights ,w  
such as a polynomial or a dense neural network (see 
“Dense Neural Networks”)
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The model is fit by adjusting the weights w  to maximize 
the likelihood of the observed data, assuming that the data 
are independent and identically distributed:
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where the constant term / ,1 2v r  which does not influence 
the optimization, has been removed.

Because probabilities lie within the range [0, 1], a 
large product of this type quickly becomes incredibly 
small, causing numerical problems. One solution is to 
take the negative log of (5) to also convert it to a minimi-
zation problem, which is now the negative log-likeli-
hood (NLL)
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.argmin log exp
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Expanding the logarithm of a product as a sum gives

( , ) .argmin y f x
2
1w wi i
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N

2
2

1w v
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n
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^ h/

Again, removing the constant term /1 2 2v  and dividing 
by the number of data points N to make the procedure less 
sensitive to the size of the dataset results in the typical 
mean squared error loss

	 ( , ) .argmin N y f x1w wi i
i

N
2

1w
= -)

n

=

^ h/ � (6)

In this approach, the variance has been completely elim-
inated from the optimization process; it can be chosen as an 
arbitrary constant resulting in a probabilistic generative 
model. For a given data point x, the value ( )y xt  is then ran-
domly sampled from the normal distribution defined by 
plugging ( , )f x w)

n  into (4). This approach can also be used 
as a deterministic generative model in which, associated 
with any point x, we simply choose the most likely estimate 
as ( , ) .y f x wj =

)
nt

This simple derivation is provided because most deep 
neural networks are, in fact, trained by minimizing a mean 
squared error, which is equivalent to interpreting them as 
generative models whose predictions are those of the mean 
of a normal distribution. A more powerful approach is, of 
course, to also model ( )xv  as a second function ( )f xv  with-
out assuming that it is uniform over the data. The NLL 
derivation follows as shown previously, but we can no 
longer simply remove ( )xv  from the optimization; thus, the 
probabilistic model becomes
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Dense Neural Networks

Fully connected or dense neural networks act directly on 

n-dimensional vectors .x Rn!  Typically, each of the k 

layers of a dense neural network has .N 1k &  nodes ni
k

i
N

1
k

=" ,  

each with its own bias and vector of weights w ,i
k  where Nk  is 

referred to as the width of the layer. Considering a single in-

put node ni
1  of a dense neural network, it typically performs 

an inner product of the input vector x  with a vector of input 

weights ,w Ri
n1 !  adds the bias term ,b Ri

1 !  and then applies 

a nonlinear activation function ai
k  to the result, producing the 

output 

	 ( ) , .n a bx x wi i i i
1 1 1 1G H= +^ h � (S1)

Applying all N1  input nodes in parallel to the single input 

vector x  results in the N -1 dimensional vector

( ) ( ), ( ), , ( ) .n n nv x x x xN
1

1
1

2
1 1

1f= 6 @

This vector is then passed to the next layer, whose nodes 

perform similar operations, producing outputs of the form

( ( )) ( ), .n a bv x v x wi i i i
2 1 2 1 2 2G H= +^ h

Note that, at this step, having used just one single layer, if we 

use just one single node n1
2  and the identity function ( )a x x1

2 =  

as our activation, the inner product gives us 
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which is a linear combination of functions applied to .x  If 

we choose the ai
1  as sines and cosines, this is equivalent 

to a standard Fourier series. If we instead choose the ai
1  as 

,xi  this is a polynomial expansion. Basically, we are creat-

ing functions out of arbitrary linear combinations of whatever 

basis functions we desire. Therefore, when x  is confined to 

some compact set ,K Rn1  it follows from standard functional 

analysis results that we can approximate any measurable 

function arbitrarily accurately over the compact set K by us-

ing a sufficiently large number of functions. This is in essence 

the well-known universal approximation theorem of neural 

networks and demonstrates why they are useful for such a 

wide range of systems. For example, compared to a classical 

Fourier/Taylor series performing a trigonometric/polynomial 

function approximation, a neural network using the popular 

rectified linear unit ,( ) max x0ReLU x = " ,  activation functions 

will perform a piecewise affine function approximation. Other 

activation functions can be understood as smoothening the 

ReLU.

In practice, what works much better than trying to use a 

single incredibly wide layer is to use a deep neural network that 

has many layers that can be interpreted as compositions of 

many functions. Considering a dense network’s second layer, 

applying all N2  nodes of the second layer in parallel to the vec-

tor ( )v x1  results in an N -2 dimensional vector:

( ( )) ( ( )), ( ( )), , ( ( )) .n n nv v x v x v x v xN
2 1

1
2 1

2
2 1 2 1

2f= 6 @

This process can be continued indefinitely, depending on 

how many layers deep the dense neural network is, where the 

dimension of each representation v j  is defined by the width of 

the layer. A high-level summary of this architecture is shown 

in Figure S1.

It is found that, by using deep networks (tens of layers), 

useful intermediate latent representations are discovered by 

the networks, automatically resulting in their state-of-the-art 

performance in regression and classification.

Given a dataset of inputs and outputs , ,D x yi i= " ,  a dense 

neural network is trained by stochastic gradient descent ap-

plied to the values of the weights and biases to minimize a cost 

function that compares predicted outputs y it  to their true values 

over batches of Nb  data examples. Typically, the cost function 

is something like the mean squared error
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FIGURE S1 A high-level overview of the first two layers of a 
dense neural network is shown. Each subsequent layer can be 
thought of as a general function of the preceding layer’s output.
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where ,w w w1 2= " , is now two sets of weights that param-
eterize the two unknown functions. The overall NLL calcu-
lation results in
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The preceding example is a generative model devel-
oped by statistical regression, which is referred to as a 
deep generative model if the functions ( , )f x w1n  and 

( , )f x w2v  are deep neural networks. One neural network-
based example of this approach for a noisy dataset is 
shown in Figure 3.

x

y

fµ (x, w1) ± fσ (x, w2)

fµ (x, w1) 
(xi, yi)

fµ (x, w1) ± 2fσ (x, w2)

FIGURE 3 Example of a statistical generative model fit to a noisy 
dataset.

CNNs

W hen working with images instead of vectors, it is also pos-

sible to utilize deep dense neural networks. A digital im-

age is usually represented by an object of the form X Rn n nx y c! # #  

with nx  and ny  representing pixel numbers, where nc  is the 

number of channels. Typically, images have three color chan-

nels of red, green, and blue (RGB). It is possible to unwrap 

such an image into a vector x  of length ;n n nx y c  however, this 

is usually not done. Even a relatively low-resolution 100 100#  

pixel black-and-white image would then become a 10,000D 

vector for which just a single input node would require an 

equally large 10,000D vector of weights for the dot product 

shown in (S1). Since the layers of dense neural networks typi-

cally contain hundreds of nodes, the size of just a single-layer 

neural network would quickly explode.

Despite the high dimensionality of the problem mentioned 

previously, the real reason that dense neural networks are 

not used for images is that they are suboptimal for this task 

as unwrapping an image into a vector destroys all of the 

spatial relationships that neighboring pixels share. CNNs 

are a different form of deep neural networks, ones that can 

incorporate spatial correlations. CNNs were first introduced 

by K. Fukushima in 1980 for the classification of images of 

letters and numbers, with their architecture inspired by the 

hierarchy model of the visual nervous system [S1]. CNNs 

then grew in popularity in the 1990s with the work of Y. Le-

Cun, who utilized backpropagation to train a deep CNN to 

identify handwritten zip codes for the U.S. Postal Service 

[S2]. In 2012, there was a major breakthrough as the deep 

CNN AlexNet was created by A. Krizhevsky, I. Sutskever, 

and G. Hinton and won the ImageNet competition of classi-

fying large (224 224 3# #  pixels) images into 1,000 classes 

[S3]. CNNs have dominated the ImageNet competition ever 

since and it is now considered solved.

The main idea of a CNN is for a single node to utilize an 

n nf f#  matrix W as a filter that is traversed over an image with 

zeros padded on at the edges. For example, if using a 3 3#  

filter, at each position in the image at pixel ( , ),i j  the follow-

ing convolution takes place over the entire 3 3#  neighborhood 

containing that pixel to generate its new representation by add-

ing a bias and applying an activation function:

	 ( , ) ( , ) ( , ) .Y i j a X i k j l W k l b2 2
: :: : lk 1 31 3

= - + - + +c m// � (S4)

As with the dense neural networks described previously, 

a large number of filters can be used in parallel with net-

works that are many layers deep, with each subsequent im-

age represented by the CNN having as many channels as 

there are filters.

Each subsequent layer of the CNN learns how to extract 

useful features directly from the intermediate images. Further-

more, by jumping the filters more than one pixel at a time, sub-

sequent images decrease in size. For example, if a stride of 2 

is used, then the width and height of each subsequent image 

is decreased by a factor of 2. For example, AlexNet uses such 

a procedure with strides of varying lengths at different layers 

as well as MaxPool layers that replace a neighborhood of pixel 

values with the value of the maximum pixel intensity to eventu-

ally decrease the initial 227 227#  pixel images with three color 

channels down to 6 6#  pixel images with 256 channels before 

being reshaped and passed through a dense neural network to 

final representation as a 1,000D vector.

While AlexNet solves a classification problem with position 

i of the 1,000D output vector representing the probability of the 

input image being of class i, it can be thought of as a compres-

sion technique in which the original ,227 227 3 154 587D# # =  

(Continued)
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objects are compressed by a factor of approximately 155, 

down to 1,000D vectors. AEs, which are described next, uti-

lize such an approach to compress and then regenerate high-

dimension objects.

As an illustrative example, Figure S2 shows 10 input im-

ages from the Modified National Institute of Standards and 

Technology (MNIST) dataset (28 28#  pixel handwritten digits) 

together with their embedded representations within a small 

CNN that is performing classification to convert them into one-

hot encoded vectors of length 10, where after training, position 

i of the vector should be 1 and all others 0 when acting on an 

input image of the digit i. It can be seen that initially there is 

some edge detection going on before the network builds more 

abstract representations in subsequent layers.
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FIGURE S2 One example of each digit from the MNIST dataset is used as input to a classification CNN, showing the digits as well as 
their internal representations within the network as a CNN converts the images into 10D vectors that predict their numerical values.

CNNs (Continued )

AEs

AEs are neural networks that compress high-dimensional 

data into a low-dimensional latent embedding from which 

the data are then recreated. When working with images, AEs 

typically utilize 2D CNNs to first compress the images down to 

a low-dimensional latent representation and then build them 

back up. One of the first uses of 2D CNNs as AEs was pub-

lished in 2007 [S4].

Consider a CNN-based encoder whose input is an n n -x y#

pixel RGB image. This is a high-dimensional object even for 

low-resolution images because .X Rn n nx y c! # #  For example, a 

100 100-# pixel black-and-white image is a 10,000D object. 

AEs are designed to greatly reduce the dimensionality of in-

put images, to encode them down into a low-dimensional 

latent space representation ( ) ,XCNNz Rn
en

z!=n  where 

.n n n nz x y c# #%  The latent embedding is followed by a CNN-

based generative decoder that takes inputs from the low-di-

mensional latent space and is trained to reproduce estimates 

( )X CNN zgen= n
t  of the original high-dimensional inputs. The 

AE process is

	 ( ) ( ).X X XCNN CNNz zen gen"$ = =n n
t � (S5)

Training takes place by adjusting the AE’s weights and bi-

ases via stochastic gradient descent to minimize a loss function 

(Continued)
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EMBEDDING INTO LATENT SPACE
In practice, the strength of deep generative models comes 
from their incredible complexity as they are composed of 
millions of nonlinear activation functions, weights, and 
biases. This article will focus on two abilities of these large 
generative models that emerge as their scale is increased 
and that bifurcate their abilities, clearly separating them 
from traditional statistical generative approaches. The first 
feature that sets large generative deep learning models 
apart from standard statistics approaches is their ability to 
extend the preceding simple generative process, which 
works for numbers and vectors, to work directly with 
high-dimensional numerical representations of text and 
images. The second major strength that this article focuses 
on is the powerful data compression ability of these 
models. To explore these capabilities, first consider a con-
volutional neural network (CNN)-based (see “CNNs”) 
autoencoder (AE).

The AE
An AE can map a large image into a low-dimensional latent 
embedding, which is typically a vector z Rnz!  whose 
dimension nz  is much smaller than the original input 
image, as described in “AEs.” For example, a 100 100#

-pixel image, which is a 10,000D object when considering 
every pixel, can typically be compressed and regenerated 
with high accuracy from a latent embedding of dimension 

.n 10z +  This compression is possible because AEs are com-
posed of complex nonlinear deep neural networks, and so 
they can compress to much lower dimensions than linear 
methods, such as principal component analysis (PCA). In 

fact, for a given embedding dimension ,nz  a purely linear 
AE without any nonlinear activation functions can be 
shown to recover the largest nz  principal components that 
would be generated by PCA [36], [37], [38].

As previously described relative to statistical regression, 
the encoder neural network of the AE maps an image X to 
the mean vector of a statistical multivariate normal distri-
bution model according to

( , ) ( , )X XNN w z wen en en= n

and the generative decoder neural network then attempts 
to recreate the image from this vector according to

( , )X NN z wde de= n
t

where wen  and wde  are the weights and biases of the 
encoder and decoder neural networks, respectively.

The VAE
As discussed previously, it is also possible to include a non-
zero variance in the latent statistical model. In this case, the 
encoder neural network splits into two branches to generate

( ) [ , ]XNN z zen = n v

and models the probabilistic latent representation as
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that is a metric of the difference between the generated and 

true images, such as the mean squared error averaged over a 

batch of images of size :Nb
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where w  are the neural network weights, b are the neural network 

biases, the ( , )i ix y  are pixel positions, and ic  is the channel number.

Figure S3 shows a high-level overview of an AE that is en-

coding images into a 2D latent space and then attempting to 

reconstruct them. Because the AE is a collection of determin-

istic functions, if the input image is varied periodically, then the 

latent embedding will also follow a periodic trajectory.
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X X̂
CNNen
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z1

z µ = CNNen (X )

CNNde

FIGURE S3 An AE compresses a high-dimensional object, 
such as an image X, down into a low-dimensional latent 
embedding zn  that the decoder neural network then trans-
forms into an estimate of the original image .Xt  This is a deter-
ministic process; for a given input, the latent space location 
and the output are always the same, as determined by the 
trained neural network. Therefore, if an input image is per-
turbed in a periodic manner, its latent representation will also 
perform a periodic motion, as shown here.

AEs (Continued )
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where R is a diagonal matrix with entries ( , ),Xz w2v  as 
described in “VAEs.”

If an AE is trained without regularization, the net-
work may place latent embeddings over a very wide 
range of the latent space, which can make interpolation 
within the latent space difficult as large regions must be 
traversed that have never been seen by the decoder 
neural network. In such cases, the decoder may generate 
poorly behaved outputs, which would make any kind of 
continuous adaptive movement in the latent space more 
difficult. To alleviate this, a simple solution is to perform 

regularization in the form of an additional term in the 
AE optimization cost function that penalizes the magni-
tudes of the created latent vectors according to ,zX D

2
i b ; ;eR ! n  

where Db  is a batch of the training data and 02e  must 
be chosen small enough so as to not force the network’s 
representation to collapse so much that it is unable to 
recreate images. The same approach of weighing vari-
ous parts of the cost function must be considered for 
VAEs as the default weight of 1 on the KL part of the cost 
function may cause the network’s latent representation 
to collapse.

VAEs

Another compression approach is to train an encoder–de-

coder pair as a VAE. This approach typically doubles the 

size of the encoder’s output so that it produces the mean value 

of the latent embedding location zn  as in the preceding case, 

and another vector of the same size ,zv  which represents the 

diagonal covariance matrix of an n -z dimensional Gaussian 

distribution [S5]. (See Figure S4.)

There is then an additional step to the training process. 

Instead of simply generating samples from their latent repre-

sentations ,zn  random noise is added to each component of 

zn  by sampling from a random n -z dimensional Gaussian that 

is centered at ,zn  whose diagonal covariance matrix is defined 

by .zv  The VAE process is
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The cost function used to optimize the weights and bi-

ases of the VAE now has two parts. The first part is a mea-

sure of reconstruction accuracy, as defined in (S6). The 

second part of the cost function is the Kullback–Leibler (KL) 

divergence between a mean zero unit variance multivariate 

Gaussian probability distribution ( , )0 IN  and the multivariate 

Gaussian distribution parameterized by the two branches of 

the encoder ( ):Xz ;t

	 ( )log detD 2
1 Tr z zT

KL R R= + -n n68 6@ @B� (S8)

where R  is a diagonal covariance matrix with entries .zv
From (S7), it is apparent that an AE is just a VAE with 

.0z =v  Because the latent space points of a VAE are per-

turbed by random noise before being passed to the decoder, 

the decoder becomes more robust. Furthermore, the KL di-

vergence pushes the learned probabilistic latent space dis-

tribution toward ( , ),0 IN  which results in inputs being placed 

closer together in the latent space, which removes large 

gaps and helps the decoder to interpolate over the latent 

space when moving between points that were seen in the 

training data.

Rather than using a probabilistic loss term, such as the 

KL divergence on the latent space, it is possible to simply 

introduce regularization on the network weights and an ex-

plicit L2 norm on the latent space vector, which forces the en-

coder to place points into a smaller, more compact set than 

a vanilla AE. This helps to create a latent space in which we 

can move around without large gaps between latent embed-

ding points to help the generator create realistic objects as 

we move.

Whether we randomly perturb the latent points as in a VAE 

approach or choose them by moving along a parameterized 

trajectory as in our AE approach, in both cases, we sample 

new points of the latent space, and the generative decoder 

CNNgen  generates new outputs. A more thorough study of 

deterministic generative models and these ideas is provided 

in [S6].
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FIGURE S4 A VAE is an AE in which the low-dimensional 
latent embedding is treated as the parameterized probability 
density function: a multivariate Gaussian whose mean vector 
and diagonal covariance matrix are determined by two 
branches of the encoder neural network. During both training 
and inference, samples are randomly sampled from the 
learned distribution before the decoder neural network uses 
them as inputs.
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AE Versus VAE
As an illustrative example, both an AE and a VAE, with 
various regularization and Kullback–Leibler (KL) weights 
were trained on a toy problem in which 128 128# -pixel 
images of rectangles are embedded into a 2D latent space 
and reconstructed. Intuitively, the networks could 
arrange the latent space coordinates as rectangle width 
and height ( , ) .w h  The networks are trained with 1,024 
randomly generated images. Examples of four random 
reconstructions by the AE with and without regulariza-
tion are shown in Figure 4.

Locations of the 2D latent embeddings zn  are shown 
for 1,024 input images of various heights and widths for 
an AE and a VAE in which rectangles are embedded into 
the latent space and then regenerated by the decoder in 
Figure 5. For the AE, results are shown with and without 
L2 regularization on the latent vector length. In both 
cases, the latent embedding is nicely arranged relative to 
both the width and height of the input rectangle, but the 
embeddings of the AE without regularization are very 
widely spread. When an L2 penalty with a 1e-2 weight is 
used, the network learns a compact latent representation 
for which the decoder is better able to handle movement 
in the latent space. For the VAE, results are shown with a 
default 1 weight on the KL divergence as well as 1e-2 and 
1e-3 weights. The lowest weight of 1e-3 is the only one 
that gives the VAE enough freedom to arrange the latent 
space in a reasonable way. The black lines show the path 
along which input rectangle images are embedded 
with their width and height ( , )w h  interpolated from 
( , )1 1  to ( , )11 8  over 1,000 steps. The path for the VAE 
with KL weight 1 is not shown as it is randomly scat-
tered over the entire space. The reconstruction mean 
percent error for points along the black latent paths of 
Figure 5 is shown in Figure 6 on a log scale, where the 
mean percent error for reconstruction Xt  of image X is 
calculated as

.
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Robustness of Image Compression
From Figures 5 and 6, it is clear that the default approach to 
AEs, without latent vector length regularization, results in 
latent representations that are very widely distributed. 
Including a small regularization term contracts the latent 
embedding, resulting in a latent space that is easier to tra-
verse with higher accuracy reconstructions. The default 
approach to VAEs has the opposite problem, as a default 
gain of 1 or a gain as low as 1e-2 on the KL divergence term 
in the cost function leads the VAE to overly compress the 
latent space, making it very difficult for the decoder to dis-
tinguish between different inputs. In this example, once 

the KL gain is decreased to 1e-3, the performance of the 
VAE matches that of the regularized AE, and their latent 
embeddings take on almost identical shapes that are only 
rotated and scaled relative to each other.

It is not surprising that AEs and VAEs can compress 
images of rectangles down into a 2D representation, as 
each rectangle is defined by its 2D coordinates of width 
and height ( , ) .w h  To clearly demonstrate the power of AE- 
and VAE-based nonlinear compression, consider the Mod-
ified National Institute of Standards and Technology 
(MNIST) dataset, a large collection of 28 28-#  pixel images 
of handwritten digits .0 9-  First, PCA is performed on the 
set of 60,000 MNIST training images by unwrapping each 
image as a 1 28 784D2# =  vector and then stacking the 
images into a ,60 000 784#  data matrix D. PCA is per-
formed by first factorizing the data matrix D via singular 
value decomposition:

D U WTR=

(a)

(b)

FIGURE 4 (a) Top row shows AE reconstructions with 1e-2 latent 
regularization, middle row shows the true images, and the bottom 
row is the difference. (b) AE reconstructions without regulariza-
tion. With a more compact latent embedding to work with, the 
decoder of the regularized AE is having an easier time recon-
structing the rectangles more accurately.
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where R is a diagonal matrix of singular values of D, and U 
and W are the left and right singular vectors.

A score matrix T is then calculated according to

T DW U W W UTR R= = =

where T is now a 784 784#  matrix whose components can 
be reshaped into 28 28#  basis images whose linear combi-
nations can be used to generate the original images. An 
image X in D can be decomposed as

,X c T XWci i
i 1

282

= =
=

/

where Ti  rows of T are reshaped into 28 28-# pixel images.
PCA can then be used for dimensionality reduction by 

keeping only the right singular vectors associated with the 
N largest singular values of D in a matrix WN  and perform-
ing the transformation

	 .XWx N
N

PCA, = � (10)
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FIGURE 5 Locations of the 2D latent embeddings zn  are shown for 1,024 input images of various heights and widths for an AE and a VAE 
in which rectangles are embedded into the latent space and then regenerated by the decoder. The latent space points are colored by 
RGB settings with the green channel set to zero, red proportional to rectangle width, and blue proportional to rectangle height. For the 
AE, results are shown with and without L2 regularization on the latent vector length. In both cases, the latent embedding is nicely 
arranged relative to both the width and height of the input rectangle, but the embeddings of the AE without regularization are very widely 
spread. When an L2 penalty with a 1e-2 weight is used, the network learns a compact latent representation for which the decoder is 
better able to handle movement in the latent space. For the VAE, results are shown with a default 1 weight on the KL divergence as well 
as 1e-2 and 1e-3 weights. The lowest weight of 1e-3 is the only one that gives the VAE enough freedom to arrange the latent space in a 
reasonable way. The black lines show the path along which input rectangle images are embedded as their width and height ( , )w h  are 
interpolated from ( , )1 1  to ( , )11 8  over 100 steps. The path for the VAE with KL weight 1 is not shown as it is randomly scattered over the 
entire space.
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The original 28 28#  image X can then be approximately 
reconstructed from the N-dimensional vector xN  by again 
using the components of the original score matrix T as 
basis images and constructing

.X x Ti
N

i

N

i
1

28
PCA,

2

=
#

=

t /

For the MNIST training data, it is found that at least 154 
PCA components are required to achieve 95% explained 
variance of the data, as shown in Figure 7.

If we instead use a nonlinear CNN-based AE to embed 
the images into a low-dimensional latent space from which 
they are then regenerated by the decoder, it is found that 
they can be accurately represented with just a 2D latent 
embedding, where the dimension reduction is performed 
by the embedding neural network to create

( ) ( ( ), ( )) ( ) .X z X z X XNNz R1 2
2

en!= =

Figure 8 shows the 2D locations of the 60,000 latent 
embeddings of a trained AE acting on the MNIST training 
dataset images. It can be seen that the AE has organized the 
2D latent space into separate sections for each of the digits.

The reconstructed approximation of an image is then 
created by the generative decoder neural network acting on 
the latent embedding

( ( )) ( ( )) .X X XNN NN NNz R28 28
de de en != = #t

In Figure 9, the reconstruction 
abilities of the trained AE with a 2D 
latent space are compared to PCA-
based reconstructions that use 10 
and 154 PCA components for test 
images that were not part of the 
original training data for either 
method.

It is important to consider the 
advantages and disadvantages of both 
methods. The AE is able to compress 
to a much lower dimension latent 
space while still reconstructing real-
istic test images that were unseen 
during training, but this is only true 
if the new images are coming from 
the same distribution as the original data. If the AE is given 
a completely new image, it will compress it to some point 
in the latent space, and the trained decoder will then gen-
erate whatever is closest to that point in the latent space. 
PCA, on the other hand, is more general in this sense; the 
projection of (10), while limited to using the basis vectors 
created from the original dataset, will try to reproduce the 
input image as best as possible. This can be seen by taking 
both the trained AE and the PCA and presenting them 
with a new unique input image that is a Gaussian, as 
shown in Figure 10. While neither method can reproduce 

it accurately as it is very different from images of num-
bers, PCA comes closer. The AE produces a perfect 
number 0 as the Gaussian is most similar in shape to this 
number, and so it is embedded into a latent position that 
coincides with zeros, which is then passed through the 
generative decoder.
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FIGURE 8 Latent embeddings of the AE acting on 60,000 training 
images of the MNIST dataset colored by the value of each embed-
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FIGURE 9 Reconstructions of (a) 10 test images that were not part of the training data are 
shown when using (b) 10 PCA components, (c) 154 PCA components, and (d) an AE with a 
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FIGURE 10 Comparison of the images produced by both PCA and 
the AE when acting on a Gaussian input image that is very differ-
ent from anything seen in the training data. While using all avail-
able PCA components starts to approximate the Gaussian image, 
the AE simply sends it to a representation of 0.
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ADAPTIVE LATENT SPACE TUNING
The previous section was meant to provide an intuition for 
how to use AEs and VAEs to embed high-dimensional objects 
into useful low-dimensional embeddings that can then be 
easily and quickly traversed to enable the use of adaptive 
feedback mechanisms that work directly in the latent space.

In this section, we explore how such embeddings are 
enabling adaptive deep learning approaches for tracking 
the states of time-varying systems via virtual diagnos-
tics, by which we mean estimates of the internal states of 
systems that may be inaccessible or difficult to measure, 
similar to what are referred to as state observers in the 
control theory community [41]. Unlike traditional state 
space observers, which are based on differential equa-
tions, ours are based on adaptively tuned deep neural 
networks. Specifically, we focus on particle accelerator-
related applications.

Particle Accelerators
Particle accelerators are complex systems composed of thou-
sands of coupled components, including resonant structures 
for beam acceleration and magnets for beam focusing and 
steering. The performance of these components drifts with 
time because of external disturbances, aging, and misalign-
ment and shift of components during maintenance. Charged 
particle beams themselves are also complex objects evolving 
in a 6D position–momentum phase space ( , , , , , );x x y y z El l  
see “The 6D Phase Space of Charged Particle Beams.” These 
beams themselves have time-varying initial conditions that 
are due to time-varying beam source properties. Changing 
the initial beam conditions strongly influences the detailed 
6D phase space distributions of beams along the entire accel-
erator, especially for intense beams whose evolution is gov-
erned by complex collective effects, such as space charge 
forces and coherent synchrotron radiation (CSR).

The 6D Phase Space of Charged Particle Beams

Many of the applications that we show in this article are 

focused on using adaptive generative AI to give us virtual 

views or estimates of the states of 2D projections of the 6D 

phase space of charged particle beams in large particle accel-

erators. Therefore, we give a very brief review of what this 6D 

phase space is, in which beam dynamics evolve, and which we 

hope to estimate to better control beam properties.

Particle accelerator beams are composed of many charged 

particles that are held together in precisely shaped bunches 

that are accelerated to precise design energies. This is a 

complex process, as even a low-charge 1-nC electron bunch 

contains more than 6 billion particles, whose mutually re-

pulsive electromagnetic fields are constantly trying to rip 

the bunch apart. These beams evolve in a 6D phase space 

( , , , , , ),x y z p p px y z  where ( , , )x y z  are particle positions and 

( , , )p p px y z  are momentum components [S7]. Particle dynam-

ics satisfy the relativistic Vlasov equation
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The dynamics of the electric and magnetic fields E and ,B  

respectively, are coupled and depend on the current and charge 

densities J and ,t  as described by Maxwell’s equations
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The electric and magnetic fields include contributions from 

charges within the beam as well the external electromagnetic 

fields of accelerator components, such as radio-frequency 

resonant accelerating cavities, solenoids, dipoles, and quad-

rupole magnets [S8].

In high-energy particle accelerators, the z direction is usu-

ally defined parallel to the accelerator axis, and the pz  momen-

tum component is many orders of magnitude larger than px  and 

.py  Therefore, it is common to consider the density function 

( , , , , , )x y z x y Et , where ( , ) ( , )/ /x y p p p px z y z=l l  are the angles 

at which the particles are traveling relative to the accelerator axis.
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What these generative models are doing is high-dimensional interpolation and 

extrapolation, usually with a stochastic component built in to increase the 

diversity of the generated data.
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Space charge collective effects refer to the fact that, 
besides being influenced by external electromagnetic field 
sources, such as resonant cavities for acceleration and mag-
netic fields for shaping and turning, intense charged par-
ticle beam dynamics are also influenced by their own 
self-fields. The electric fields of the individual particles in a 
beam all repel each other, trying to rip the beams apart and 
introducing an energy spread. The magnetic fields of the 
beams have the opposite effect as the magnetic fields of 
beams traveling in parallel have a tendency to pull the par-
ticles back together. Space charge forces dominate at lower 
energies before the particles become highly relativistic. In 
highly relativistic beams, the forces from their own self-
electric and magnetic fields start to cancel out, with highly 
relativistic beams sometimes referred to as being “frozen.”

For electron beams, this cancellation effect is very help-
ful as electron beams with as little as 5 MeV of kinetic 
energy are already highly relativistic. This energy of 5 MeV 
is the typical energy of the beams these days as they exit 
the beam source at the very beginning of the accelerator. 
For beams with higher mass, space charge is much more of 
an issue, as this field cancellation effect does not kick in 
until much later. When compared to electron beams, even 
much higher energy 800-MeV proton beams are only 
slightly relativistic because of their factor of 2,000 greater 
mass, and so they experience significant distortion and fil-
amentation of their 6D phase space.

Furthermore, while space charge forces start to cancel 
for highly relativistic electron beams, this cancellation 
effect only happens in the direction transverse to beam 
travel, and incredibly short and intense electron beams can 
experience significant longitudinal space charge forces that 
result in an energy spread. At high energies, when space 
charge forces are not of concern for electron beams, the 
second collective effect of CSR starts to kick in.

Because of their low mass, highly relativistic electron 
beams asymptotically approach the speed of light. There-
fore, the only way to compress the beams longitudinally, to 
make the bunches shorter, is to use a path difference trick, 
in which first a resonant cavity is used to introduce an 
energy chirp along the electron bunch so that particles near 
the head of the bunch are at slightly lower energy than par-
ticles at the end. The beam is then passed through a series 
of four dipole magnet chicanes. The first magnet typically 
curves the beam slightly to the left if we are flying along 
with the beam looking down the z-axis of the accelerator. 

The second dipole magnet has the opposite effect, which 
straightens out the beam to again head straight down the 
z-axis. The third dipole magnet turns the beam back to the 
right, back toward the axis, and the final fourth magnet 
restores the beam trajectory to the center of the accelerator 
beam pipe. At each of these turns, the slightly higher 
energy particles at the end of the bunch are turned less by 
the same magnetic field because of their higher momen-
tum, and so at the end of the chicane, the particles that were 
originally at the end of the beam have gone through a 
shorter path length than the slightly lower energy particles 
at the head of the bunch. If the beam energy and magnetic 
field strengths are set properly, the net result is that the 
beam is compressed into a shorter bunch by this path 
length difference trick.

Because of their incredibly low mass, as they accelerate 
through each of the turns in the chicane, the highly ener-
getic electron beams will emit high-energy light, and as the 
electron bunch length itself is incredibly short, the light 
from different parts of the beam will overlap coherently 
and be amplified. This is the CSR effect. This light will then 
catch up to and impart forces on electrons within the bunch 
as they travel along the chicane, creating a new source of 
phase space distortion and energy spread in the beams.

Virtual Beam Diagnostics (State Observers)
While the beams and accelerators are both complex and 
time varying, as described previously, there is a lack of 
detailed noninvasive beam diagnostics beyond simple 1D 
measurements, such as beam position monitors, beam cur-
rent monitors, or beam loss monitors. The result is that 
accelerator beams are difficult to tune up after a mainte-
nance period or an outage (typically requiring weeks of 
effort by large teams), and they are difficult to retune 
between different experiments even when the machines 
are running. Besides the large amount of time wasted in 
tuning the machines, they are also typically running at 
suboptimal states, with operators chasing time-varying 
drifts to decrease beam loss by tuning tens to hundreds of 
parameters by hand, based on experience.

The most detailed single-shot beam measurements that 
are available are typically the ( , )x y  or ( , )z E  2D projections 
of a beam’s 6D phase space distribution. The ( , )x y  2D pro-
jection can be collected by inserting a scintillating screen 
in the beam’s path. The intensity and repetition rate of the 
beams that can be measured with such diagnostics are 

Particle accelerators are complex systems composed of thousands of coupled 

components, including resonant structures for beam acceleration and 

magnets for beam focusing and steering.
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limited to prevent damage of these screens. The state-of-
the-art method for measuring a beam’s ( , )z E  distribution 
utilizes an X-band transverse deflecting cavity (XTCAV) 
to measure the beam. The XTCAV streaks a charged par-
ticle bunch, translating longitudinal position to transverse 
position. The sheared bunch is then passed through a ver-
tical dipole, causing an energy-dependent curvature of the 
electron trajectory. The beam, which has been significantly 
spread in terms of longitudinal position ( )z  and energy 
( ),E  impacts a scintillating screen, and the generated light 
intensity is recorded, providing a measurement of the 
( , )z E  longitudinal phase space density that captures both 
the longitudinal bunch current profile and the energy 
distribution [39].

Other 2D projections of charged particle beams are also 
regularly measured, such as the ( , )x xl  and ( , )y yl  distribu-
tions, but these are very time-consuming processes that 
require dedicated measurement times and setups; they are 
not single-shot measurements. To precisely control charged 
particle beams, it would be very useful to have a full view 
of all possible 2D projections of the beam’s 6D phase space. 
If we consider all of the unique 2D projections, there are 15 
of them ( , ),x y  ( , ), …, ( , ),z Ex xl  One example of all 15 unique 
projections of a beam’s 6D phase space is shown in Figure 11.

The problem of creating a virtual view of this partially 
observable system, where we would like to generate all 15 
2D projections of the beam’s 6D phase space based on 
observations of only one or two of the projections, is ideally 
suited for a combination of adaptive feedback and genera-
tive ML. The approach is to create an AE-type model that is 
not trained to recreate its inputs, but rather is trained to 

map a combination of the phase space projections of the 
beam’s time-varying initial conditions at the accelerator 
entrance, ( )X t  as well as a vector of scalar accelerator and 
beam measurements, such as magnet and resonant cavity 
set points, ( )x t  to all 15 projections ( ( ), ( ), …, ( ))y t y t y t1 2 15  of 
the beam’s 6D phase space at a downstream location. Note 
that, although the AE and VAE frameworks described pre-
viously were always designed to recreate their own inputs 
from a low-dimensional latent embedding, the main point 
is that deep neural networks can create useful low-dimen-
sional representations of complex objects, which is also 
known as representation learning.

In this approach, the encoder half of the network creates 
the latent embedding according to

( ) ( ( ), ( ))t X t tNNz xen=

and the decoder half then maps this low-dimensional rep-
resentation to estimates of the downstream phase space 
projections

( ) [ ( ), …, ( )] ( ( )) .Y t y t y t tNN z1 15 de= =t t t

Adaptive Virtual Diagnostics
The model is first trained in a typical supervised learning 
approach, but it is then applied in an unsupervised adap-
tive framework, where it is assumed that we no longer have 
access to a projection of the time-varying input beam ( )X t  
and we also do not have access to the time-varying vector 
of beam and accelerator parameters ( ) .tx  The idea is that 
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FIGURE 11 The 15 unique 2D projections of the simulated 6D phase space distribution of an electron beam in the HiRES compact accel-
erator. HiRES: High Repetition-Rate Electron Scattering apparatus.
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we still want to track all 15 of the time-varying 2D down-
stream projections while only having access to one of them 
(such as the ( , )z E  or the ( , )x y  projection, depending on the 
accelerator).

The approach is adaptive tuning of ( )tz  by bounded 
ES [14]; see “Bounded ES for Nonlinear Systems With 
Unknown Control Directions.” It is worth noting that 
many forms of ES have been developed over the years. The 
major strength of this method is that it was shown to be 
able to stabilize and control unknown systems with 
unknown and time-varying control directions [42]. This 
method has been applied for finite-time control of static 
maps [43], for building observers or reduced-order models 
of coupled thermal and fluid systems [44], for high-voltage 
converter modulator rise-time optimization [45], for dis-
tributed control [46], for hybrid systems [47], for aircraft 
control [48], for piezoelectric control [49], for vibrational 
control [50], for event-triggered adaptive control [51], for 
heat exchanger network optimization [52], for spark-plug 
timing calibration [53], and for type 1 diabetes personal-
ized zone adaptation [54].

The relatively recently developed bounded form of ES 
[14] is especially useful for real-world applications beyond 
academic studies because of its simplicity and analytically 
guaranteed bounds on the parameter update rates. Having 
known guaranteed bounds makes this method useful for 
in-hardware real-time control of powerful physical systems 
where incorrect or large abrupt parameter changes can 
result in system damage, such as in high-energy particle 
accelerators, where this method has been experimentally 

demonstrated for beam loss minimization via magnet and 
radio-frequency (RF) tuning [55], [56], and has been stud-
ied for the development of optimal feedback control for 
unknown time-varying systems [57]. For a broad overview 
of recent developments of the ES approach, the reader is 
referred to the recent survey [58].

The latent vector z  is first given a fixed initial condition, 
which may come from the encoder acting on the last known 
measurement of X and .x  The components of z  are then 
adaptively tuned according to

	 ( ) ( ( ), ( ))cosz t t kC y t y ti i i j ja~ ~= +o t^ h� (11)

where , …,i n1=  for the components of the latent vector 
( , , )… ,z zz n1=  , …,j 1 15=  for the 15 unique 2D images 

, …,y y1 15  which represent the ( , ), ( , ), …, ( , )x y x p z px z  2D pro-
jections of a beam’s 6D position momentum ( , , , , , )x y z p p px y z  
phase space distribution, and the cost function

	 ( ( ), ( )) ( ) ( )C y t y t y t y tj j j j
2= -t t^ h## � (12)

only compares the single measured projection ( )y tj  to its 
generated version ( ) .y tjt  It is worth pointing out that, even 
for typical low-resolution beam measurements, this is a 
very high-dimensional problem. A measured input beam 
image of just 52 52#  pixels is a ,2 700D+  object, and if the 
generative CNN creates all 15 projections of the beam’s 6D 
phase space at 256 256#  pixels, the overall output is a 1+  
million-dimension object that is generated as a single 
image with 15 different channels by the CNN. While 

Bounded ES for Nonlinear Systems With Unknown Control Directions

ES is a method for optimizing output functions of stable sys-

tems by tuning control parameters [S9], for systems with 

delays [S10], with prescribed fixed-time convergence [S11], 

and with safety performance optimization while simultane-

ously respecting nonconvex analytically unknown safety bar-

rier functions [S12].

A feedback-stabilizing form of ES was developed that is 

applicable not just for the optimization of stable systems but 

also for the stabilization and optimization of time-varying 

unstable systems [42]. Bounded ES is an incredibly simple 

(no need for families of various external filters) new form of 

stabilizing ES in which the control efforts have analytically 

guaranteed bounds [14]. Bounded ES has been studied for 

various control problems [S13], [S14], and its convergence 

properties have been proven for a wide range of dithers, 

including nondifferentiable and discontinuous controllers 

[S15]. The most general form of bounded ES has been stud-

ied for systems of the form

t u( , , ),x f x=o

where x Rn!  and f  is unknown [S16]. For clarity, this discus-

sion focuses on the simplest form of bounded ES for control 

affine nonlinear systems of the form

	 ( , ) ( , )x f t g x t uxi i i i= +o � (S12)

	 ( , )( )cosu t kV txi i ia~ ~= + � (S13)

where the functions ( , ), ( , ) :f t g tx x R RRi i
n "#  are unknown, 

and where ( , )g txi  may pass through zero, changing sign, such 

as ( ) ( ),sing t w ti i=  making this a difficult problem of stabiliza-

tion under unknown and time-varying control direction.

( , )V tx  depends on the situation. If the goal is stabiliza-

tion of the unknown dynamic system, where one is free to 

choose V, it can be chosen as a Lyapunov-type function, such 

as .V x xT=  V may also be predefined as a noise-corrupted 

measurement

	 ( , ) ( , ) ( )V t h t n tx x= + � (S14)

(Continued)
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directly adaptively attempting to modify even the small 
input image would be computationally infeasible, working 
directly in the low-dimensional latent greatly reduces the 
dimension of the problem and enables fast automatic adap-
tive tuning. By low dimensional, we typically refer to 
z Rn!  with ,n 101  so that adaptive tuning in this low-
dimensional space is very fast. Although ES can handle 
relatively high-dimensional systems, its convergence is 

typically faster for lower dimensions and also depends on 
how noisy the system is, how big we allow the extremum- 
seeking controller dither amplitude to be, and whether the 
system is time varying or not. For the example shown in 
Figure S5, based on work from [S17] (see “Bounded ES for 
Nonlinear Systems With Unknown Control Directions”), 
ES is tuning 125 magnets and converges in approximately 
200 steps. In [56], where we were adjusting eight particle 

where ( , )h tx  is an analytically unknown output function of the 

system, and ( )n t  is random noise. In either of the previous two 

scenarios, given a compact set K Rn1  and any ,02d  there 

exists sufficiently large ~)  such that for all i2~ ~)  where the 

i~  are distinct, the averaged and actual closed-loop dynam-

ics satisfy

	 ( , ) ( , )
( , )

, ( ) ) .(x f t k g t x
V t

t t2x x
x

x xi i i
i

2

2
2

1a d= - -r r r
r
r

ro � (S15)

Stabilization of the averaged system (S15) ensures practi-

cal stabilization within d  of the original system (S12).

A strength of this approach is that the unknown and time-

varying control direction problem has been eliminated as 

,g 0i
2 $  so the system can be stabilized by a sufficiently large 

choice of .k 02a  Also, although acting on an unknown and 

noise-corrupted function, the control effort (S13) has analyti-

cally guaranteed bounds

	 ( ( , )) .cosu t kV txi i i i#a~ ~ a~= + � (S16)

The simplicity, robustness, model independence, and 

guaranteed control bounds of this approach make it a good 

choice for in-hardware implementation on systems where 

safety is important, such as high-power particle accelerators, 

where large, sudden jumps in parameter values can result in 

damage or irradiation of components. Figure S5 shows the 

experimental application of bounded ES for automatic ad-

justment of 125 magnets simultaneously based on a noisy 

cost function that experienced sudden jumps when the beam 

was temporarily shut off, resulting in minor parameter phase 

shifts.
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accelerator parameters for a high-power high-current 
beam, we had to be careful to make very small iterative 
changes, and the ES method converged within 50 steps.

An overview of such a setup, which was first developed 
using experimentally measured input beam distributions 
at the compact particle accelerator-based ultrafast electron 
diffraction microscope known as the High Repetition-Rate 
Electron Scattering apparatus (HiRES) at Lawrence Berke-
ley National Laboratory [59], is shown in Figure 12 with a 
n 2=  2D latent embedding .z R2!  The bounded ES feed-
back (11) results in average latent dynamics

	
( ) ( ( ), ( ))

( ), ( ( ))( )

t k C y t y t

k C y t t

2

2 NN

z

z

j j

j jde

z

z

d

d

a

a

=-

=-

r

r

r

r

o t

�
(13)

and therefore

( ( ), ( )) ( ( ), ( )) ( ( ), ( )) .C y t y t k C y t y t C y t y t2j j j j
T

j jz zd da=- r r
o t t t6 @

The generative strength of the CNN is being utilized to 
directly track the latent representation that tracks the mea-
sured time-varying signal without relying on access to the 
time-varying input beam conditions. It is, of course, possi-
ble for this approach to find the wrong answer since the 
adaptive feedback only has access to one of the 15 projec-
tions, and the solution to this partially observed problem is 
not unique. However, in practice, a lengthy beam tune-up 
first takes place, during which slow, invasive measurements 
are used to characterize the beam and properly set accelera-
tor parameters. Following such a tune-up procedure, based 
on slow and invasive measurements that would otherwise 
interrupt operations, we can assume that we temporarily do 
know an accurate representation of both the beam’s initial 
conditions at the beam source and the state of the accelera-
tor’s many parameters. 

Once an accelerator goes into production, the beam’s 
initial conditions, as well as the accelerator components 
start to drift. If our virtual diagnostic has been initialized 
with the correct beam state that it must now track, the local 
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minimum of the cost function (12) coincides with the global 
minimum, which uniquely reconstructs the full 6D phase 
space of the beam. This is in contrast to starting with a 
random accelerator state and trying to minimize (12), which 
could lead to finding a local minimum that does not coin-
cide with the correct match of the other unmeasured beam 
projections. Furthermore, as the beam continues to evolve, if 
we couple this adaptive approach with a calibrated online 
physics model, then we are able to uniquely track the true 
beam based only on a measurement of a single projection 
further than otherwise possible [13], but even with such an 
approach there is no guarantee that we can always uniquely 
track the correct entire 6D phase space when using just a 
single 2D projection. The problem is analogous to starting 
with a 3D sphere and attempting to predict its shape by 
tracking only a 2D projection of it, which is a circle, without 
knowing or being able to detect whether the sphere is trans-
forming over time into a cone or a cylinder. Again, the phys-
ics constraints that can be incorporated into the scheme, 
such as what was done in [13], do help by constraining us to 
predictions that are physically consistent with respect to the 
setup, but even that is limited to the accuracy of the physics 
model and how well it can interpolate and extrapolate as the 
accelerator and beam change with time.

In practice, this adaptive tracking approach to virtual 6D 
phase space diagnostics has been demonstrated not only to 
uniquely track a time-varying beam, but also to further 
increase the robustness of the generative model beyond the 
span of the training data, as compared to a purely genera-
tive approach without latent space feedback [60]. In a com-
pletely different application, one of dynamic 3D imaging for 
material science, such an adaptive latent space tuning-based 
method has also been successful at tracking the 3D electron 
densities of time-varying samples [61], [62].

GENERATIVE DIFFUSION MODELS
While CNN-based encoder–decoder neural networks are 
powerful tools for dimension reduction, diffusion-based 
models have been proven to be the state of the art for gen-
erating higher resolution images, especially when the 
images are highly varying, as is the case for complex accel-
erator beams over a wide range of accelerator parameters, 
for class-conditional image synthesis [63], [64], and super-
resolution methods [65]. Diffusion-based methods utilize 
advanced U-Net-based recursive architectures that share 
data at various image scales [66] as well as attention layers 

to learn relationships in the lower dimensional latent repre-
sentations of the U-Nets [1].

Another major benefit of diffusion-based models is their 
ability to smoothly interpolate between very different 
images by moving along the image manifold, which is 
again especially useful for exploring large configuration 
spaces of complex particle accelerators [67]. See “Condi-
tional Generative Diffusion” for a technical introduction to 
the generative diffusion process.

The conditional guided diffusion process for virtual accel-
erator beam diagnostics was first demonstrated in [11], where 
a vector c  was used to guide the generative process to create 
virtual views of the ( , )z E  distribution of the electron beam in 
the European X-ray Free-Electron Laser Facility (FEL). The 
vector c  consisted of noninvasive measurements of accelera-
tor parameters and noninvasive beam measurements, such 
as beam position monitors, which estimate the beam’s root 
mean square ( , )x y  location based on the image charges on 
conducting plates placed inside the beam pipe. The overall 
setup is shown in Figure 13. 

Although this guided diffusion process is generating 
1 milli no -+ dimensional megapixel resolution images of the 

beam’s 2D ( , )z E  distribution, the predictions can now be 
adaptively tuned in a similar way as described previously, 
with the use of bounded ES for adaptive adjustment of just the 
15D conditional vector c, which is a greatly reduced dimen-
sionality problem. In this setup, where only the ( , )z E  distri-
bution is generated, adaptive feedback can be guided by 
noninvasive measurements of the beam’s average energy, 
such as energy spread spectra measurements. Adaptive 
tuning would then guide the generative diffusion process to 
generate projections ( , )z E  that match the measured energy 
spectra when integrated along z to give generated estimates of 
the distribution of E. Similarly, by integrating the generated 
images along E and fitting the resulting current profile to a 
Gaussian, zv  of the generated distribution can be compared to 
noninvasive estimates of the bunch length for adaptive 
tuning. When working with multiple parameters, the ES algo-
rithm is utilizing unique values of dithering frequencies i~  in 
(11) so that each component is adjusted independently. A 
good way to choose the dithering frequencies is ,ri i~ ~=  
where the values ri  are chosen uniformly within the range [1, 
1.75] so that no two frequencies are equal and also are not inte-
ger multiples of each other. The value of ~ is then increased 
until stable convergence of the overall scheme is achieved, as 
explained in more detail in references such as [14].

Another major benefit of diffusion-based models is their ability to  

smoothly interpolate between very different images by moving along  

the image manifold.



APRIL 2026  «  IEEE CONTROL SYSTEMS  171

Conditional Generative Diffusion

Generative models based on diffusion 

were first created to utilize a gradual 

denoising approach inspired by statisti-

cal thermodynamics for modeling com-

plex distributions [4]. The method was 

then modified to enable generation of 

high-resolution images [5]. The genera-

tive diffusion process adds noise to an 

image X over a large number of steps 

T until the pixel values of the image are 

transformed into a mean zero unit vari-

ance Gaussian distribution. The first 

step of the diffusion process creates the 

noise-corrupted image z1  defined by

	 , ( , ).X1z 0 IN1 1 1 1 1 1+ ;b b e e e= - + � (S17)

Subsequent diffusion steps are iteratively defined as

	 , ( , ), { , , }.I t T1 0 2z z Nt t t t t t t1 f+ ; !b b e e e= - +- � (S18)

The noise schedule [ , ]0 1t !b  with T1 2 g1 1 1b b b  pre-

scribes the variance for the additive unit variance Gaussian 

noise te  at each step t, which defines how quickly images are 

converted to pure noise. This diffusion sequence forms a Mar-

kov chain with conditional distributions of the form

	 ,q 1z z z z INt t t t t t1 1b b= -- -^^ hh � (S19)

which is convenient for sampling random diffusion steps t with-

out having to rerun the entire chain as zt  can be rewritten as

	 X 1zt t t ta a e= + - � (S20)

where ,1 10 INt t t t+a e e a- -^ h represents the total noise 

added to the image in moving from step 1 to step t, with ta  

given by

	 ( ).1t

t

1

a b= - x

x=

% � (S21)

Equation (S20) implies that

	 , ( ) .q X X 1z z INt t t ta a= -^^ hh � (S22)

Because ( ) ,1 1t 1b-  as T "3  the terms ta  and 1 ta-  ap-

proach 0 and 1, respectively, and

	 ( ) ( , )limq Xz z 0 IN
T

T T; ;=
"3

� (S23)

so that any image is converted to a signal indistinguishable 

from mean zero unit variance Gaussian noise.

To generate images, the model learns to undo the nois-

ing diffusion process, and it is guided by a condition vector c  

so that it creates particular images rather than purely random 

ones. For an image X, using Bayes’ rule and the Gaussian 

change of variables, the conditional probability ( , )q Xz zt t1 ;-  

describing one reverse step of the diffusion process can be 

written as

	 ,
( )

.X1
1 1 1 1

1
z z IN t

t

t
t t

t

t t

t

t t
1

1 1 1

a
a

b
a

a b
a

b a
-
- - +

- -
-

-
- - -c m � (S24)

By rewriting (S20) as

	 X
1

1
1

z
t

t
t

t
t

b b

b
e=

-
-

-
� (S25)

the neural network ( , , )D tz cti  can be used to predict how to 

remove noise between iterative steps to restore the original 

image according to

	 ( , , )D t
1

1
1

z z z ct
t

t
t

t
t t1

b a

b
b e=

-
-

-
+i- ; E � (S26)

where i  represents the neural network’s weights. At the final 

step, the image is created according to

	 ( , , ) .X D t
1

1
1

z z c
1

1
1

1
1

b a

b
=

-
-

-
i; E � (S27)

The diffusion model is trained to predict the noise at each 

diffusion step t by sampling a random ( , )0 IN+ ;e e  and updat-

ing the neural network’s weights according to a descent of the 

gradient

, , .( , , )D z t D X t1 cct t t
2 2

d d a ae e e= - + --i i ii ^ h � (S28)

Several steps from an example of the diffusion process ap-

plied to an MNIST image are shown in Figure S6.

Instead of working directly in the image space, as described 

here, it is also possible for a powerful VAE to first embed im-

ages into lower dimensional latent representations and then 

perform diffusion on those embeddings directly in a process 

known as latent diffusion. While this speeds up the diffusion 

process, there is a tradeoff between final image quality and 

the amount of compression. All of the results discussed in this 

article utilize diffusion directly in the image space.

FIGURE S6 Several steps of the noising process for an MNIST image are shown in the 
top row, with the bottom row showing a histogram of the image pixel values com-
pared to a mean zero unit Gaussian distribution.
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The adaptive conditionally guided generative diffusion 
approach has also been extended for predicting all of the 
15 unique 2D projections of a beam’s 6D phase space distri-
bution, as was done previously with an AE [40]. In this 
approach, the method was extended to include not only vec-
tor-based accelerator and beam inputs but also 2D projec-
tions of the beam’s initial conditions. This second approach 
first utilizes a VAE to embed input beam images into a low-
dimensional latent vector z,  which is then concatenated 
with a vector of noninvasive beam and accelerator 

measurements p and also with a vector d  that conditions 
the diffusion process on which of the 15 projections is to be 
generated for a conditional vector [ , , ] .c z p d=  In this setup, 
a single model is used to generate one single projection at a 
time. The model is no longer attempting to generate all 15 
projections simultaneously as the 15 channels of a single 
image. This method is referred to as conditional diffusion 
guided by variational autoencoder (cDVAE).

A high-level overview of the cDVAE setup is shown in 
Figure 14 for generating all of the projections of the HiRES 
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fies which of the 15 projections of the 6D phase space should be generated. When applied in an adaptive unsupervised approach, the 
vector d is first fixed so that the model generates only a single 2D projection to be compared to the available 2D measurement .z  The 
difference between the measured and predicted projection is then minimized by adaptively adjusting z  and p  via bounded ES. Once 
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electron diffraction.
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electron beam’s phase space. The generation process is 
shown for several 2D phase space projections in Figure 15. 
When applied in an adaptive un-supervised approach, we 
assume that we no longer have access to the input images 
which are converted to the z  component of the conditional 
vector c  or to accurate measurements of the accelerator 
parameters .p  We also assume that both the input beam 
and accelerator components begin to change and drift with 
time, so we must adaptively tune our estimates of them to 
accurately track them to generate and predict the correct 
output beam distribution. To do this, the vector d  is first 
fixed so that the model generates only a single 2D projec-
tion to be compared to the available 2D measurement .z  
The difference between the measured and predicted pro-
jection is then minimized by adaptively adjusting z  and p  
via bounded ES. Once a good match is found, the vectors z  
and p  are fixed, and d  is varied to generate all of the asso-
ciated 2D projections.

An adaptive superresolution conditional generative dif-
fusion method, based on the approach described previously 
but with hard physics constraints built into the generative 
process, has been developed for generating 6D tensor-based 
representations of the 6D phase space density of charged 
particle beams [28].

ADAPTIVE LATENT DIFFUSION
While diffusion-based generative models are the state-of-the-
art method for generating a widely diverse set of accurate rep-
resentations of complex objects, such as high-resolution images, 
their main drawback is that they can be computationally 

expensive, especially when operating in image space and 
being used to generate high-resolution images over many 
iterative steps. Fortunately, a method known as latent diffu-
sion, which combines the ideas from AEs and from diffusion 
models, as discussed previously, has been developed, which 
greatly speeds up the generative diffusion process [68], [69], 
[70]. In the latent diffusion process, the first step is to train an 
AE or a VAE to compress high-resolution images X into much 
smaller latent images ,z  from which the decoder then recon-
structs an estimate Xt  of X.

The conditional latent diffusion model is then used to 
directly generate latent representations based on a condi-
tional input c,  so that the diffusion model learns to create 
estimates zt  of the true latent representations z  that have 
been created by the encoder network. As diffusion is hap-
pening in a much lower dimensional space, it can use a 
smaller network and also fewer diffusion steps. Finally, the 
generated latent image zt  is mapped directly to the estimate 
of an image Xt  by the trained decoder from the AE model. 
Besides speeding up the diffusion process, this approach is 
also a great way to enable conditional generation for appli-
cations such as solving inverse problems.

For example, an adaptive latent diffusion-based method 
for solving the extreme inverse problem of mapping scalar 
beam current and beam loss measurements to detailed 
images of the beam’s phase space distribution is being 
developed for the Los Alamos Neutron Science Center 
(LANSCE) linear accelerator [67]. In this approach, a VAE is 
first used to compress 256 256-# pixel images by a factor of 

340#+  down to 8 8 4# #  latent images. The latent 

(x, y)

(x, x’)

(x, y’)

(x, z)

(x, E)

(x’, y)
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Difference0 111 222 333 444 555 666 777 888 999 True

FIGURE 15 Steps along the generative diffusion process are shown for seven of the 15 projections as labeled on the left edge of the 
figure. The generated images are compared to the true figures, and their differences are also shown.
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diffusion model is then conditioned on a vector of measur-
able accelerator parameters, such as magnet and RF set-
tings, together with a vector of beam loss or beam current 
measurements along the length of a kilometer-long accel-
erator. Although the noisy 1D loss/current measurements 
are incomprehensible to a person, the conditional diffu-
sion model is found to be able to map them to detailed 
images of the LANSCE beam’s phase space. This setup can 
be described as follows.

We consider the true state of a 2D phase space projec-
tion of the beam, such as the time versus energy ( , )t E  lon-
gitudinal phase space, which we denote as ( ) .X x  Note 
that this is a two-time-scale approach in which x  repre-
sents physical time relative to which a dynamic system is 
evolving, and t represents synthetic algorithm runtime 
within a computer. We utilize noninvasive beam and 
accelerator measurements that include accelerator compo-
nent setpoints and beam measurements, such as beam cur-
rent or beam loss monitor readings, which are grouped 
together into a conditional vector ( ) .c x  Note that some of 
the components of ( )c x  are only approximations, such as 
magnetic fields in the accelerators, because we cannot set 
them directly. Rather, we set things like voltages or currents 

of power supplies, which then generate electromagnetic 
fields. This conditional vector is used by the latent diffu-
sion model to generate a latent estimate ( , ) ( ( ), ),t tcz Dx x=t  
and that is converted into an estimate ( )X xt  of ( )X x  by the 
decoder part of the VAE. The direct measurement of ( )X x  
might be unavailable or may require a lengthy, destructive 
process that would interrupt accelerator operations. How-
ever, we may have access to a 1D projection ( ),PX x  such as 
projecting ( , )z E  to its E-axis. The measured projection is 
compared to a projection of the generated beam image, and 
the difference is a cost function ( ) ( )L PX PX 2x x= - t  that 
is minimized by adjusting the conditional vector ( ) .c x  A 
schematic of the overall approach is shown in Figure 16. As 
shown in [67], this algorithm is able to track a time-varying 
beam with only limited noninvasive 1D beam projection 
measurements, and it is robust to noise-corrupted mea-
surements of ( )c x  and ( ).PX x

CONCLUSION
This article provides a very brief introduction to deep learn-
ing, focusing on several generative deep learning methods 
and ways in which they are being combined with adaptive 
feedback control to develop robust virtual diagnostics for 
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high-dimensional complex systems, such as particle accel-
erators. The approaches shown are general in nature and 
can be applied to a wide variety of complex high-dimen-
sional systems. Bounded ES has proven to be a powerful 
control technique that complements the generative 
strengths of deep neural network-based models, offering 
robustness to noise and the ability to handle time-varying 
systems. The approach of adding adaptive feedback directly 
within the low-dimensional latent embeddings or condi-
tional vectors of generative models enables real-time vir-
tual diagnostics of time-varying systems, and these diagnostics 
in turn enable control of large complex objects, such as 
high-resolution images, whose iterative tuning would be 
otherwise impractical.
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MIROSLAV KRSTIC  
Anu: When and how did you become 
interested in extremum seeking (ES) 
control?

Miroslav: The encounter with ES 
is one of the fondest, most stressful, 
and most consequential experienc-
es of my career. The year was 1997. 
Adaptive nonlinear control, the sub-
ject on which I had written my dis-
sertation, many papers, and the book 
[1], was commanding the attention of 
a significant slice of the control com-
munity. The feeling was that if we just 
keep advancing the complex tools of 
feedback design, we will be conquer-
ing ever more difficult and relevant 
problems in control of nonlinear un-
certain systems.

Then your work, Anu [2], in control 
of combustion, attracted my attention. 
I began consulting for United Tech-
nologies on control of combustion 
instabilities in jet engines. A chance 
discussion with a combustion special-
ist drew my attention to an algorithm 
called “peak seeking.”

Peak seeking wasn’t new, although I 
was learning of it for the first time. The 
most creative contributions to peak 
seeking, also known as ES, date to the 
1950s–1960s. In fact, it was invented in 
1922 [3], the same year as PID control 
[4]. And the algorithm wasn’t compli-
cated; it was the antithesis to the kind 
of nonlinear unknown systems it was 
meant to control, containing just one 
integrator, combined with a sinusoidal 
signal used both as a perturbation and 
for demodulation.

Coming fresh off years of research 
on control of nonlinear systems with 
unknown parameters, built around 
differential geometric transformations 
and global Lyapunov techniques, I 
was shocked and paralyzed for a long 
moment. How would such a feedback 
law, which would take two lines to 
code, be capable of doing something 
useful for nonlinear systems with un-
known models?

True, it was not meant for stabi-
lizing unstable nonlinear systems, 
like adaptive backstepping. Its name, 
“peak seeking,” made it clear that the 
algorithm’s goal was optimization. 
But the magic mix of an integrator and 
an additive sinusoid at the input, ap-
plied also multiplicatively at the out-
put, seemed impenetrable.

Frantically, I read the available lit-
erature. Draper and Li [5] introduced 
peak seeking in the United States in 
1951, after a half-decade of inventions 
in the Soviet Union. The literature that 
followed in the 1950s and 1960s, virtu-
ally all in the Soviet Union, abounded 
with creative heuristics and intuition, 
but there was no theory in the mod-
ern sense: no theorems that state clear 
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properties, no proofs based on precise 
assumptions.

About thirty years had passed 
since the most recent interesting pub-
lications in the late 1960s. Astrom and 
Wittenmark [6], just a couple of years 
before my dive into the study of ES, 
put it among the most promising fu-
ture areas for adaptive control. But 
how can something that was aban-
doned more than a generation earlier, 
and has not lived up to the rising stan-
dards of theoretical control, possibly 
be our field’s future?

Anu: ES had existed for decades. 
You developed its first proof in 1997. 
What motivated you to seek a theo-
retical proof for ES?

Miroslav: Saying that I was un-
settled by ES would be an under-
statement. Having my foundation 
shaken is a more apt description. 
These theoretically uninterpretable 
two-line algorithms, although not 
tackling the same goals, were deal-
ing with the same nonlinear, highly 
uncertain systems for which I had 
spent half a decade producing pag-
es-long control laws and parameter 
update laws.

Just ignoring ES, or accepting that 
it is “unprovable,” although it works 
well, was not an option. All my pre-
ceding work was challenged. I had to 
understand not only what the limits of 
ES are but also how it, provably, does 
what it does well, even if what it does 
is limited.

I was fortunate to have had good 
training in averaging theory and sin-
gular perturbations from UC Santa 
Barbara. But it was not just unclear 
how to combine these two asymptotic 
methods to prove something but also 
unclear what to prove and even how 

exactly to use ES algorithms for non-
linear dynamical systems.

In retrospect, it is obvious that 
1)  the nonlinear plant has to be sta-
ble for all constant inputs; 2) one has 
to run ES slower than the plant’s 
transients, so the transients settle 
between significant changes of the 
inputs; 3) the “exploring” perturba-
tions in ES, while slower than the 
plant, need to be fast relative to the 
parameter adjustments of the algo-
rithm; and 4) both the perturbation 
amplitude and the integrator gain 
need to be small compared with the 
perturbation frequency.

Used in this manner, ES lends it-
self to two nested approximations: a 
singular perturbation approximation 
of the plant and an averaging approxi-
mation of the ES loop. Local exponen-
tial practical stability follows, and the 
residual bias is to the “flatter” (less 
lossy) side of the peak of the equilib-
rium map.

That was the beginning: a paper 
written in the spring of 1997, over a 
few days, and published at the CDC 
that December [7].

Anu: After providing the theory for 
this method, was your plan then to 
direct your career into ES?

Miroslav: Not at all. With my se-
renity restored, I intended to turn my 
attention back to complicated things 
and let ES be used by whoever wish-
es, if anybody cares about such simple 
algorithms.

But that is not how things un-
folded. ES had too much potential. 
Every idea yielded bountifully com-
pared with the effort demanded: 
early applications in jet engine com-
pressors, combustors, bioreactors, 
antilock braking, formation flight, 

and, most importantly, autonomous 
ground and underwater vehicles, 
theoretical advances for time-vary-
ing optimizers, discrete-time and 
stochastic ES, Newton versions of 
ES, and, amazingly, seeking of Nash 
equilibria for unknown payoff func-
tions. Things absolutely did not go 
according to plan, the plan having 
been to let ES be and direct all my 
energy to PDE control.

Anu: How did ES develop after 
the theoretical foundation and the 
user guidelines based on it became 
available? What is the cumulative 
technological and theoretical accom-
plishment on this subject in the 28 
years since 1997?

Miroslav: For a subject ignored for 
three decades prior to 1997, the most 
unlikely thing happened over the 
subsequent three decades. Slowly but 
surely, more and more researchers got 
bitten by the same bug as I was in 1997. 
They saw useful or interesting things 
in ES, its use in their applications, 
with the utmost simplicity of imple-
mentation and almost indestructibil-
ity when used in conjunction with the 
theory provided or at least with com-
mon sense. The theorists and method 
developers also noted numerous op-
portunities to deploy their sophisti-
cated tools and creative faculties into 
offering advances in the analysis or 
design of ES.

ES first grew by dozens, then 
hundreds, then thousands of new 
papers per year, exponentially. One 
currently finds about 20,000 papers 
since 1997.

Books on various directions in extremum 
seeking (deterministic, stochastic, for sta-
bilization, and for PDEs) by Krstic and co-
authors, from the period 2003–2022.

How would such a feedback law, which would take 

two lines to code, be capable of doing something 

useful for nonlinear systems with unknown models?
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On the industrial side, there is hardly 
a branch of major technology in which 
ES has not been at least tried. About 
3,000 patents partly testify to this. Any 
attempt to list the technologies or spe-
cific solutions would miss an order of 
magnitude more than it would men-
tion. So I won’t attempt to list “a few” 
technologies advanced by ES.

But I will mention one ES applica-
tion that is already known to many: 
stabilization of extreme ultraviolet 
light (EUV) for semiconductor pho-
tolithography by Cymer, acquired 
by ASML, following this commercial 
and technological milestone. EUV’s 
200-fold increase of density of chips 
in 2013 was enabled by the discrete-
time ES in this early article [8]. Today, 
in 2025, EUV is a US$10 billion dol-
lar per year industry, in light sources 
for photolithography alone, enabling 
hundreds of billions of dollars in 
chip manufacturing per year and 
making NVIDIA’s and Apple’s most 
advanced chips.

I would not even dream of trying 
to review the literature of the size to 
which ES has grown, tens of thou-
sands of papers and several books. 
But somebody has already done this. 
The comprehensive survey by Alex 
Scheinker in Automatica [9] covers most 
of the achievements in the theory and 
applications of this method known to 
me. And allow me, please, to also men-
tion a remarkable book by the guest ed-
itor of this special issue, Tiago Oliveira, 
on ES in infinite dimensions [10].

Anu: Your scientific roots, like mine, 
are in adaptive control. Is ES, in fact, 
a form of adaptive control? Or is it, 
instead, a form of optimal control, or 
optimization, or nonlinear control?

Miroslav: It is adaptive and non-
linear. And it performs optimization, 
in a model-free fashion, for dynamical 
systems.

As I prepare to assume the position 
of editor-in-chief of Transactions on Au-
tomatic Control (TAC) in January 2026, 
I have been reading papers from the 
journal’s earliest years, 1956 onward. 
TAC, the first journal for control sys-

tems, was initially less theoretical than 
it is now. The gradual beginning of the 
theoretical style emerges in the early 
1960s. In the 1950s, one sees, among 
other heuristic methods, consider-
able interest in ES, often referred to as 
“adaptive control.” ES is indeed adap-
tive, pursuing its optimization goal in 
a model-free manner. And it is nonlin-
ear even in its simplest manifestation, 
applying to maps with extrema. This 
nonlinear nature of adaptation made ES 
exciting in the 1950s and early 1960s, 
such a nature being absent from the 
“classical” linear methods predomi-
nating that period and tied to the Ny-
quist, Bode, root locus, and emerging 
LQR methods.

I cannot be sure, but I believe that 
it was clear to the ES pioneers in the 
1950s what the analogy between ES 
and PID control was. Both feedback 
laws are model free. PID performs 
regulation to a setpoint, in the face of 
an unknown constant disturbance, us-
ing the integrator. ES, similarly, using 
its integrator, performs model-based 
optimization, that is, the regulation to 
an unknown optimizer. What is the 
difference? PID measures the feed-
back signal, the tracking error. ES, on 
the other hand, has to feed back, as an 
error, the gradient of the map, which is 
not measured but is meant to be driv-
en to zero. It is with the perturbation 
and demodulation that this unknown 
gradient is estimated.

So, ES and PID are siblings. In the 
parlance of college aptitude tests, 
which emphasize analogies, “ES is to 
optimization what PID is to regula-
tion.” (The P and D actions, missing 
from basic ES, can always be added; 
in fact, ES with phase-lead compen-
sators, emulating the PD action, has 
been introduced in the early 2000s.)

The interest in ES waned in the 
late 1960s as Lyapunov methods for 
model-based adaptive control began 
to emerge, lending themselves to the-
oretical proofs, while ES continued to 
defy that goal.

Anu: With the emergence of artifi-
cial intelligence (AI) and data-driven 

control, it is often asked whether ES, 
which performs model-free control, 
is a form of data-driven control. Is 
ES “data-driven control”? In the era 
of AI, does it have any relation to 
machine learning (ML)?

Miroslav: Yes, ES is a form of data-
driven control, and one can explain its 
relation to AI and ML with reasonable 
precision.

But first, let me note that the si-
nusoid-driven peak seeking extends 
back untold hundreds of millions of 
years. In botany, plant seedlings have 
evolved to use sinusoidal probing for 
climbing the light gradients (phototro-
pism) during the first hours of growth. 
One also finds ES “discovered” by in-
vertebrate animals, like sea urchins, 
whose sperm use sinusoidal action 
of the flagellum to perform circular 
motions and climb the gradient of the 
chemoattractant of an egg.

ES, as a human-conceived technol-
ogy, is a method for model-free on-
line optimization. Its distinguishing 
features are that 1) it is supported by 
theoretical guarantees and 2) it is ap-
plicable to dynamical systems, which 
is best exemplified by the use of ES in 
“source seeking” for nonholonomic 
autonomous vehicles, for which other 
methods, suitable for static optimiza-
tion, and not envisioned for use in 
feedback with dynamical systems, 
would be at best artificial.

But, speaking more broadly, this 
method of model-free optimization, 
which employs only measurements, 
namely, data, is indeed a data-driven 
control method. It is also a learning-
based control method, but it aims to 
learn only the optimizing input, not 
the entire maps.

So, is ES 1 AI? ES has puzzled 
many in the era of ML. It has defied 
categorization. Given that ES is a 
small-data (optimizer-seeking) rath-
er than a big-data (model-learning) 
technology, is AI “a variant of AI” or 
a “mere” control technique, defined 
more by theorems than by broad, easy, 
and heuristic use? 

(continued on p. 190)
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»   B O O K  R E V I E W

DATA-DRIVEN METHODS 
FOR DYNAMIC SYSTEMS

by JASON J. BRAMBURGER

Reviewed by Yorie Nakahira

Data-Driven Method for Dynamic 
Systems by Prof. Jason J. Bram-
burger is a timely book that 
integrates the rigor of classical 
dynamical systems with the 
flexibility of modern compu-
tational tools. For readers who 
want to understand how math-
ematics, data, and computation 
come together to analyze time-

dependent systems, this book offers an insightful roadmap.
The opening chapter, “Dynamical Systems—Old and 

New,” introduces the field of dynamical systems analysis 
and the transformative influence of computers. It presents 
proper orthogonal decomposition and demonstrates how it 
provides a way of decomposing space–time data via an 
optimal basis expansion that is obtained using only the sin-
gular values. The chapter also outlines the book’s goal to 
explore such data-driven methods, showing how they com-
plement traditional analysis by drawing inspiration from 
dynamical systems theory to interpret dynamic data.

The second chapter, “Linear Evolution Models,” 
thoughtfully describes methods for creating linear 
models of evolution from data collected from nonlinear 
systems, centered around dynamic mode decomposition 
(DMD). DMD is a data-driven technique that identifies a 
linear transformation to approximate the temporal evolu-
tion of system “snapshots,” enabling computationally 
efficient forecasting via matrix multiplication. The chap-
ter details several extensions to address specific 

challenges: physics-informed DMD, that constrains the 
matrix to incorporate known physical laws; sliding 
window DMD, that better handles multiscale data; and 
time-delay coordinates that help capture more informa-
tion from low-dimensional measurements. These meth-
ods are presented as practical approximations of the 
underlying Koopman operator theory, which recasts non-
linear dynamics as an infinite-dimensional linear system 
acting on functions of the state space, known as observ-
ables. It further details how methods, such as extended 
DMD and kernel DMD, use dictionaries of observable 
functions to create finite-dimensional approximations of 
the Koopman operator.

The third chapter, “Identifying Nonlinear Dynamics,” 
transitions to the methods for identifying nonlinear dynam-
ical systems from data. It begins with the sparse identifica-
tion of nonlinear dynamics (SINDy) algorithm, which 
frames model discovery as a sparse regression problem and 
seeks to identify an accurate and parsimonious dynamical 
system that fits time-series data. The chapter then illustrates 
the application of the SINDy algorithm in learning nonlin-
ear discrete-time mappings that iterate through coarse-
grained solutions of continuous-time systems, to stabilize 
periodic orbits, and to discover conserved quantities.

The fourth chapter, “Data-Driven Polynomial Optimi-
zation,” demonstrates practical techniques for extracting 
high-level information from a system without first need-
ing to identify an explicit model. This is done through 
polynomial optimization in data-driven methods. The 
core of this method lies in identifying auxiliary functions 
that can be used to produce the information or statistics 
about a system. It shows how to use sums of squares and 
semidefinite programming techniques to find Lyapunov 
functions, and extends it to the case of control Lyapunov 
function. It also shows the use of extended DMD in 
approximating Lie derivatives acting on dictionaries of 
observables, allowing one to extract information about a 
system directly from data without the intermediary step of 
model discovery.

The fifth chapter, “Learning Dynamics With Neural 
Networks,” introduces the use of neural networks for the 
analysis of dynamical systems. It begins with the concept 
of universal approximation theorems, which state that 
neural networks can approximate any continuous function 
to arbitrary accuracy. The text explains the architecture of 
neural networks, including layers, widths, and depths, and 
details the training process through minimizing a loss 
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function via gradient descent and backpropagation. It also 
introduces physics-informed neural networks (PINNs), 
which incorporate the governing differential equations of a 
system directly into the loss function to approximate solu-
tions to ordinary differential equations and partial differ-
ential equations. The chapter concludes by exploring the 
use of PINNs for data-driven discovery of partial differen-
tial equations, highlighting the benefits of automatically 
calculating derivatives while cautioning about challenges, 
such as the nonuniqueness of potential models.

The final chapter, “Autoencoder Neural Networks,” 
explores the use of autoencoder neural networks to dis-
cover simpler forms of dynamical systems. It first explains 
topological conjugacies and then demonstrates how the 
autoencoder neural network architecture can approximate 
conjugacies between systems. The chapter also demon-
strates an innovative combination of autoencoders with the 
SINDy algorithm, in which the autoencoder performs 
dimensionality reduction, transforming the dynamics of a 
complex system into a low-dimensional space where a 
simple, interpretable model can be discovered.

Together, these chapters provide a systematic and 
modern overview of an evolving field. By covering tech-
niques from DMD and sparse model discovery to 

polynomial optimization and neural networks, the book 
successfully illustrates how a new generation of computa-
tional approaches can be used to analyze, interpret, and 
simplify complex dynamical systems using data.

REVIEWER INFORMATION
Yorie Nakahira (ynakahir@andrew.cmu.edu) is with the 
Department of Electrical and Computer Engineering, 
Carnegie Mellon University, Pittsburgh, PA 15213 USA. 
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R iotous is a glorious word to 
describe an energetic gather-
ing of like-minded but diverse 

people with a common purpose—up-
date while having a good time. Get 
the convivial and intellectual sides 
of a conference aligned and in synch, 
and the rest takes care of itself; the 
delegates make sure of that. Such was 
CCTA2025 in San Diego this past Au-
gust at the Westin Gaslamp Quarter 
Hotel because of the following:

	» set in summer—long days, warm 
weather, nearby beaches

	» in an ideal contiguous and accom-
modating space on a single floor 
of adjacent session rooms, plenary 
room, registration desk, exhibits, 
meeting areas with wide corri-
dors and good seating, and day-
light, all within easy reach from 
the hotel rooms and coffee shops

	» with full-time access to the 
open-air rooftop Garden Terrace 
for tête-à-tête meetings and the 
venue for all receptions and din-
ners, each of which was buffet 
style with an open bar featuring 
the best of San Diego craft brew-
ing products

	» moseying distance to the San 
Diego nightlife and restaurant 
areas of the Gaslamp Quarter, 
Little Italy, and Seaport Village

	» an easy commute from San Diego 
International Airport

	» supported by the San Diego 
Surf School to complete one’s 
professional accreditation at 
Pacific Beach.

The physical side of the event was 
set. And, once comfortable, the at-
tendees were treated to an attractive 
and varied technical program spread 
over two-and-a-half days, staggered 
to accommodate jetlag and attention 
spans by juggling end times, breaks, 
and the prospect of dining al fresco 
on the roof.

SUNDAY 24 AUGUST 
	» Sunday saw three attractive work-
shops with attendance included 
in the registration fee.
	• “Learning, Estimation and 
Control for PDE Systems,” or-
ganized by Shu-Xia Tang, Ma-
madou Diagne, and Leobardo 
Camacho Solorio
	• “Advances to the Theory and 
Application of Aerospace Con-

trol,” organized by Andrea 
L’Affilitto and Gokhan Inhalan.
	• “Harmonic Control Arrays: 
Design, Simulation and Imple-
mentation,” organized by Mu-
rat Dogruel.

	» The workshops were exception-
ally well attended, began at  
9 a.m., and concluded by 5 p.m.

	» Sunday was also the first appear-
ance of the Westin Gaslamp’s 
signature donut wall at the morn-
ing break (Figure 1).

	» The evening’s Welcome Recep-
tion on the rooftop was taco carts, 
of course (Figure 2), accompanied 
by local wines and beers. (The 
tireless general chair’s job 
includes selecting the drinks, 
naturally. This required quite 
some research.)

Riotous Assembly in San Diego

Ninth IEEE Conference on Control Technology and Applications
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FIGURE 1 Finance Chair Jorge Cortés and CSS President Carolyn Beck being riotous in 
front of the Donut Wall at morning break.
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MONDAY 25 AUGUST
The conference proper comprised five 
parallel sessions plus plenaries each 
day. In retrospect, this was exactly right-
sized for the participants, very Goldi-
locks with a good balance between 
choice and coverage. The attendees 
were the ones to voice this assessment.

	» Monday was gentle.
	» A pick-me-up plenary at 8:30 a.m. 
was presented by Liane Matthes 
(Figure 3) from ASML: “A 
Glimpse Into the Automation 
and Control Powering ASML’s 
EUV Light Sources.”

	» Morning sessions from 10 to 
12  a.m. were followed by a 
student-industry mingle over 
lunch.

	» Anything but anodyne: a 1:30 p.m. 
plenary was presented by Guy 

Dumont from UBC: “Control 
Challenges Toward the Adoption 
of Closed-Loop Anaesthesia and 
Therapeutic Interventions as 
Standard of Care.”

	» Afternoon sessions concluded at 
4:40 p.m. to permit the delegates 
some sunshine.

	» NextCom, the next generation of 
CSS leaders, who apparently like 
to play games—Jenga, Cornhole, 

Ladder Golf—organized a catered 
session from 5:30 to 8 p.m. at the 
Embarcadero Marina Park, a short 
walk from the hotel.

	» The Recognition Dinner for the 
navvies, movers, and shakers 
(perhaps the past generation of 
CSS leaders) was held at Coast-
erra on San Diego Harbor on 
Monday evening (Figure 4).

TUESDAY 26 AUGUST
No rest for the wicked. The hard work 
began in earnest, accompanied by the 
Industrial Panel (Figure 5), followed 
by hard partying and follow-up back 
on the roof, armed with a pasta plate 
and a craft brew in the evening twi-
light [Figure 6(a)–(c)].

	» Alf Isaksson from ABB kicks off 
and regaled us with his morning 
plenary overview: “Industrial Con-
trol Systems: A Retrospective 
and the Road Ahead.”

	» Morning sessions ran from 10 a.m. 
to noon.

	» A lunchtime Industry Panel 
was organized and moderated 
by Industry Chair Mehmet 

FIGURE 2 Tacos on the rooftop Garden Terrace.

FIGURE 3 Liane Matthes and Stephanie 
Stockar.

FIGURE 4 The San Diego skyline from Coasterra during the Recognition Dinner.

FIGURE 5 Industry Panel: Sam Crisafulli (ASML), GB Singh (Solar Turbines), and Alf Isaks-
son (ABB).
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Mercangöz with speakers Sam 
Crisafulli of ASML, GB Singh of 
Solar Turbines, and Alf Isaks-
son of ABB. Attendance was 
excellent. So it was great that 
the event took place in the ple-
nary space. Mehmet worked 
with the participants in advance 
to develop a cogent program 
focused on employment and 
training questions.

	» Coaxing them back from lunch, 
Allison Okamura from Stanford 
delivered the afternoon plenary: 
“Haptics Anywhere: Enabling 
Mobile Telepresence.”

	» Two afternoon sessions of six 
papers and then four papers 
rounded out the long day. The 
reward was a table of lemon 
cakes and pastries between the 
two stints. A welcome sugar hit.

	» Marathon Tuesday adjourned at 
6:20 p.m., and we headed to the 
rooftop, drawn by the bar and 
crowned by the CCTA2025 
dinner in the open air.

WEDNESDAY 27 AUGUST
Crescendo day! And a sprint to the 
finish.

	» Morning sessions ran from 8:30 
to 10:30 a.m.

	» The final donut wall appeared.

	» Thomas Parisini of Imperial 
College London bewitched the 
delegates with his Transition to 
Practice Award plenary, always 
a highlight of CCTA: “Digital 
Twins for a Greener and More 
Resilient Future in the Metal 
Industry.”

	» The CCTA2025 awards cere-
mony announced the Student 
Prize Papers and presented 
Thomas’s Transition to Practice 
Plaque.

	» We returned to the Garden Ter-
race for the farewell reception as 
the attendees either
a) � Prepared to head to the air-

port and then home.
b) � (Wet-)suited up for an after-

noon surfing lesson, notably 
if you were an NTNU grad 
student.

PRE- AND POST-EVENT 
ACTIVITIES
The careful stage management of 
CCTA2025, of course, began a few 
years earlier. Bob Bitmead was invited 
to steer this ship forward after its 
original 2021 version went online dur-
ing COVID-19. The hotel contract had 
been negotiated in 2019. The revamped 
Operating Committee (OpCom) was 
brought together a serious while before 
2025, with Bob and indefatigable Pro-
gram Chair Colin Jones of EPFL being 
approved by the CSS Board of Gover-
nors in 2022. From here, the team was 
accreted quickly and enthusiastically 
with the connivance of Stephanie 
Stockar, our diversity chair, to help us 
keep things blended.

The well-oiled machine that is Op-
Com is as follows:

	» Bob Bitmead (gopher)
	» Saverio Bolognani (website)
	» Airlie Chapman (publications)
	» Jorge Cortés (finance)
	» Stefano di Cairano (TCEB)
	» Mamadou Diagne (exhibits)
	» Florian Dörfler (publicity)
	» Colin Jones (program)
	» Steffi Knorn (student activities)
	» Justin Koeln (invited sessions)
	» He Kong (registration)
	» Johanna Mathieu (workshops)
	» Mehmet Mercangöz (industry)
	» Pradeep Misra (digital systems)
	» Behrouz Touri (local arrangements)
	» Stephanie Stockar (diversity).

Publicity launched for CCTA2025 
at CCTA2023 in Barbados, with follow-
ups at CDC2023 and CDC2024. Flo-
rian and Saverio drove this forward 
via the website and written material. 
Bob designed the bottle opener, a task 
within his grasp, literally (Figure 7). 
The early invitations and acceptances 
from the plenary speakers were im-
portant too, to build excitement and 
promotion.

Early February 2025 was the closing 
date for paper submissions. Colin and 
Justin shifted into higher gear, work-
ing with Stefano on reviews, audits, 
ethics checks, and related tasks. Airlie 
was the interface with IEEE publica-
tions, which is the eventual publisher 
of presented papers. Her interactions 
included the bureaucratic efforts to 
keep IEEE on board and the papers on 
time. The program team then moved 
on to formulating the sessions and the 
program proper. This included Colin’s 
judgment on the five parallel sessions 
to maintain an attractive and manage-
able program.

Johanna wrangled the workshops 
from solicitation and selection through 
to logistics. She was responsible for the 
suggestion to include workshop partic-
ipation in the registration fees. Bravo! 
This gave a strong impetus to student 
involvement in the workshops, ensur-
ing their subscription. Steffi oversaw 
the student activities in total, from 
managing the CSS Student Travel 

(a) (b) (c)

FIGURE 6 (a)–(c) Dinner after dark on the roof. That is CCTA2026 Vancouver General 
Chair Ryozo Nagamune in (a).

FIGURE 7 The CCTA2025 bottle opener: 
utility in publicity, CDC2023 Singapore, 
home of Tiger Beer.
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Awards with CSS Student Activities 
Chair Francesca Parise through to the 
implementation of the Student Best 
Paper Prizes. These tasks required 
dedication because following through 
in ensuring payments to the hotel is 
also required. Steffi provided the ki-
netic energy.

CCTA is the CSS applications 
conference focused on the nexus 
between industry practice and the 
intellectual juggernaut that is con-
trol theory. CCTA is the venue to 
nurture these connections and sup-
port practitioners in the field. So, the 
industry chair is central to keeping 
the focus. For CCTA2025, this was 
Mehmet Mercangöz, who exempli-
fies the connections between the two 
sides. Mehmet was a driver of the 
industrial panel and the student-in-
dustry mingle. He and Steffi helped 
maintain the introductions and in-
teractions between the students and 
industrial attendees. ASML, our Plat-
inum Sponsor, was delighted with 
how this operated.

Registration Chair He was a dyna-
mo from Shenzhen in working with 
Pradeep on the registration process 
and in responding to the many que-
ries. Because He was unable to travel, 
Mamadou stepped in as a Johnny-
on-the-spot with the registrations … 
and a lot of other things. Local Ar-
rangements Chair Behrouz was the 
fixer of many things and general 
roustabout way beneath his talents. 
The registration desk was manned/
womanned/studented/peopled by 
an array of willing helpers, includ-
ing Bob’s better half, Jan, and a cadre 
of UCSD grad students, from early 
Sunday morning to Wednesday 
midday. The envelope stuffing took 
place on Jan’s and Bob’s back deck 
(Figure 8). They know the alphabet 
really well now. 

Post-conference, the work contin-
ued unabated or maybe even ampli-
fied (Figures 9 and 10). The publication 
process needs to proceed eventually to 
IEEE Xplore. Again, Airlie drove this to 
completion. Pradeep Misra was a font 
of assistance, decoding and wisdom 

in all things digital systems oriented 
from submissions, reviews, decisions, 
uploads, registrations, billing, the 
online app, etc. As general chair of 
CDC 2006, also in San Diego, he really 
knows the drill.

So, who is the last man standing? 
Who is still slaving in the office when 
the rest of OpCom is in the pub as 
“last drinks” is called? Jorge Cortés, 
as finance chair, is that person. The 
accounts need to be finalized, tabu-
lated, and reported to IEEE for their 
accounting and audit. We are hopeful 
that this finalized budget has been 
uploaded and will pass muster with 
the bean counters at IEEE headquar-
ters. But wait! It gets worse. Jorge 
is also the general chair for CDC 
2026 in Honolulu, and CCTA2025 is 
merely his apprenticeship. If you see 

him in Honolulu, please buy him a 
beer. Of course, the same goes for the 
whole OpCom.

FIGURE 8 The Bitmead back deck on Friday, 22 August.

FIGURE 9 Workers Behrouz Touri, Steffi Knorn, Ari Partanen (an industry ring-in), and 
Carolyn Beck kick back late.

FIGURE 10 Allison Okamura and Bob Bit-
mead “Reclaim the Red Hat.”

(continued on p. 195)
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»   C S S  AW A R D S

2025 IEEE CSS Awards

Every year, IEEE and the IEEE 
Control Systems Society (CSS) 
recognize the outstanding contri-

butions by individuals in our techni-
cal community through a number of 
awards. The Society is very apprecia-
tive of the work that the respective 
subcommittee chairs and members 
devote to the selection process. The 
2025 IEEE CSS Awards chair was 
Thomas Parisini, and the subcommit-
tee chairs are as follows:

	» Denis Dochain, Antonio Ruberti 
Young Researcher Prize

	» Murti Salapaka, IEEE Control 
Systems Society Transition to 
Practice Award

	» Stephen Duncan, Control Sys-
tems Technology Award

	» Lars Gruene, George S. Axelby 
Outstanding Paper Award

	» Andrew J. Fleming, IEEE TCST 
Outstanding Paper Award

	» Mehran Mesbahi, IEEE Control 
Systems Magazine Outstanding 
Paper Award

	» Antonis Papachristodoulou, 
IEEE Control Systems Letters 
Outstanding Paper Award

	» Alessandro Astolfi, IEEE TCNS 
Outstanding Paper Award

	» Prashant Mehta, IEEE CDC Best 
Student Paper Award

	» Sophie Tarbouriech, Roberto 
Tempo Best CDC Paper Award

	» Naira Hovakimyan, IEEE CSS 
Award for Technical Excellence 
in Aerospace Control

	» Toru Namerikawa, IEEE CCTA 
Best Student Paper Award

	» Ravi Banavar, IEEE Control Sys-
tems Society Graduate Collabo-
ration Fellowship.

More details about the CSS awards, 
the nomination process, and past re-
cipients can be found on the IEEE CSS 
website: http://ieeecss.org/awards/
awards-program.

CSS DISTINGUISHED MEMBER 
AWARDS
CSS annually confers Distinguished 
Member Awards to selected members 
of our community who have made 
significant technical contributions 
and provided outstanding long-term 
service to CSS. The 2025 awards recog-
nize Amir Aghdam, Dennice Gayme, 
and Afef Fekih for their significant 
technical contributions and outstand-
ing long-term service to CSS.

OUTSTANDING CHAPTER AWARD
This award recognizes a chapter for 
demonstrating a high level of activ-
ity, innovation, or growth. Vice-Pres-
ident of Member Activities Necmiye 
Ozay was responsible for the selec-
tion process for this award. The 2025 
award went to the Control, Robotics, 
Cybernetics Joint Chapter of IEEE 
Vancouver Section (Canada), chaired 
by Dejan Kihas, in recognition of their 
efforts in organizing many controls-
focused technical and social events for 
their membership in 2024.

CDC OUTSTANDING STUDENT 
PAPER AND BEST STUDENT 
PAPER AWARDS
The CDC Outstanding Student Paper 
and Best Student Paper Awards rec-
ognize excellence in a paper pre-
sented at the IEEE Conference on 
Decision and Control (CDC) whose 
primary author is a Student Member 
of IEEE. One of the Outstanding Stu-
dent Paper awardees will be selected 

as the winner of the Best Student 
Paper Award and will receive that 
award in lieu of the Outstanding 
Student Paper Award. The awards 
are based on the paper’s original-
ity, clarity, and potential impact on 
practical applications or theoreti-
cal foundations of control. Selected 
from 65 nominations, the CDC Out-
standing Student Paper Award win-
ners are as follows:

	» Joudi Hajar and Reza Ghane 
(advisor: Babak Hassibi) for “A 
Bregman Divergence Approach 
to H∞ Control,” by Joudi Hajar, 
Reza Ghane, and Babak Hassibi

	» Mohamad Shehab and Alperan 
Terkan (advisor: Necmiye Ozay) for 
“Efficient Reward Identification in 
Max Entropy Reinforcement Learn-
ing With Sparsity and Rank Priors,” 
by Mohamad Shehab, Alperan 
Terkan, and Necmiye Ozay

	» Amir Shakouri (advisor: Kanat 
Camlibel) for “A New Perspec-
tive on Willems’ Fundamental 
Lemma: Universality of Persis-
tently Exciting Inputs,” Amir 
Shakouri, Henk J. van Waarde, 
and M. Kanat Camlibel

	» Leonardo Toso (advisor: James 
Anderson) for “Learning Stabi-
lizing Policies via an Unstable 
Subspace Representation,” by 
Leonardo Toso, Lintao Ye, and 
James Anderson.

The Best Student Paper Award 
winners are as follows:

	» Joudi Hajar and Reza Ghane 
(advisor: Babak Hassibi) for “A 
Bregman Divergence Approach 
to H∞ Control,” by Joudi Hajar, 
Reza Ghane, and Babak Hassibi.

Figure 1 shows the CDC 2025 
awardees.
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CCTA OUTSTANDING STUDENT 
PAPER AND BEST STUDENT 
PAPER AWARDS
The CCTA Outstanding Student Paper 
and Best Student Paper Awards recog-
nize excellence in a paper presented at 
the IEEE Conference on Control Tech-
nology and Applications (CCTA) whose 
primary author is a Student Member of 
IEEE. One of the Outstanding Student 
Paper awardees will be selected as 
the winner of the Best Student Paper 
Award and will receive that award in 
lieu of the Outstanding Student Paper 
Award. The awards are based on the 
paper’s originality, clarity, and poten-
tial impact on practical applications of 
control. Selected from 24 nominations, 
the CCTA Outstanding Student Paper 
Award winners are as follows:

	» Philipp Santer (advisor: Knut 
Graichen) for “A Model Predictive 
Control Approach to Trajectory 
Tracking With Human-Robot Col-
lision Avoidance,” by Philipp 
Santer, Andreas Völz, and Knut 
Graichen

	» Yingjie Hu (advisor: Karl Bern-
torp) for “Optimal Measure-
ment Projection in GNSS-RTK 
Factor Graph Optimization,” by 
Yingjie Hu, Stefano Di Cairano, 
and Karl Berntorp

	» Felix Brändle (advisor: Melanie 
N. Zeilinger) for “On the Effects 
of Angular Acceleration in Ori-
entation Estimation Using Iner-
tial Measurement Units,” by 
Felix Brändle, David Meister, 
Marc Seidel, Robin Strässer, and 
Frank Allgöwer.

The winner of the Best Student Pa-
per Award is as follows:

	» Yingjie Hu (advisor: Karl Berntorp) 
for “Optimal Measurement Projec-
tion in GNSS-RTK Factor Graph 
Optimization,” by Yingjie Hu, Ste-
fano Di Cairano, and Karl Berntorp.

IEEE CONTROL SYSTEMS 
MAGAZINE OUTSTANDING  
PAPER AWARD
The IEEE Control Systems Magazine 
Outstanding Paper Award recognizes 
an outstanding article or column pub-

lished during the two calendar years 
prior to the year of the award and is 
based on impact and benefit to CSS 
members. The 2025 award was given 
to the article “Quantum Computing 
Through the Lens of Control: A Tuto-
rial Introduction,” coauthored by Julian 
Berberich and Daniel Fink, IEEE Control 
Systems, vol. 44, no. 6, pp. 24–49, 2024.

IEEE TRANSACTIONS 
ON CONTROL SYSTEMS 
TECHNOLOGY OUTSTANDING 
PAPER AWARD
The IEEE Transactions on Control Sys-
tems Technology Outstanding Paper 
Award recognizes an outstanding paper 
published during the two calendar 
years prior to the year of the award and 
is based on originality, relevance of the 
application, clarity of exposition, and 
demonstrated impact on control sys-
tems technology. The 2025 award was 
given to the paper “A Modular Frame-
work for Task-Agnostic, Energy Shaping 
Control of Lower Limb Exoskeletons,” 
coauthored by Jianping Lin, Gray C. 
Thomas, Nikhil V. Divekar, Vamsi Ped-
dinti, and Robert D. Gregg, IEEE Trans-
actions on Control Systems Technology, vol. 
32, no. 6, pp. 2359–2375, 2024.

IEEE CONTROL SYSTEMS 
LETTERS OUTSTANDING  
PAPER AWARD
The IEEE Control Systems Letters Out-
standing Paper Award recognizes an 
outstanding paper published in IEEE 

Control Systems Letters during the two 
calendar years preceding the year of the 
award, based on originality, potential 
impact on the theoretical foundations of 
control, importance and practical signif-
icance in applications, and clarity. The 
2025 award was given to the paper “Tem-
poral Forward–Backward Consistency, 
not Residual Error, Measures the Pre-
diction Accuracy of Extended Dynamic 
Mode Decomposition,” by Masih Haseli 
and Jorge Cortés, IEEE Control Systems 
Letters, vol. 7, pp. 649–654, 2023.

GEORGE S. AXELBY 
OUTSTANDING PAPER AWARD
The George S. Axelby Outstand-
ing Paper Award recognizes an out-
standing paper published in IEEE 
Transactions on Automatic Control during 

FIGURE 1 The CDC 2025 award winners.

FIGURE 2 Jacquelien M. A. Scherpen
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the two calendar years prior to the 
year of the award and is based on 
originality, clarity, potential impact on 
the theoretical foundations of control, 
and practical significance in applica-
tions. The 2025 award was given to the 
paper “Nonlinear Opinion Dynamics 
With Tunable Sensitivity,” coauthored 
by Anastasia Bizyaeva, Alessio Franci, 
and Naomi Ehrich Leonard, IEEE 
Transactions on Automatic Control, vol. 
68, no. 3, pp. 1415–1430, 2023.

IEEE TRANSACTIONS ON 
CONTROL OF NETWORK SYSTEMS 
OUTSTANDING PAPER AWARD
The IEEE Transactions on Control of 
Network Systems Outstanding Paper 

Award recognizes an outstanding 
paper published during the two cal-
endar years prior to the year of the 
award and is based on originality, 
potential impact on the foundations 
of network systems, importance and 
practical significance in applications, 
and clarity. The 2025 award was 
given to the paper “The END: Esti-
mation Network Design for Games 
Under Partial-Decision Information,” 
coauthored by Mattia Bianchi and 
Sergio Grammatico, IEEE Transactions 
on Control of Network Systems, vol. 11, 
no. 4, pp. 2200–2212, 2024.

ROBERTO TEMPO BEST IEEE CDC 
PAPER AWARD
This award is given in honor of 
Roberto Tempo, 44th president of 
CSS. The Tempo Award Committee 
selects the best paper from the pre-
vious year’s CDC based on original-
ity; potential impact on any aspect of 
control theory, technology, or imple-
mentation; and clarity of writing. The 
2025 award was given to the 2024 CDC 
paper “Average Number of Mistakes 
in Sequential Risk-Averse Scenario 
Decision-Making,” by Simone Garatti, 
Algo Carè, and Marco C. Campi, 63rd 
IEEE Conference on Decision and Con-
trol, pp. 8245–8250, 2024.

IEEE CSS AWARD FOR 
TECHNICAL EXCELLENCE IN 
AEROSPACE CONTROL
The Award for Technical Excel-
lence in Aerospace Control rec-
ognizes an outstanding paper or 
patented idea based on originality 
of technical innovation, signifi-
cance/relevance to the aerospace 
community, aerospace application, 
and potential impact on the prac-
tice of aerospace engineering. The 
award can be conferred on an indi-
vidual or a team. The 2025 award 
was given to Ilya V. Kolmanovsky 
for contributions to constrained 
and model predictive control of 
aerospace systems.

CONTROL SYSTEMS 
TECHNOLOGY AWARD
The Control Systems Technology 
Award recognizes outstanding 
contributions to control systems 
technology, either in design and 
implementation or project manage-
ment. This award can be conferred 
on an individual or a team. The 2025 
award was given to José Luis Guzmán, 
Manuel Berenguel, F. Gabriel Acien, 
and Ana Sánchez Zurano for the 
application of automatic control as an 
enabling technology for sustainable 
bioprocesses based on microalgae in 
a blue economy.

IEEE CSS TRANSITION TO 
PRACTICE AWARD
The Transition to Practice Award 
recognizes outstanding collabora-
tive scientific interactions between 
industry or research laboratories and 
academic communities that transi-
tion basic controls and system theory 
to practical systems for the benefit 
of society at large. The winner of 
the 2025 CSS Transition to Practice 
Award is Reza Moheimani for pio-
neering advancements in control of 
the scanning tunneling microscope 
and for the successful transfer to 
industry. The Transition to Practice 
Award comes with an invitation to 
deliver a plenary lecture at the 2026 
IEEE CCTA.

FIGURE 3 Malcolm C. Smith

FIGURE 4 Malcolm C. Smith receiving the 2025 Control Systems Award.
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Malcolm C. Smith’s Acceptance Speech

T hank you. It is a most extraordinary honor to be chosen as 

the 2025 IEEE Control Systems Award winner. It is some-

thing I never imagined. I would like to thank the IEEE Control 

Systems Society president, Carolyn Beck, for her very gener-

ous remarks and for being here to present me with this award. 

There are many others that I wish to thank, and my regret is that 

five minutes will be too short to name even a fraction of them.

It is tempting when looking back to rationalize one’s career, 

but in truth, many of the most important things happen by chance. 

Opportunities that my parents never had, and their wise sup-

port, enabled me to be the first in my family to go to university. At 

Cambridge, three years of mathematics and lots of organ playing 

flashed by so quickly that I looked for an opportunity to stay for just 

one more year. The M.Phil. in control engineering and operational 

research seemed perfect, even though I had no idea what control 

engineering was. It was the charismatic figure of Alistair MacFar-

lane that drew me into the field, and I stayed on for the Ph.D.

The Cambridge group had state-of-the-art computing facili-

ties, a single mainframe that could calculate and plot Nyquist 

diagrams in less than a minute, and more than one person could 

use it at once. The push in Cambridge was to generalize the 

classical framework for multivariable design; that early expo-

sure to classical control was vital for me. But there was also the 

new kid on the block: modern control, the state-space methods 

used so successfully in the NASA program. There was appre-

ciation of their mathematical elegance, but also awareness of 

possible limitations when there is substantial model uncertainty.

I gained much when I was younger from philosophical dis-

cussions about our subject: with Gerhard Kreisselmeier on 

adaptive control, the “two-cultures” debates with Peter Caines 

and George Zames, and on systems theory fundamentals with 

Jan Willems. I recall Zames saying on the origins of H-infinity 

control that he really wanted to do adaptive control but felt we 

needed to understand classical control first.

I am indebted to the irrepressible Allen Tannenbaum for draw-

ing me to H-infinity control of time-delay systems at McGill, but 

even more for introducing me to Tryphon Georgiou. Later on, it 

was Tryphon’s wonderful paper connecting the gap metric with H-

infinity that led to our close friendship and collaboration. Those 

seem like golden years, as we honed our style and devoted our-

selves to fundamental problems. Looking back at those papers, 

you can, just occasionally, detect the aroma of Greek coffee from 

the cafe in Oropos.

After a fruitful time at The Ohio State University, I returned 

to Cambridge as a lecturer after Keith Glover’s appointment as 

the new professor of control engineering. Keith’s inspired lead-

ership created space and encouraged one to try to do good 

work. And I also gained much from exceptional colleagues in 

the group, such as Jan Maciejowski, Glenn Vinnicombe, and, 

later, Rodolphe Sepulchre.

During my first summer back in Cambridge, when everyone 

was on holiday, Tryphon was visiting, and we were working flat 

out to finish a paper before his return flight on the Saturday. A 

call came through for Keith from Paddy Lowe at the Williams 

Formula One team. The call was transferred to me. Paddy was 

looking for some help with an active suspension problem, and 

they had a test at Silverstone next Tuesday. I half-jokingly re-

plied that my first free day was Sunday; it wasn’t taken as a joke.

One is fortunate to find people to work with, like Paddy Lowe, 

and later on, Dick Glover at McLaren. Control has a lot to say 

when you are designing the plant as well as the controller. Pad-

dy and Dick were superb engineers, but were also very open to 

“systems thinking.”

The eventual ban on active suspension in Formula One 

did have an unexpected silver lining. For a control theorist, it 

seemed rather unremarkable to go from the class of all stabiliz-

ing controllers to the class of all passive impedances. And then 

the snag of realizing all positive real functions mechanically was 

just a stone in my shoe, holding up a theory paper. I had no idea 

of how much would follow from persisting with that question.

More than twenty years later, it still surprises me that peo-

ple outside our field become impatient with the more abstract, 

systems explanation of the inerter. I even had some comments 

along the lines of “if you can’t explain it more simply than that, 

you don’t understand it.” When news about the inerter broke in 

the Formula One world, grandprix.com published a newsflash: 

“The first details were published in 2002 in the obscure Insti-

tute of Electrical and Electronics Engineers’ publication called 

Transactions on Automatic Control.”

When I look at academia now, and the control field in par-

ticular, I sometimes wonder if I would survive if I were starting 

out now. This is not a new feeling. Questioning the importance 

of our field is not new either. Forty years ago, at the 24th CDC in 

Fort Lauderdale, George Zames gave the acceptance speech 

for the Control Systems Award. He recalled that as one of the 

students at MIT in the late 1950s, Gordon Brown had just pro-

nounced controls dead and ordered them to go into computers.

I feel very fortunate to have found controls as a field of work 

and research. Our subject contacts physics, biology, and the 

social sciences in a serious way. What is also in our favor is the 

very wide range of engineering applications and their contrast-

ing character. The mathematical underpinnings are quite ma-

ture, but there is still great scope, in my opinion, for new problem 

formulations. This makes me optimistic about the future.

My time is up, and there are so many colleagues and former 

students whom I have not been able to thank by name. I am 

deeply indebted to all of them. I will close by thanking the CDC 

organizing committee for a most memorable conference here in 

Rio. It is an enormous privilege to be standing here.

Thank you.

—M. C. Smith

11 December 2025
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ANTONIO RUBERTI YOUNG 
RESEARCHER PRIZE
The Antonio Ruberti Young Researcher 
Prize recognizes distinguished cut-
ting-edge contributions by a young 
researcher to the theory or applica-
tion of systems and control. The 2025 
Ruberti Prize was given to Thinh T. 
Doan for fundamental contributions to 
the optimization and control theoretic 
foundations of machine learning.

IEEE CSS GRADUATE 
COLLABORATION FELLOWSHIP
The fellowship award seeks to promote 
and provide support to initiate collab-
orative research with a hosting faculty 
member of well-established institu-
tions in the area of systems and con-
trol for outstanding graduate students 
in developing geographical regions by 

visiting leading institutions in coun-
tries outside their own. The fellowship 
consists of a plaque and funding up 
to a maximum of US$10,000 to defray 
costs associated with visiting host insti-
tutions. There were three recipients of 
the 2025 Fellowship Awards: Felipe 
Cinto will be hosted by Ricardo San-
felice at the University of California, 
Santa Cruz, USA; Youssef Ait-Si will be 
hosted by Sadegh Soudjani at the Max 
Planck Institute, Germany; and Kaiyun 
Xie will be hosted by Gaoxi Xiao at 
NTU, Singapore.

HENDRIK W. BODE LECTURE 
PRIZE
The IEEE CSS Hendrik W. Bode Lec-
ture Prize recognizes distinguished 
contributions to control systems sci-
ence or engineering. The chair of 

the Bode Lecture Prize was CSS Past 
President Magnus Egerstedt. The 2025 
Bode Lecture Prize was given to Jac-
quelien M. A. Scherpen (Figure 2) for 
groundbreaking contributions to non-
linear balancing, model reduction, 
and passivity-based control.

IEEE CONTROL SYSTEMS AWARD
The IEEE Control Systems Award rec-
ognizes outstanding contributions 
to control systems engineering, sci-
ence, or technology. The chair of the 
IEEE Control Systems Award for 2025 
was Alberto Isidori. The 2025 IEEE 
Control Systems Award was given 
to Malcolm C. Smith (Figures 3 and 
4) for contributions to robust control, 
network synthesis, and applications 
to mechanical systems.�

Training of neural networks in ML 
is typically conducted by variants of 
stochastic optimization techniques. The 
stochastic algorithms of Robbins and 
Munro [11] and Kiefer and Wolfow-
itz [12] are of the same vintage as the 
sinusoid-driven peak seekers [5], meant 
for feedback use. ES doesn’t use decay-
ing gains and doesn’t pursue unbiased 
convergence, because real systems, and 
their optimal operating points, are ex-
pected to drift in real time, so the op-
timizers must not “go to sleep.” Apart 
from this difference, which results in 
ES convergence being practical but ex-
ponential and stochastic approximation 
(SA) having unbiased but nonexponen-
tial convergence, ES and SA are funda-
mentally in the same broad category of 
model-free optimization tools.

It is recognized that ES can be em-
ployed in training ML models. This is 
evidenced in the paper by Alexander 
Scheinker in this special issue. And ES 

is, in fact, already being employed in 
training of large language models, by re-
searchers in the Machine Learning De-
partment at Carnegie Mellon University.

ES will see increasing integration 
with ML and AI in the future.
Anu: Thanks Miroslav, for speaking 
with me!  I am certain the magazine 
readers will find this interview highly 
educational and inspirational.

Miroslav: My pleasure.
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T he 23rd European Control Con-
ference (ECC25) was held from 
24 to 27 June 2025 in Thessa-

loniki, Greece, at the Thessaloniki 
Concert Hall (Figure 1). The ECCs 
are organized under the auspices of 
the European Control Association 
(EUCA) and aim to bring together 
academic and industrial profession-
als in the field of systems and control 
and to promote scientific cooperation 
and exchanges within Europe and 
between Europe and other parts of 
the world. The ECC has been held 
biannually from 1991 to 2013 and an-
nually thereafter. The 2025 local or-
ganization was the Aristotle Univer-
sity of Thessaloniki (AUTH). Markos 
Papageorgiou (Technical University 
of Crete, Greece) served as the gen-
eral chair, and George Rovithakis 
(AUTH, Greece) and Zoe Doulgeri 
(AUTH, Greece) served as the gener-
al cochairs. The conference program 
chair was Christoforos Hadjicostis 
(University of Cyprus, Cyprus), with 
cochair Charalampos Bechlioulis 
(University of Patras, Greece). The 

conference editorial board chair was 
Antonella Ferrara (University of Pa-
via, Italy). Technical cosponsorship 
of the event was provided by the IEEE 
Control Systems Society (CSS) and by 
the International Federation of Auto-
matic Control (IFAC). Further details 
are available at https://ecc25.euca 
-ecc.org/.

TECHNICAL PROGRAM
ECC25 received 747 contributions from 
59 countries. Considering the corre-
sponding authors of those contribu-
tions, the top 10 contributing countries 
were as follows: Italy (67), Germany 
(64), France (53), the United States of 
America (43), The Netherlands (40), 
Sweden (31), Greece (27), China (22), 
the United Kingdom (21), and Den-
mark (17). In total, 1,789 authors and 
coauthors contributed to the program. 

The top 10 contributing countries 
were as follows: Italy (246), Germany 
(188), France (187), The Netherlands 
(135), the United States of America 
(127), China (92), Sweden (84), Greece 
(75), the United Kingdom (68), and 
Denmark (65). The program included 
460 contributed papers, 57 invited ses-
sion papers, 17 tutorial papers, and six 
industry abstracts.

The theme of ECC25 was Resilient 
Control Systems with Performance. The 
conference featured nine exciting ple-
nary and semiplenary lectures by re-
nowned international experts in the 
field of control systems as follows:

	» “Robust Adaptive Control and 
the Greeks Who Made it Possi-
ble,” Miroslav Krstic, Distin-
guished Professor, University 
of California, San Diego, USA 
[Figure 2(a)]
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FIGURE 1 (a) and (b) The Thessaloniki Concert Hall was the venue of ECC25. (c) The registration desk.

The conference featured nine exciting plenary and 

semiplenary lectures by renowned international 

experts in the field of control systems.

https://ecc25.euca-ecc.org/
https://ecc25.euca-ecc.org/
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	» “Control of Power Conversion 
Systems: Challenges, Theory, 
and Applications,” Dr. Tobias 
Geyer, corporate executive engi-
neer, ABB System Drives, Swit-
zerland

	» “Dissipativity, Optimal Con-
trol, and Turnpikes—How to 
Get From Willems to Wasser-
stein and Deep Learning,” 
Prof. Timm Faulwasser, School 
of Electrical Engineering, Com-
puter Science and Mathemat-
ics, Hamburg University of 
Technology

	» “NN Learning-Driven Automatic 
Control and Automatic Control 
for Machine Learning,” Prof. 
Yongduan Song, Chongqing Uni-
versity, China [Figure 2(b)]

	» “Analysis and Design of Safe 
Control Laws,” Prof. Antonis 
Papachristodoulou, University 
of Oxford, U.K. [Figure 2(c)]

	» “Uncovering Reset-Endowed 
LTI Flow Dynamics in Hybrid 
Control of Mechatronic Sys-
tems,” Prof. Luca Zaccarian, 
LAAS-CNRS and the University 
of Trento, Italy [Figure 2(d)]

	» “Event-Based Control: When to 
Act, When to Wait, and Why It 
Matters,” Frank Allgöwer, direc-
tor of the Institute for Systems 
Theory and Automatic Control 
and professor in the Mechanical 
Engineering Department, Uni-
versity of Stuttgart, Germany 
[Figure 2(e)]

	» “Port-Based Thinking in Model-
ing and Control of all Physical 
Systems,” Prof. Stefano Strami-
gioli, University of Twente, The 
Netherlands [Figure 2(f)]

	» “Adaptive Control With Quanti-
zation,” Prof. Jing Zhou, Depart-
ment of Engineering Sciences, 
University of Agder, Norway 
[Figure 2(g)].

All contributed and invited ses-
sion papers underwent a rigorous 
review process managed by the Con-
ference Editorial Board. On average, 

3.24 review reports per paper were 
collected. By the end of the review 
process, 433 papers graded B+ or B 
(or B-) were accepted and included 
in the program. An additional 84 pa-
pers graded C (out of 156) were also 
accepted based on their relevance to 
the conference sessions. In total, 517 
contributed and invited session pa-
pers were accepted, representing an 
acceptance rate of 69.86%.

The program was organized into 
nine parallel tracks, each compris-
ing from eight to 10 sessions with six 
presentations each. There were 76 
contributed sessions and 11 invited 
sessions. The conference also featured 
four tutorial sessions on the following:

a)	 “Dynamics and Control Enable 
New Incentive Schemes”

b)	 “Homotopy Optimization and 
Hybrid Learning for Inference 
and Control”

c)	 “Control-Theoretic Approaches 
to the Analysis and Design of 
Optimization Algorithms”

d)	 “From Research to Reality in 
Control.”

To facilitate industry collabora-
tion, ECC25 dedicated a session for 
six industry abstracts. Addition-
ally, a plenary lecture by Dr. Tobias 
Geyer (corporate executive engineer, 

(a) (b) (c)

(e) (f) (g)

(d)

FIGURE 2 ECC25 plenary speakers. (a) Miroslav Krstic, (b) Yongduan Song, (c) Antonis Papachristodoulou, (d) Luca Zaccarian, (e) Frank 
Allgöwer, (f) Stefano Stramigioli, and (g) Jing Zhou.

FIGURE 3 Dr. Tobias Geyer delivering his 
plenary lecture.
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ABB System Drives, Switzerland) on 
“Control of Power Conversion Sys-
tems: Challenges, Theory, and Ap-
plications” was presented (Figure 3). 
The program was further enriched 
by an industry panel discussion, 
“The Use of Data-Driven Techniques 
in Industry.”

The conference’s five lunch ses-
sions offered attendees valuable 
networking opportunities in a re-
laxed environment. This year’s lunch 
events focused on themes relevant 
to both emerging and experienced 
professionals in control systems. 
A special Women in Control lunch 
took place on the final day, offering 
women a platform for networking, 
sharing perspectives on their roles in 
control engineering, and discussing 
opportunities and personal experi-
ences (Figure 4). 

On the day prior to the official 
opening, ECC25 hosted seven precon-
ference workshops on cutting-edge 
topics such as algorithmic fairness, 
sparsity in control, reinforcement 
learning for robotics, systems theory 
of optimization, safe control, control 
for cyberphysical-human systems, 
and certified control synthesis for 
robotics. These workshops aimed to 

foster discussion and collaboration, 
providing participants with advanced 
knowledge and practical skills.

EUCA AWARDS
During the banquet on 26 June, the 
awards ceremony took place. With 
the European Control Award, EUCA 
recognizes outstanding contribu-
tions by a young researcher in the 
area of systems and control. EUCA 
president M. Elena Valcher pre-
sented the 2025 European Control 
Award to Prof. Timm Faulwasser 
(Figure 5). The ECC25 Best Student 
Paper Award recognizes excellence 
in a paper presented at the ECC 
whose primary author is a student 
at the time of submission (Figure 6). 
The award was presented to Riccardo 
Brumali for “Distributed Learning 
and Optimization of a Multi-Agent 
Macroscopic Probabilistic Model.” 
Best Student Paper Award certifi-
cates were also issued to the final-
ists, Youssef AIT SI for “Symbolic 
Control: Unveiling Free Robustness 
Margins” and Julius Petrus Jakob 
Krebbekx for “Scaled Relative Graph 
Analysis of Lur’e Systems and the 
Generalized Circle Criterion.” The 
ECC25 Best Paper Award was pre-
sented to Igor Vladimirov and Ian 
R. Retersen for “Decoherence Time 
Control by Interconnection of Finite-
Level Quantum Memory Systems” 

FIGURE 5 EUCA President M. Elena Val-
cher presenting the 2025 European Con-
trol Award to Timm Faulwasser.

(a) (b)

FIGURE 6 From right to left: (a) the finalists of the ECC25 Best Student Paper award and 
(b) the winner of the ECC25 Best Student Paper award.

FIGURE 4 The Women in Control Lunch Session.

FIGURE 7 Pierre-Alexandre Bliman receives 
the ECC25 Best Paper award.



194  IEEE CONTROL SYSTEMS  »  APRIL 2026

and to Pierre-Alexandre Bliman 
for “Basic Offspring Number and 
Robust Feedback Design for the Bio-
logical Control of Vectors by Sterile 

Insect Release Technique” (Figure 7). 
Also, EUCA President M. Elena Val-
cher recognized the organizing com-
mittee (Figure 8).

Conference attendees were re-
warded with a welcome recep-
tion at the Thessaloniki City Hall 
(Figure 9). In addition, a conference 
banquet was held at the Ippikos 
Members Club (Figure 10). Many 
opportunities were provided for at-
tendees to socialize during breaks 
(Figure 11). The student volunteers 
pitched in to keep the events run-
ning well (Figure 12).

(a) (b) (c) (d) (e)

FIGURE 8 Recognition of the organizing committee by EUCA President M. Elena Valcher. (a) Markos Papageorgiou, (b) George Rovitha-
kis, (c) Zoe Doulgeri, (d) Christoforos Hadjicostis, and (e) Charalampos Bechlioulis.

FIGURE 9 Conference attendees at the welcome reception at the Thessaloniki City Hall.

FIGURE 10 Conference banquet at Ippikos Members Club.

(a)

(b)

FIGURE 11 (a) and (b) Socializing during a 
break.
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SPECIAL ISSUE OF EUROPEAN 
JOURNAL OF CONTROL  
ON ECC25
Authors of 56 selected articles pre-
sented at ECC25 were invited to pre-
pare an extended version of their 
work to be considered for publication 
in a special issue of European Journal 
of Control devoted to the conference. 
Prospective papers were chosen by 
Editor-in-Chief Thomas Parisini, 
based on the evaluations received by 
the EUCA-CEB.

ECC26
ECC25 was a successful event, maintain-
ing high levels of engagement through-
out. The next ECC26 will be held in 
Reykjavik, Iceland, from 7 to 10 July 
2026. More information on ECC26 can 
be found at https://ecc26.euca-ecc.org/.

ACKNOWLEDGEMENT
The ECC25 organizers thank EUCA, 
IEEE CSS, and IFAC for their sup-
port and the opportunity to organize 
ECC25 in Thessaloniki. We extend 
special thanks to EUCA President 
Maria Elena Valcher, EUCA Secre-
tary Federica Garin, and EUCA Past 
President Karl Henrik Johansson for 
their invaluable help in the conference 
organization and implementation. 
The organization of ECC25 required 
the efforts of many volunteers. All 
the members of the organizing com-
mittee contributed significantly to 
addressing all tasks and issues with 

timeliness and expertise. A warm 
thank you to all of them for making 
the organization of ECC25 possible. 
ECC25 organizers wish to express our 
sincere gratitude to the sponsors—the 
AUTH, MATHWORKS, YOTTAVOLT, 
KENOTOM, ABB, and the Journal of 
the Franklin Institute—for their sup-
port. Sincere thanks to Pradeep Misra 
and his team at PeprCept. We also 
gratefully acknowledge Vicky Papad-
imitriou and the team of SYMVOLI (a 
conference organization company) for 
the superb management of the finan-
cial and logistical details of the con-
ference. Last but not least, we would 
like to thank the many students and 
volunteers of the Aristotle University 
of Thessaloniki for their enthusiastic 
support during the event.

George Rovithakis 
General Cochair, ECC25 

�

FIGURE 12 Student volunteers.

SIGNING OFF
You can appreciate from the previ-
ous discussion that conferences are 
spread over time and space way 
beyond their immediate location. 
The OpCom is central to a good 
event—and CCTA2025 was a great 
event—but there are many others 
who grease the wheels and deserve 
to be called out. The CSS Executive 
Committee and Board of Governors, 
or Committees and Boards, since 
there have been a number over the 
journey, have been singularly sup-
portive and helpful.

The Westin Gaslamp Quarter was 
of enormous assistance in the prepara-
tion and logistics of CCTA2025. Given 
that we were resurrecting a contract 

from 2019 and for 2021, one might 
have expected some friction in set-
tling on terms and expectations. To a 
person, the crew at the hotel was ac-
commodating of our organization and 
requirements. That made the general 
chair’s life a whole lot simpler. His ig-
norance of several operational aspects 
was preserved intact.

2025 coincided with a new regime 
in the United States, or the reanima-
tion of a bleak and discordant ancien 
régime, which caused problems for 
a number of people who were able 
(and willing) to travel to San Diego 
for CCTA2025. Program Chair Co-
lin and Registration Chair He were 
among them. Nevertheless, and 
perhaps courtesy of training during 

COVID, we were all able to oper-
ate effectively at a distance. Where 
speakers were unable to travel, they 
were invited to submit prerecorded 
videos of their presentations. There 
were seven such instances, and so 
not a great proportion. The session 
audiences were attentive and en-
gaged for these presentations, and 
many communicated with the re-
corded presenters afterward. The 
success of the conference was un-
impeded.

You should have been there!

Robert Bitmead
CCTA 2025 General Chair

�

»   C O N F E R E N C E  R E P O R T S (continued from p. 185)
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»   O B I T U A R Y

Neng (Eva) Wu passed away on 19 
September 2025 in Binghamton, 
NY, USA, at the age of 68. She 

was a professor in the Department of 
Electrical and Computer Engineering 
at Binghamton University, where she 
devoted 38 years of dedicated service 
to teaching, research, and the academ-
ic community. Eva was a respected 
member of the control systems com-
munity, known for her scholarly con-
tributions, commitment to education, 
and generous collegial spirit.

Eva was born on 24 December 
1956, and her early life and education 
were shaped by her family and her 
own experience during the Cultural 
Revolution in China. After graduating 
from high school, she was sent to the 
countryside for “reeducation,” an ex-
perience marked by severe hardship. 
Despite these challenges, she demon-
strated resilience and an enduring love 
of learning that would define her life. 
Even during those years, she found 
ways to inspire and uplift others, often 
sharing stories and literature with her 
peers after long days of labor, as her 
lifelong friend Liqing Gu recalled.

Her academic journey formally 
began at the Northwestern Telecom-
munication Engineering Institute in 
Xi’an, China. She was a member of the 
class of 1977, the first cohort of college 
students admitted after the Cultural 
Revolution. She earned her B.S. in 
electrical engineering in 1982, special-
izing in signal processing. Later that 
year, Eva moved to the United States to 
pursue graduate studies at the Univer-
sity of Minnesota. She earned her M.S. 
in electrical engineering in 1983, with 

research focused on noise in semi-
conductor devices, and completed her 
Ph.D. in 1987 under the supervision of 
Prof. Bruce Lee, specializing in control 
science and dynamic systems.

After completing her doctoral 
studies, Eva joined the Department 

of Electrical and Computer Engineer-
ing at Binghamton University in 1987. 
She remained there throughout her 
entire academic career, contributing 
through research, teaching, and ser-
vice to the department and university. 
Her long-standing commitment re-
flected a deep sense of responsibility 
to the institution and to the broader 
academic profession.

Eva’s research focused on control 
and dynamic systems, with particu-
lar emphasis on fault detection and 
fault-tolerant control. In later years, 
her work expanded to include ap-
plications in power systems. Her 
scholarship was supported by fund-
ing from the National Science Foun-
dation, the National Institutes of 
Health, and NASA and was recog-
nized by the State University of New 
York Chancellor’s Award for Excel-
lence in Scholarship and Creative 
Activities (2008–2009). Throughout 
her career, Eva approached research 

In Memoriam: Neng (Eva) Wu, 1956–2025

Digital Object Identifier 10.1109/MCS.2026.3659282

Date of current version: 26 March 2026
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problems with rigor and persistence, 
and she remained intellectually en-
gaged and curious well into her later 
professional life.

Teaching was central to Eva’s iden-
tity as an academic. She was deeply 
committed to undergraduate and 
graduate education and was known 
for her patience, clarity, and dedica-
tion to student development. Genera-
tions of students benefited from her 
careful mentoring, her high standards, 
and her genuine concern for their suc-
cess. Colleagues frequently remarked 
on her willingness to share ideas, of-
fer thoughtful feedback, and support 
others, making her a valued collabora-
tor and mentor within her department 
and beyond. As her longtime col-
league and former department chair, 
Prof. Douglas Summerville, reflected 
at her funeral, “She was deeply loved 
by her students, who admired not only 
her intellect but also her compassion 
and her genuine commitment to their 
learning. Her teaching extended far 
beyond the classroom, inspiring nu-
merous students to approach research 
with curiosity, confidence, and—of 
course—the highest integrity.”

Eva was also an active participant 
in the control systems community. 
She was a regular presence at pro-
fessional conferences, including the 
American Control Conference (ACC) 
and the IEEE Conference on Decision 
and Control (CDC). Through these ac-
tivities, she contributed not only tech-
nically but also through sustained 
professional engagement, fostering 
collegiality and connection within 
the field.

Beyond her academic pursuits, 
Eva found great joy in music and the 
performing arts. She was an active 
member of the Binghamton Down-
town Singers and viewed music as an 
essential part of a balanced and mean-
ingful life. Her enthusiasm for music 
reflected the same passion, discipline, 
and joy that characterized her profes-
sional endeavors.

I first met Eva at the 1991 ACC. At 
the time, we were both early in our ac-

ademic careers, working in the same 
field during an era when women fac-
ulty in control engineering were still 
relatively few. From that initial meet-
ing, we became longtime colleagues 
and friends, often sharing rooms at 
conferences such as the ACC and 
CDC. Over more than three decades, I 
benefited greatly from her collegiality, 
intellectual curiosity, and generosity 
of spirit.

Several qualities of Eva remain 
especially vivid to me. First was her 
warmth, expressed through her genu-
ine smile and soothing voice, which 
had a remarkable ability to put oth-
ers at ease. Second was her dedica-
tion: she gave fully to her work, her 
students, and her family, approaching 
every responsibility with care and se-
riousness. Third was her passion for 
learning and creativity. She was intel-
lectually engaged, full of ideas, and 
deeply enthusiastic about research, 
teaching, and music. Finally, Eva was 
defined by her generosity and kind-
ness. She gave her time, wisdom, and 
encouragement and was always more 
focused on supporting others rather 
than on personal recognition.

Eva Wu will be remembered as an 
accomplished scholar, a devoted edu-
cator, and a compassionate colleague. 
Her contributions to control systems 
research, her impact on generations 
of students, and her quiet but endur-
ing presence in the professional com-

munity constitute a lasting legacy. She 
will be deeply missed by all who had 
the privilege of knowing her.

The author gratefully acknowl-
edges Dennis S. Bernstein, Mogens 
Blanke, Jie Chen, Tongwen Chen, 
Guoxiang Gu, Pramod Khargonek-
ar, Hitay Özbay, Mario Rotea, Jakob 
Stoustrup, and Kemin Zhou for shar-
ing their memories of Eva Wu, as 
well as Eva’s family and her child-
hood friend Liqing Gu for providing 
photographs.

Jing Sun  
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CONSENT AGENDA

M otion to approve new and 
continuing Standing Com-
mittee Chairs for 2026 (* In-

dicates ex officio positions).
	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

Standing Committees
	» Awards Parisini, Thomas (25)
	» Awards Nomination Chair Sep-
ulchre, Rodolphe (26)

	» Chapter Activities Guoqiang, 
Hu (24)

	» Conference Editorial Board (CDC, 
ACC) Prieur, Christophe (26)

	» Conference Editorial Board 
(CCTA) Dabbene, Fabrizio (26)

	» Conference Operations Chong, 
Edwin (19), Jabbari, Faryar (20)

	» Conference Publications Gale-
ani, Sergio (22)

	» Distinguished Lecturer Lall, 
Sanjay (25)

	» Electronic Information Pasqualetti,  
Fabio (22)

	» Ethics in Publishing Serrani, 
Andrea (24)

	» Executive Committee Beck, Car-
olyn (25)

	» Fellow Evaluation Seiler, Peter 
(25)

	» Fellow Nominations Papachrist-
odoulou, Antonis (24)

	» History Padoan, Alberto (26)
	» Industry Activities Auret, Lidia 
(25)

	» Long Range Planning How, Jon-
athan (26)*

	» Standards Padariya, Riddhi (25)
	» Student Activities Uribe, César 
(25)

	» Women in Control Franco, Elisa 
(26), Pena, Patrícia (26)

	» Diversity, Outreach & Develop-
ment Task Force Paré, Philip (26)

Motion to approve new and con-
tinuing Long Range Planning Com-
mittee Members for 2026.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

APPOINTED MEMBERS:
	» Coogan, Sam (26), Knorn, Steffi 
(26), Prieur,

	» Christophe (26)
As an information item, the mem-

bers ex officio are determined as of 
Bylaws Article IV, Section 6:
Chair:

	» Beck, Carolyn (24)
	» Ozay, Necmiye (25)
	» Ferrara, Antonella (23)
	» Jungers, Raphaël (26)
	» Serrani, Andrea (24)
	» Balakrishnan, Venkataraman 
(Ragu) (26)

	» Di Bernardo, Mario (25)
	» Mastellone, Silvia (26) 
	» How, Jonathan (23)

Motion to approve new and 
continuing Awards Subcommittee 
Chairs for 2026.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

AWARDS SUBCOMMITTEES
	» Antonio Ruberti Young Researcher 
Prize Broucke, Mireille (26)

	» Control Systems Technology 
Award Onori, Simona (26)

	» Transition to Practice Award 
Hovakimyan, Naira (26)

	» George S. Axelby Outstanding 
Paper Award Grüne, Lars (24)

	» TCST Outstanding Paper Award 
Ferrara, Antonella (26)

	» CSM Outstanding Paper Award 
Dochain, Denis (26)

	» CDC Best Student Paper Award 
Giordano, Giulia (26)

	» CCTA Best Student-Paper 
Award Faulwasser, Timm (26)

	» TCNS Outstanding Paper 
Award Sandberg, Henrik (26)

	» CSS Aerospace Award Batten, 
Belinda (26)

	» Roberto Tempo Best CDC Paper 
Award Tarbouriech, Sophie 
(25)

	» CCTA Outstanding Paper 
Award Ringwood, John (26)

	» L-CSS Outstanding Paper 
Award Vamvoudakis, Kyriakos 
(26)

	» CSS Graduate Collaboration Fel-
lowship Award Banavar, Ravi 
(25) 

	» Bode Award Members (ex- offi-
cio): Beck, Carolyn (25), How, 
Jonathan (26), Parisini, Thomas 
(25)

Motion to approve new and con-
tinuing Technical Committee Chairs 
for 2026.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

TECHNICAL COMMITTEES
	» Aerospace Controls Inalhan, 
Gokhan (22)

IEEE CSS Board of Governors Meeting December 9, 2025

MOTIONS FOR 2026 APPOINTMENTS 
PREPARED BY CAROLYN BECK

Digital Object Identifier 10.1109/MCS.2026.3659304
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	» Automotive Controls Katriniok, 
Alexander (24)

	» Control Education Hedengren, 
John (21)

	» Discrete-Event Systems Yin, 
Xiang (23)

	» Distributed Parameter Systems 
Diagne, Mamadou (26)

	» Energy Systems Almassalkhi, 
Mads (23)

	» Health and Medical Systems 
Pequito, Sergio (24)

	» Hybrid Systems Liu, Jun (26)
	» Intelligent Control Sarsilmaz, S. 
Burak (26)

	» Manufacturing Automation & 
Robotic Control Cao, Yongcan 
(23) 

	» Networks and Communication 
Systems Dell’Anese, Emiliano 
(25)

	» Nonlinear Systems and Control 
Sanyal, Amit (26)

	» Process Control Mesbah, Ali (21)
	» Quantum Computing, Systems, 
and Control Dong, Daoyi (24)

	» Robust and Complex Systems 
Yong, Sze Zheng (26)

	» Security and Privacy Zhu, 
Quanyan (21)

	» Smart Cities Salazar, Mauro (25)
	» Stochastic Systems and Control 
Pasik-Duncan, Bozenna (23) 

	» Systems and Synthetic Biology 
Singh, Abhyudai (24)

	» Systems Identification and 
Adaptive Control Piga, Dario 
(26) 

	» Variable Structure and Sliding 
Mode Control Usai, Elio (25)

	» Control and Optimization in 
Food and Agriculture Garone, 
Emanuele (26)

Motion to approve new and con-
tinuing Liaison Representatives for 
2025.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

LIAISON REPRESENTATIVES
	» AACC Director Beck, Carolyn 
(25)

	» AACC Alternate Director How, 
Jonathan (26)

	» EUCA Valcher, Elena (24)
	» IEEE Nanotechnology Council 
(2) Ren, Juan (18), Moheimani, 
Reza (24)

	» IEEE Systems Council (2) Sipahi, 
Rifat (22), Yucelen, Tansel (24)

	» IEEE Press Serrani, Andrea (24)
	» IEEE Society on Social Implica-
tions of Technology Pasik-Dun-
can, Bozenna (13)

	» IEEE Transactions on Image 
Processing Serrani, Andrea (24)

	» IEEE PAMI Editorial Board Ser-
rani, Andrea (24)

	» IEEE Committee on Women in 
Engineering TBD 

	» SIAM/SIAG Demetriou, 
Michael (14)

	» SICE (Inst & Control - Japan) 
Fujimoto, Kenji (22)

	» INFORMS Nedich, Angelia (15)
	» IEEE TAB Magazine Committee 
Serrani, Andrea (24)

	» IEEE TAB Newsletters Commit-
tee Serrani, Andrea (24)

	» IEEE TAB Transactions Com-
mittee Serrani, Andrea (24)

	» IEEE Smart Cities Farid, Amro 
(18)

	» IEEE Energy Systems (2) Qu, 
Zhihua (18), Hiskens, Ian (19) 

	» Steering Committee of Life Sci-
ence Technical Council (LSTC) 
Jayawardhana, Bayu (19)

	» IEEE Young Professionals 
Noorani, Erfaun (25)

	» IEEE IoT Initiative Cao, Yongcan 
(24)

	» IEEE Biometrics Council Zhu, 
Quanyan (24)

	» IEEE Transportation Electrifica-
tion Council Siri, Silvia (24)

Motion to approve new and con-
tinuing IEEE-USA Committee Rep-
resentatives for 2026.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

MEMBERS ON IEEE—USA 
COMMITTEES

	» Communication Policy Sinopoli, 
Bruno (21)

	» Energy Policy Committee 
Moutis, Panos (21)

	» Intellectual Property Committee 
Jagannathan, Sarangapani (19)

	» Transportation and Aerospace 
Policy Inalhan, Gokhan (22)

Motion to approve the continuing 
arXiv Moderators for 2026.

	» Endorsed by: Executive Com-
mittee

	» Financial Impact: None.

	» Chair: Lovera, Marco (20)
	» Moderators: Ferrari, Riccardo 
(20), Shi, Guodong (16), Wang, 
Yuan (11)

Biographies for new appointments 
are in Appendix I
Motion: Move to approve the new 
and continuing members of the Edi-
torial Board for the IEEE Transac-
tions on Automatic Control (TAC), 
effective January 1st 2026.

	» Editor-in-Chief: Krstic, Miro-
slav (26) 

SENIOR EDITORS
	» Cortes, Jorge (24)
	» Dullerud, Geir (24)
	» Guay, Martin (25)
	» Hadjicostis, Christoforos (23)
	» Ito, Hiroshi (26)
	» Nedich, Angelia (23)
	» Nesic, Dragan (26)
	» Yuksel, Serdar (23)

ASSOCIATE EDITORS
	» Amin, Saurabh (23)
	» Antunes, Duarte (21)
	» Arslan, Gurdal (25)
	» Avranchenkov, Konstantin (24)
	» Bako, Laurent (24)
	» Baldi, Simone (26)
	» Basile, Francesco (25)
	» Bekiaris-Liberis, Nikos (26)
	» Bobtsov, Alexey (23)
	» Bombois, Xavier (23)
	» Bresch-Pietri, Delphine (22)
	» Briat, Corentin (26)
	» Broucke, Mireille (22)
	» Charalambous, Themistoklis (24)
	» Chen, Jiming (25)
	» Chen, Tianshi (24)
	» Chen, Xiang (23)
	» Chen, Xinkai (22)
	» Como, Giacomo (26)
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	» Dani, Ashwin (25)
	» Faulwasser, Timm (21)
	» Franceschelli, Mauro (25)
	» Gao, Chuanhou (21)
	» Halder, Abhishek (26)
	» Huang, Minyi (26)
	» Huang, Yulong (25)
	» Jones, Colin (23)
	» Kamgarpour, Maryam (25)
	» Kan, Zhen (21)
	» Kishida, Masako (24)
	» Lazar, Mircea (21)
	» Lee, Ti-Chung (24)
	» Lestas, Ioannis (23)
	» Li, Tao (26)
	» Li, Wuquan (24)
	» Liu, Tengfei (23)
	» Mahajan, Aditya (22)
	» Malikopoulos, Andreas (21)
	» Mironchenko, Andrii (26)
	» Mohajerin Esfahani, Peyman (23)
	» Moreno, Jaime (22)
	» Necoara, Ion (22)
	» Olshevsky, Alexander (21)
	» Pavel, Lacra (23)
	» Pola, Giordano (24)
	» Rapaport, Alain (22)
	» Oliveira, Tiago Roux (26)
	» Rovithakis, George (23)
	»  Sassano, Mario (26)
	»  Scruggs, Jeff (25)
	»  Seiler, Peter (25)
	»  Shen, Dong (25)
	»  Shi, Yang (22)
	»  Shu, Zhan (21)
	»  Tanwani, Aneel (21)
	» Trélat, Emmanuel (23)
	» Vamvoudakis, Kyriakos (24)
	» Wang, Bohui (26)
	» Wang, Ji (26)
	» Wang, Yongqiang (22)
	» Xu, Xiangru (26)
	» Yang, Jun (26)
	» Yucelen, Tansel (21)
	» Zamani, Majid (24)
	» Zeilinger, Melanie (25)
	» Zemouche, Ali (21)
	» Zhao, Xueyan (26)
	» Zhou, Bin (25)
	» Zhou, Jing (24)
	» Zhu, Minghui (24)

	» Financial Impact: None
	» Endorsed by: Executive Com-
mittee

Biographies for new TAC 
appointments are listed in 
Appendix II.
Motion: Move to approve the new 
and continuing members of the Edi-
torial Board for the IEEE Transac-
tions on Control Systems Technology 
(TCST), effective January 1st 2026.

	» Editor-in-Chief: Kolmanovsky, 
Ilya (24)

SENIOR EDITORS
	» Abbaszadeh, Masoud (26)
	» Braslavsky, Julio (23)
	» Ferrari-Trecate, Giancarlo (24)
	» Glielmo, Luigi (26)
	» Gravdahl, Jan Tommy (26)
	» Hatanaka, Takeshi (24)
	» Hellstrom, Erik (25)
	» Kellett, Christopher (25)
	» Loria, Antonio (26)
	» Maggiore, Manfredi (25)
	» Stoustrup, Jakob (24)
	» Toth, Roland (24)

ASSOCIATE EDITORS
	» Berntorp, Karl (24)
	» Boiko, Igor (21)
	» Borhan, Ali (25)
	» Bradley, Justin (25)
	» Capello, Elisa (23)
	» Consolini, Luca (26)
	» Corno, Matteo (26)
	» Danielson, Claus (25)
	» Delle Monache, Maria Laura (25)
	» Durand, Helen (26)
	» Evangelou, Simos (21)
	» Fekih, Afef (26)
	» Fourati, Hassen (24)
	» Hamed, Kaveh Akbari (25)
	» Haskara, Ibrahim (25)
	» Hoelzle, David (25)
	» HosseinNia, Hassan (26)
	» Ishizaki, Takayuki (25)
	» Jones, Colin (22)
	» Karimi, Alireza (26)
	» Katrinok, Alexander (25)
	» Lee, Taeyoung (23)
	» Lefeber, Erjen (25)
	» Li, Shengbo Eben (26)
	» Li, Zhaojian (25)
	» Macchelli, Alessandro (21)
	» Mammarella, Martina (25)
	» Maruta, Ichiro (26)
	» Meurer, Thomas (25)

	» Mesbah, Ali (23)
	» Nielsen, Christopher (23)
	» Onori, Simona (23)
	» Orosz, Gabor (21)
	» Ossareh, Hamid (26)
	» Pavlov, Alexey (26)
	» Phillips, Sean (25)
	» Pisano, Alessandro (25)
	» Prodan, Ionela (24)
	» Puig, Vicenç (23)
	» Rabbath, Camille Alain (26)
	» Romagnoli, Raffaele (26)
	» Rosolia, Ugo (25)
	» Ruderman, Michael (25)
	» Santini, Stefania (25)
	» Sato, Masayuki (23)
	» Scott, Joseph (26)
	» Siegel, Jason (24)
	» Toffanin, Chiara (24)
	» Velni, Javad (25)
	» Worthmann, Karl (24)
	» Yang, Chenguang (21)
	» Yang, Tao (21)
	» You, Fengqi (21)

	» Financial Impact: None
	» Endorsed by: Executive Com-
mittee

Biographies for new TCST 
appointments are listed in 
Appendix III.
Motion: Move to approve the con-
tinuing members of the Editorial 
Board for the IEEE Transactions on 
Control of Network Systems (TCNS), 
effective January 1st 2026.

	» Editor-in-Chief: Pavel, Lacra (25)

SENIOR EDITORS
	» Como, Giacomo (23)
	» Dey, Subhrakanti (20)
	» Dimarogonas, Dimos (23)
	» Gasparri, Andrea (26)
	» Lestas, Ioannis (25)
	» Li, Na (26)
	» Marden, Jason (25)
	» Russo, Giovanni (24)
	» Schenato, Luca (19)
	» Shames, Iman (25)
	» Wang, Yongqiang (26)
	» Zheng, Wei Xing (24)

ASSOCIATE EDITORS
	» Ahn, Hyo-Sung (24)
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	» Alizadeh, Mahnoosh (24)
	» Cai, Kai (25)
	» Chen, Lijun (24)
	» Consolini, Luca (25)
	» Cristofaro, Andrea (26)
	» Dall’Anese, Emiliano (26)
	» Farokhi, Farhad (24)
	» Frasca, Paolo (26)
	» He, Jianping (22)
	» Hovakimyan, Naira (23)
	» Kia, Solmaz (22)
	» Kibangou, Alain (22)
	» Laleg, Meriem (24)
	» Liu, Ji (26)
	» Margellos, Kostas (26)
	» Martins, Nuno (24)
	» Mo, Yilin (23)
	» Motee, Nader (24)
	» Mojica-Nava, Eduardo (23)
	» Ocampo-Martinez, Carlos (23)
	» Pan, Ya-Jun (25)
	» Panagou, Dimitra (23)
	» Parisio, Alessandra (22)
	» Quevedo, Daniel (24)
	» Qin, Jiahu (22)
	» Reveliotis, Spyros (23)
	» Rizzo, Alessandro (23)
	»  Scardovi, Luca (25)
	»  Sundaram, Shreyas (24)
	»  Taha, Ahmad (22)
	»  Taylor, Josh (21)
	» Touri, Behrouz (23)
	» Wang, Xiaofeng (26)
	» Wen, Guanghui (25)
	» Yang, Tao (24)
	» You, Keyou (21)
	» Zelazo, Daniel (26)
	» Zhu, Hao (24)

	» Financial Impact: None
	» Endorsed by: Executive Com-
mittee

Motion: Move to approve the new 
and continuing members of the Edi-
torial Board for the IEEE Control 
Systems Letters (L-CSS), effective 
January 1st 2026.

	» Editor-in-Chief: Menini, Laura 
(25)

SENIOR EDITORS
	» Aguiar, Pedro (23)
	» Baldi, Simone (25)
	» Giordano, Giulia (25)

	» Girard, Antoine (25)
	» Liu, Shu-Jun (26)
	» Loria, Antonio (25)
	» Manzie, Chris (23)
	» Morarescu, Irinel-Constantin (25)
	» Olaru, Sorin (23)
	» Oomen, Tom (23)
	» Pepe, Pierdomenico (26)
	» Savla, Ketan (23)
	» Tesi, Pietro (23)
	» Vazquez, Rafael (26)
	» Z

ASSOCIATE EDITORS
	» Ahmed Ali, Tarek (23)
	» Airimitoaie, Tudor (25)
	» Albea, Carolina (26)
	» Auriol, Jean (26)
	» Back, Juhoon (21)
	» Besselink, Bart (23)
	» Boem, Francesca (25)
	» Borri, Alessandro (26)
	» Braun, Philipp (23)
	» Bridgeman, Leila (26)
	» Busoniu, Lucian (26)
	» Califano, Claudia (24)
	» Castaldi, Paolo (26)
	» Cherukuri, Ashish (24)
	» Chong, Michelle (24)
	» Coogan, Samuel (23)
	» Davila, Jorge (23)
	» Del Vecchio, Carmen (25)
	» Di Ferdinando, Mario (26)
	» Dinh, Thach N. (24)
	» Fang, Huazhen (22)
	» Fabiani, Filippo (25)
	» Feng, Zhiguang (26)
	» Ferrante, Francesco (22)
	» Fiacchini, Mirko (25)
	» Fiore, Davide (25)
	» Fosson, Sophie (24)
	» Garin, Federica (22)
	» Gonzalez, Alejandro (26)
	» Haesaert, Sofie (25)
	» Hale, Matthew (25)
	» Hori, Yutaka (25)
	» Iervolino, Raffaele (25)
	» Incremona, Gian Paolo (25)
	» Jungers, Marc (23)
	» Kamalapurkar, Rushikesh (24)
	» Kashima, Kenji (23)
	» Kergus, Pauline (25)
	» Knorn, Steffi (22)
	» Lavaei, Abolfazl (26)
	» Liu, Lei (26)

	» Liu, Zhixin (22)
	» Lucia, Walter (25)
	» Maghenem, Mohamed (26)
	» Maity, Dipankar (25)
	» Manchester, Ian (23)
	» Massioni, Paolo (23)
	» Matni, Nikolai (25)
	» Mattioni, Mattia (24)
	» Mazo, Manuel Jr. (23)
	» Mehr, Negar (26)
	» Mylvaganam, Thulasi (23)
	» Natarajan, Vivek (22)
	» Ni, Yuan-Hua (26)
	» Nicotra, Marco (26)
	» Nuño, Emmanuel (25)
	» Nurdin, Hendra (24)
	» Ocampo-Martinez, Carlos (25)
	» Oliva, Gabriele (22)
	» Pal, Debasattam (26)
	» Palumbo, Pasquale (26)
	» Possieri, Corrado (24)
	» Poveda, Jorge (23)
	» Pu, Shi (26)
	» Raffo, Guilherme (26)
	» Rapisarda, Paolo (24)
	» Ravazzi, Chiara (21)
	» Rios, Hector (26)
	» Rizzo, Alessandro (23)
	» Oliveira, Tiago Roux (24)
	» Roy, Spandan (25)
	» Sassano, Mario (23)
	» Schmid, Robert (21)
	» Schoukens, Maarten (23)
	» Siri, Silvia (23)
	» Ticozzi, Francesco (22)
	» Tong, Yin, (24)
	» Trimpe, Sebastian (23)
	» Van Waarde, Henk (24)
	» Wang, Bing-Chang (26)
	» Wang, Lin (25)
	» Wang, Yuanzhe (25)
	» Wang, Zheming (25)
	» Wardi, Yorai (21)
	» Wisniewski, Rafal (26)
	» Xiang, Weiming (23)
	» Yang, Tao (26)
	» Yin, Xiang (23)
	» Yong, Sze Zheng (26)
	» Yuan, Shuai (25)
	» Zhu, Yanzheng (23)
	» Zino, Lorenzo (26)

	» Financial Impact: None
	» Endorsed by: Execut ive 
Committee
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Biographies for new L-CSS 
appointments are listed in 
Appendix IV.
Motion: Move to approve the con-
tinuing members of the Editorial 
Board for the IEEE Open Journal of 
Control Systems (OJCS), effective 
January 1st 2026.

	» Editor-in-Chief: Martinez, 
Sonia (21)

SENIOR EDITORS
Smith, Steven (25)
Seiler, Peter J. (25)

ASSOCIATE EDITORS
	» Briat, Corentin (22)
	» Canale, Massimo (22)
	» Carli, Ruggero (25)
	» Gambuzza, Lucia Valentina (24)
	» Iannelli, Luigi (22)
	» Innocenti, Giacomo (24)
	» Kishida, Masako (25)
	» Le Ny, Jerome (26)
	» Li, Xiuxian (26)
	»  Liu, Jun (25)
	» Mathieu, Johanna (25)
	» Mehr, Negar (25)
	» Miao, Fei (25)

	» Nowzari, Cameron (25)
	» Ocampo-Martinez, Carlos (21)
	» Ramirez Llanos, Eduardo Jose (26)
	» Reniers, Michael (22)
	» Oliveira, Tiago Roux (22)
	» Speranzon, Alberto (21)
	» Srivastava, Vaibhav (25)
	» Tedesco, Francesco (26)
	» Tallapragada, Pavankumar (21)
	» Wang, Gang (22)
	» Zheng, Wei Xing (26)
	» Zhu, Minghui (21)

	» Financial Impact: None
	» Endorsed by: Executive Com-
mittee

 
Motion: Move to approve the con-
tinuing members of the Editorial 
Board for the IEEE Control Systems 
Magazine, effective January 1st 2026.

	» Editor-in-Chief: Annaswamy, 
Anuradha (25)

	» Senior Technical Writer: 
Norton, Saundra (25)

	» Co-Associate Editors for Book 
Reviews: Ploen, Scott (13); Geor-
giou, Tryphon (25); Sojoudi, 
Somayeh (25)

	» Associate Editor (History): 
Vacant

	» Associate Editor (Education): 
Pates, Richard (23)

	» Corresponding Editor (Confer-
ence Activities): Rizvi, Syed 
Zeeshan (21)

ASSOCIATE EDITORS
	» Abramovitch, Daniel (24)
	» Alizadeh, Mahnoosh (25)
	» Banavar, Ravi (20)
	» Bazanella, Alexandre (20)
	» Bonnabel, Silvere (21)
	» Chen, Jie (22)
	» Engelberg, Shlomo (21)
	» Fregene, Kingsley (25)
	» Jovanovic, Mihailo (24)
	» Nowzari, Cameron (25)
	» Pates, Richard (23)
	» Sepulchre, Rodolphe (25)
	» Wang, Gang (25)
	» Xie, Lihua (23)
	» Zeilinger, Melanie (22)

Financial Impact: None
Endorsed by: Executive Committee 

CALL TO ORDER AND APPROVAL 
OF AGENDA

President Carolyn Beck welcomed 
all attendees to CDC 2025 and 
initiated all-participant introduc-

tions. She called the meeting of the IEEE 
Control Systems Society (CSS) Board of 
Governors (BoG) to order at 1:17 p.m. 
BRT on December 9, 2025. She then re-

minded the BoG about the objectives of 
the meeting. Meeting procedures were 
reviewed, including the mechanism for 
voting on motions. The following mem-
bers of the BoG were in attendance:

	» Beck, C.
	» Coogan, S.
	» Di Bernardo, M.
	» Dong, D.
	» Egerstedt, M. (late)
	» Fekih, A.
	» Ferrara, A.

	» Fregene, K.
	» How, J.
	» Isaksson, A.
	» Johansson, K.
	» Jungers, R.
	» Mesbahi, M
	» Nair, G.
	» Ozay, N.
	» Palycarpou, M.
	» Pena, P.
	» Rudie, K.
	» Sandberg, H.

Minutes of the Control Systems Society Board  
of Governors Meeting December 9, 2025
Rio de Janeiro, Brazil

Digital Object Identifier 10.1109/MCS.2026.3659284

Date of current version: 26 March 2026
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	» Serrani, A.
	» Vernekar, P. (online)
	» Xie, L.

Additionally, the following visitors 
attended the meeting:

	» Aghdam, A.
	» Allgöwer, F.
	» Annaswany, A.
	» Baillieul, J.
	» Balakvishnan, V.
	» Basilo, J. C.
	» Fromm, J.
	» Kolmanovsky, I.
	» Krstić, M.
	» Paschalidis, Y.
	» Pavel, L.
	» Prandini, M.
	» Prieur, C.
	» Zaccarian, L.

The agenda is available at http://
bog-excom.ieeecss.org/.

The agenda was approved unan-
imously.

Before the official meeting began, 
the CDC 2025 General Chairs, João 
Carlos Basilio and Yannis Paschalidis, 
provided brief opening remarks re-
garding the conference, including ex-
pressions of appreciation to attendees.

President Beck clarified the expec-
tations for BoG members:

She reminded BoG members of 
their commitment to serve by attend-
ing two in-person meetings per year:

	» ACC or (or ECC or CCTA) and CDC.
She emphasized the importance of 

thoroughly reading the materials pro-
vided prior to the meeting. She also 
provided an overview of meeting pro-
cedures, including the use of Robert’s 
Rules of Order and the process for vot-
ing on motions using name tents. Back-
ground information was given on how 
these rules were adopted by the Society.

Logistical Details
The following logistical items were 
reviewed:

	» Quorum: Established
	» Voting Method: Name tents 
were used to facilitate voting

	» Consent Agenda: Introduced as 
part of efficient meeting man-
agement

	» Voting Requirement: A majority 
of present members are required 
to pass simple motions

	» Travel Support: CSS provides 
$1,200 for domestic travel and 
$1,600 for international travel. 
Members must retain and submit 
all receipts via Concur for reim-
bursement.

Beck introduced a revised meeting 
format, already adopted in the previous 
two years, beginning with a financial 
summary to better inform the group 
about the current financial standing and 
set the stage for strategic decisions.

Approval of Minutes
Quorum was established, and the 
meeting agenda approved. Next, a 
motion to approve the minutes of the 
BoG meeting from July 7, 2025 (Den-
ver, Colorado) was presented.

Seconded by: Fekih
Abstention: none
The motion passed unanimously.

Approval of Consent Agenda
Motion to approve the consent agenda

Called by Johansson
Seconded by: Xie
The motion passed unanimously.

ACTION ITEMS

VP-Finance Activities: Jonathan How

CSS Financial—Financial Overview:
How began with a dual-purpose pre-
sentation: to report on the Society 
financial status and to provide that 
data in a clear and engaging format.

How reported the following finan-
cial details:

	» Overall, CSS financial status is 
very healthy.

	•FM14 23: Revenue: $8,653K, 
Expenses: $7,131K, Surplus: 
$1,488K (budget $603K)
	•FM14 24: Revenue: $8,337K, 
Expenses: $6,940K, Surplus: 
$1,398K (budget $388K)

How reviewed what these figures 
represent for the Society financial 
health and discussed future fiscal 
planning.

Conference Financials:
CDC 2024

	» Surplus: €143K
	» Additional Expenses: Over €150K 
(plus €70K for student hotel costs)

	» CSS Share of Costs: Approx. €90K
	» Obligated 2025 Initiatives: Already 
exceed $355K

Reserves and Society Funds:
	» Reserves (End of 2023): $27,133K 
(up 14% from 2022)

	» Society Fund (End of 2024): $732K
How explained that while the re-

serves serve as a cushion, funds in the 
reserve are difficult to access directly.

How noted that IEEE rules on fi-
nances have changed significantly 
since he assumed the role. He empha-
sized that the majority of revenue is 
generated through journals and con-
ferences.

CSm was identified as operating at 
a loss due to publication costs; however, 
it was emphasized that this is an inten-
tional investment made in service to the 
Society.

Motions:

President Beck presented the fol-
lowing motion:

	» Motion: To fund the CSS Family Care 
Grant Program for years 2026–2029.

Financial Impact: Up to $20K per year 
for 4 years
Endorsed By: Executive Committee

It was noted that “DODA” appears 
in blue on the slide, as the program 
name is likely to change. President 
Beck provided background on the 
grant and outlined application guide-
lines. Priority will be given to ap-
plicants who have not previously 
received the grant, as well as to those 
presenting at conferences.

Fregene asked how the funds have 
been used and directed the question 
to Johansson, however Beck clarified 
that this is a new grant under the De-
pendent Care Act and noted that the 
program has not reached its funding 
limit. She explained that approval of 
funds by the BoG is required before 
submitting the proposal to IEEE and 

http://bog-excom.ieeecss.org/
http://bog-excom.ieeecss.org/
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expressed confidence that IEEE ap-
proval would be granted.

Fregene asked whether the allocat-
ed amount should be increased, given 
comments about difficulty accessing 
reserve funds. Beck noted that in the 
one time this program was enacted 
the requests were far below the limit. 
How suggested that the BoG revisit 
the funding level if the situation arises 
that more than the amount allocated is 
requested.

Beck noted that the program would 
begin at CCTA the following year, 
and that additional funding could be 
requested through a future motion if 
needed. Rudie expressed strong sup-
port for the initiative and suggested 
increased advertising through Women 
in Control (WiC), noting that earlier 
equity-focused initiatives had low par-
ticipation.

Called by: Serrani
Seconded by: Coogan
The motion passed unanimously.

President Beck presented the fol-
lowing motion:

	» Motion: To approve funds for con-
tinued CSS website management by 
Conference Catalysts

Financial Impact: $31,800 (an increase 
of $1,800 from previous)
Endorsed By: Executive Committee

It was noted that Conference Cata-
lysts manages conference websites 
and that the existing contract expires 
at the end of 2025. The scope of ser-
vices was summarized.

How asked whether the increased 
cost compared to the prior Statement 
of Work should be expected annually. 

Beck explained that a 3–4% increase is 
typically built in every few years but 
acknowledged that this increase was 
approximately 6% and suggested it 
was to account for higher cost-of-liv-
ing adjustments.

Called by: Serrani
Seconded by: How
Abstention: Palycarpou
The motion passed.

VP for Finance Activities: Jona-
than How

VP for Finance Activities, Jonathan 
How, presented the following motion:

	» Motion: to reduce the cost for IEEE 
CSS Membership from $25 to $20 
(student rate reduced from $5 to $1)

Financial Impact: Depends on by how 
much we reduce the cost
Endorsed By: Executive Committee
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The motivation for this proposal 
stemmed from a comparison of IEEE, 
CIS, and RAS membership costs dur-
ing renewal. A table showing the pro-
posed rates was presented:

Student Rate

1 5 10

Member 
Rate

5 32.3 37.8 44.8

10 63.2 68.8 75.7

15 94.1 99.7 106.6

20 125.0 130.6 137.5

25 156.0 161.5 168.4

How noted that while the Society 
cannot provide significant financial 
benefits, it can reduce the cost of mem-
bership. Once membership fees are 
lowered, it may be difficult to increase 
them again. It was suggested that the 
rates could be reevaluated the follow-
ing year.

Pena noted that documentation 
she received referenced a reduction 
from US$25 to US$15. Ferrara clari-
fied that an updated version of the 
proposal was distributed following 
the ExCom meeting to reflect subse-
quent updates. How clarified that the 
intent was to aim for US$15 over a 
two-year period, with the possibility 
of revisiting the issue if the first-year 
proceeds smoothly.

Fregene asked whether the reduc-
tion was intended to compete with 
RAS membership rates. How respond-
ed that the decision was driven by the 
Society’s surplus and not by competi-
tive intent. He reiterated that the So-
ciety cannot provide large incentives, 
but reducing membership cost is a tan-
gible benefit.

Pena asked whether the IEEE mem-
bership cost of US$239 varied by coun-
try. How responded that the figure 
was taken directly from the IEEE web-
site but confirmed that membership 
costs vary by location.

Annaswany reminded the Board 
of previous limited-time promo-
tions and asked whether there was 
data on the proportion of non-CSS or 
non-IEEE members attending confer-

ences. How explained that authors 
may become members during paper 
submission, but that there is no broad 
outreach effort targeting students at 
random times. He emphasized focus-
ing on member appreciation initia-
tives, potentially during CSS Days. 
Beck expressed support for revisiting 
this idea in May.

Fregene proposed an amended 
membership fee of US$18. How noted 
that this change would affect the ac-
curacy of the financial projections 
shown.

Fregene formally proposed the amend-
ment to change the membership to US$18.

Seconded by: Fekih
All members voted in favor of the 

amendment.

The amended motion was restated:
	» Motion: To reduce the cost for IEEE 
CSS Membership from $25 to $18 
(student rate reduced from $5 to $1)

Financial Impact: approximately 
$50K based on current membership 
distribution
Endorsed By: Executive Committee
Seconded by: Ferrara

The motion passed unanimously.

VP for Publication Activities: An-
drea Serrani

VP for Publication Activities, An-
drea Serrani, presented the following 
motions

Serrani reviewed the two types of 
contracts used by the Society: contracts 
through a university or company, and 
independent contractor agreements.

	» Motion: To approve a new contract 
for the CSm editorial assistant for 
2026

Financial Impact: $70,297 for one year
Endorsed By: Executive Committee

The Editor-in-Chief, Annaswany, 
requested renewal of the contract 
with the current EA. The editorial 
services provided for CSM differ from 
other publications and involve exten-
sive editorial reviews of the entire 
publication.

Called by: Ferrara
Seconded by: Coogan
The motion passed unanimously.

	» Motion: To approve a new contract 
for the TCNS editorial assistant for 
2026

Financial Impact: $28,840 for one year
Endorsed By: Executive Committee

The Editor-in-Chief requested re-
tention of the same Editorial Assistant.

Called by: Fekih
Seconded by: How
The motion passed unanimously.

	» Motion: To approve a new contract for 
the TCST editorial assistant for 2026

Financial Impact: $56,650 for one year
Endorsed By: Executive Committee

The publication transitioned from a 
university-based agreement to an inde-
pendent contractor. Following termination 
of the prior contract from the university, 
the current EA was hired in August 2025.

Editor-in-Chief, Ilya Kolmanovsky, 
expressed strong satisfaction with the 
EA’s performance and requested re-
newal with a 3% adjustment for 2026.

Rudie proposed that the name of 
the contact person from the University 
be removed from any publicly posted 
documents. The motion was updated 
accordingly. Fregene brought up the 
point of whether names should be re-
moved from publicly posted minutes. 
Beck agreed and stated that minutes 
would be reviewed to remove names 
prior to posting. Ferrara emphasized 
the importance of BoG review of min-
utes before publication in CSm.

Called by: Fekih
Seconded by: Ferrara
The motion passed unanimously.

	» Motion: To approve a new contract 
for a combined editorial assistant for 
TAC and OJ-CSYS (at 100% FTE), 
and to terminate the current edito-
rial service contract for OJ-CSYS

Financial Impact: $117,429 for one year
Endorsed By: Executive Committee

Serrani explained that combining 
editorial services was logical. The EiC 
of OJ-CSYS, Sonia Martínez, and the 
upcoming EiC of TAC, Miroslav Krstić, 
have agreed to share the Editorial 
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Assistant, with a percentage of shared 
effort to be discussed, and a formula 
was developed to allocate costs across 
publications:

Allocation Formula: 

.

.

0 1

0 1

E_ojcs N_ojcs N_tac
N_ojcs

* 0.8

E_ N_ojcs N_tac
N_tac * 0.8tac

= +
+

= +
+

N_ojcs: number of submissions in 
2025 for OJ-CSYS

N_tac: number of submissions in 
2025 for TAC

With the current figures, the allo-
cation of effort is 12% OJ-CSYS and 
88% TAC

A three-year contract was initially 
proposed to IEEE; however, the total 
exceeded the threshold for internally 
provided IEEE services. How presented 
the proposal to the IEEE FinCom and 
addressed questions. IEEE approved a 
one-year contract through 2026, with al-
ternatives to be discussed for 2027.

How summarized FinCom discus-
sions and noted that while initial feed-
back was negative, a one-year solution 
was reached. How and Serrani will 
work with Krstić on next steps.

Serrani added that a complete re-
evaluation is required and that this 
presents an opportunity to establish a 
more uniform process.

Palycarpou asked whether IEEE is 
pushing societies toward internal edi-
torial assistants and how this might 
affect CSS.

Serrani explained that IEEE’s rates 
are highly competitive and that CSS 
uniquely uses PaperPlaza, making a 
return to ScholarOne infeasible

Called by: Fekih
Seconded by: How
The motion passed unanimously.

	» Motion: To approve the page bud-
gets of the CSS journals for 2026

Financial Impact: $25,828 for one year
Endorsed By: Executive Committee

Questions were raised regard-
ing exceeding page limits and back-
log management. Serrani explained 
that exceeding page limits incurs 

additional costs and that any increases 
would require an ExCom motion.

Krstić noted a 15% increase in TAC 
submissions over the past year. Serra-
ni stated that the current page budget 
was discussed at ACC and would be 
reevaluated after one year.

Called by: Fekih
Seconded by: Di Bernardo
The motion passed unanimously.

	» Motion: To approve a roll-over of the 
39 unused APC waivers for OJ-CSYS 
expiring in 2025 over 2026 and 2027

Financial Impact: $3,757 over the next 
two years (estimated)
Endorsed By: Executive Committee

An overview of the waivers was 
provided. A chart illustrating waiver 
usage was presented:

Serrani believes the cost is worth 
the promotion of the journal.

Egerstedt expressed strong support 
for the waivers and asked whether 
there was insight into why a roll-over 
was necessary. Serrani suggested that 
OJ-CSYS is still a relatively young 
journal and that a combination of lim-
ited awareness and publication timing 
may be contributing factors.

Fregene commented that the So-
ciety appears to be managing many 
editorial initiatives simultaneously. 
Serrani clarified that the structure of 
these initiatives is governed by IEEE 
and is not fully under Society control.

Fregene asked whether the same 
issue would arise again once the waiv-
ers expire in two years.

Serrani responded that the jour-
nal status would be reevaluated at 
that time, with consideration given 
to alternative support mechanisms, 
including potential assistance for 
authors from less financially stable 
countries.

Beck noted that IEEE has previ-
ously suggested similar approaches 
and that the Society has implement-
ed them in the past. She stated that 
allowing continued support is a nat-
ural step.

Serrani noted the figure that was 
presented was just a rough estimate. 
Judging from the trend, it indicates in-
creased usage in 2026

Called by: Fekih
Seconded by: Di Bernardo
The motion passed unanimously.

	» Motion: To renew the co-sponsor-
ship of two publications managed 
by the Computer Society

	» IEEE Transactions on Computa-
tional Biology and Bioinformat-
ics (TCBB)

	» IEEE Transactions on Big Data 
(TBD)

Financial Impact: none
Endorsed By: Executive Committee

It was noted that these sponsorships 
carry no financial obligations for CSS.

Dong asked about the duration of 
the sponsorship. Beck confirmed that 
the renewal period is five years

Called by: Fekih
Seconded by: Di Bernardo
The motion passed unanimously.

VP for Conference Activities: Li-
hua Xie

VP for Conference Activities, Lihua 
Xie, presented the following motions

	» Motion: To approve Antonella Fer-
rara as Program Chair for CCTA 
2028

Financial Impact: none
Endorsed By: Executive Committee

*Ferrara was asked to step out of 
the room during discussion*

Year
APC of 
single paper New Cost

Cost Difference = New Cost – 
Previously approved cost

2026 $2,160 24W @ 50% = $25,920 $1,920

2027 $2,245 15 W @ 50% = $16,837.5 $1,837.5

Total $42,757.5 $3,757.5
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An overview of her qualifications 
was provided. No questions or com-
ments were raised by the Board.

Called by: Fregene
Seconded by: Beck
The motion passed unanimously.

**Ferrara entered back into the 
meeting**

	» Motion: To approve Murat Arcak 
as Program Chair for CDC 2029.

Financial Impact: none
Endorsed By: Executive Committee

Xie gave an overview of Arcak’s qual-
ifications. No comments were raised.

Called by: Palycarpou
Seconded by: Johansson
The motion passed unanimously.

	» Motion: To approve Yanlong Zhao 
as Program Chair for CDC 2030

Financial Impact: none
Endorsed By: Executive Committee

Xie gave an overview of Zhao’s qual-
ifications. No comments were raised.

Called by: Isaksson
Seconded by: Dong
The motion passed unanimously.

VP for Technical Activities: Mario 
di Bernardo

VP for Technical Activities, Mario 
di Bernardo, presented the following 
motions

	» Motion: To approve the change of 
name of the TC on Networks and 
Communication Systems to TC on 
Network Systems

Financial Impact: none
Endorsed By: Executive Committee

No comments were raised.
Called by: Johansson
Seconded by: Ferrara
The motion passed unanimously.

	» Motion: To approve Emanuele 
Garone as TC Chair and Takeshi 
Hatanaka as TC Vice-Chair of the 
new TC in Control and Optimiza-
tion in Food and Agriculture

Financial Impact: none
Endorsed By: Executive Committee

No comments were raised.
Called by: Xie
Seconded by: Johansson
The motion passed unanimously.

	» Motion: To approve CSS Days 
2026 budget for streaming and video 
recording

Financial Impact: $12,000
Endorsed By: Executive Committee

How clarified that US$12,000 
was allocated for services, with an 
additional US$3,000 reserved for 
unexpected expenditures. Di Ber-
nardo confirmed this understanding. 
Egerstedt suggested that the motion be 
revised to approve only the US$12,000, 
noting that additional expenditures 
up to US$3,000 could be approved by 
the President.

The wording in parentheses was 
removed to reflect this clarification.

Called by: Fregene
Seconded by: Johansson
The motion passed unanimously.

	» Motion: To approve Ian Petersen 
and Jing Sun as members together 
with current VP TA of the CSS-OTC 
Award 2026

Financial Impact: none
Endorsed By: Executive Committee

It was noted that this award will be 
presented for the first time next year 
and will evaluate the work of Techni-
cal Committees as a whole.

Called by: Ferrara
Seconded by: Beck
The motion passed unanimously.

	» Motion: To approve Prof. Yoshio 
Ebihara as the new CSS Liaison 
Representative to SICE
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Financial Impact: none
Endorsed By: Executive Committee

No comments were raised.
Called by: Xie
Seconded by: Johansson
The motion passed unanimously

Meeting breaks at 3:04 p.m.
Meeting returned at 3:30 p.m.

INFORMATIONAL ITEMS

IEEE CSS VP for Financial  
Activities

Jonathan P. How
Financial summary
How provided a deeper dive into the 
numbers discussed earlier:

It was noted that blue figures indi-
cate positive performance, although 
values are lower than historical norms. 
Revenue is based on download activity 
from IEEE Xplore.

Questions were raised regard-
ing whether revenue levels re-
main consistent with prior years. 
It was stated that the lower fig-
ures are not cause for immediate 
concern.

Editorial Services Assistant (ESA)
How spoke about the journal that had 
outstanding invoices totaling approx-
imately US$120,000, representing two 
years of unpaid services. A decision 
was made to pay the two outstanding 
invoices in the current year, resulting 
in a total of three ESA invoices paid 
in 2025.

2025 inputs from IEEE
It was reported that prior IEEE 
budgeting rules, including the 
1%/3%/50% rules, have been elim-
inated.

IEEE has also eliminated ini-
tiative-based spending, with all 
expenses now routed through the 
operational budget. IEEE identified 
significant funds held in Society 
reserve accounts and expressed in-
terest in seeing those funds actively 
utilized.

What Were Known as Society 
Initiatives
How noted that the 2026 budget has not 
been communicated very clearly. He 
continued saying it is more of an indi-
cator of how we think we will spend 
that money. Emphasis was placed on 
forecasting rather than treating these 
figures as fixed allocations.

How advised that, when reviewing 
the budget, we should be increasingly 
mindful of how funds are spent as we 
approach the margin. Operating near 
zero is considered acceptable; however, if 
expenses exceed revenue and move into 
a deficit, reevaluation will be necessary.

Egerstedt commented that the Soci-
ety has intentionally moved away from 
generating profit from conferences, 
noting that the previous 20% margin 
target is no longer in place. He ques-
tioned whether the observed reduction 
reflects this fact. How stated that he is 
not concerned, emphasizing that break-
ing even is a positive outcome.

How noted that CCTA reflected 
a loss of approximately US$50,000, 
which he considered acceptable.

Beck asked whether the Society 
should reevaluate its approach if 
conferences consistently incur into 
losses, noting that some expenses 
have shifted into the operational bud-
get. How responded that a US$50,000 
variance is close to breakeven and 
does not represent a significant loss. 
He emphasized that the Society is 
acting appropriately as long as con-
ferences break even or remain close. 
He further stated that while revenue 
streams cannot be directly controlled, 
expenses can be managed.

Coogan asked whether IEEE pro-
vides click data. How clarified that 

IEEE provides download counts, not 
click data.

Security Awareness
How presented an example of phish-
ing. Board members were urged to 
remain vigilant and cautious when 
responding to suspicious emails.

IEEE CSS VP for Conference 
Activities

Lihua Xie
Xie gave a summary of recent and 
upcoming CSS-sponsored conferences

For CCTA 2029, a proposal was 
received that requires revisions. The 
proposal will be reevaluated once re-
visions are submitted.

CSS Technically Co-Sponsored 
Conferences 2025/26
Approved to date (21 for 2025 and 9 
for 2026 so far)

	» ICRCA 25: 2025 the 9th Interna-
tional Conference on Robotics, 
Control and Automation, Shang-
hai, China, 10–12 Jan, without PA

	» ANZCC25: The 2025 Australian 
and New Zealand Control Con-
ference, Gold Coast, Australia, 
30–31 Jan., with PA

	» EECI 25: EECI International Grad-
uate School on Control, Interna-
tional, 27 Jan–4 July, without PA

	» CCDC 2025: The 37th Chinese 
Control and Decision Confer-
ence, Xiamen, China, May 16–19, 
with PA

	» WiOpt 25: International Sympo-
sium on Modeling and Optimi-
zation in Mobile, Ad Hoc and 
Wireless Networks, Linköping, 
Sweden, May 26–29, with PA

Project Name 2026 Budget ($K)

CSS Child-care and Disability Assistance 20

CSS Outreach 160

CSS Student Travel Awards 165

NextCom 30

Women in Control Lunch 20

Total 395



APRIL 2026  «  IEEE CONTROL SYSTEMS  209

	» ICUAS 25: 2025 International 
Conference on Unmanned Air-
craft Systems, UNC Charlotte, 
Charlotte, NC, USA, 14–17 May, 
with PA

	» MED 25: 33rd Mediterranean 
Conference on Control and 
Automation, Tangier, Morocco, 
Jun 10–15, with PA

	» CPDE25: Control of Systems 
Governed by Partial Differential 
Equations, Beijing, China, 18–20 
June, without PA

	» ECC 2025: 23rd ECC, Thessalon-
iki, Greece, 24–27 June, 2026, 
with PA

	» ICCA 2025: The 19th IEEE Inter-
national Conference on Control 
& Automation, Tallinn, Estonia, 
June 30–July 3, with PA

	» ECC 2025: ECC, Thessaloniki, 
Greece, June 24–27, with PA

	» qCCL 25: 2025 IEEE International 
Conference on Quantum Control, 
Computing and Learning, Hong 
Kong, Jun 25–28, without PA

	» CCC 2025: The 44th Chinese 
Control Conference, Chongqing, 
China, 28–31 July 2024, with PA

	» CoDIT25: 11th International Con-
ference on Control, Decision and 
Information Technologies, Split, 
Croatia, 15–18 July, with PA

	» MMAR 2025: 29th International 
Conference on Methods and 
Models in Automation and 
Robotics 2024, Miedzyzdroje, 
Poland, 26–29 Aug. 2025, with PA

	» ICAT 25: 30th International Con-
ference on Information, Com-
munication and Automation 
Technologies, Sarajevo, Bosnia 
and Herzegovina, 2–4 Sept., 
with PA

	» SysTol 25: 6th Conference on 
Control and Fault-Tolerant Sys-
tems, Ayia Napa, Cyprus, Jun 
6–8, with PA

	» ICSTCC 2025: 29th International 
Conference on System Theory, 
Control and Computing, Cluj-
Napoca, Romania, Oct. 9–11, 
with PA

	» IMC-SSGP 25: 2025 IEEE Inter-
national Conference on Smart 
Systems and Green Process, 
Hammamet, Tunisia, Oct. 30–
Nov. 2, without PA

	» ICSC 25: IEEE 13th International 
Conference on Systems and 
Control, Marrakech, Morocco, 
22–24 Oct., with PA

	» ICC 25: 2025 Eleventh Indian 
Control Conference, Bengaluru, 
India, Dec. 18–20, with PA

	» CCDC 2026: The 38th Chinese 
Control and Decision Confer-
ence, Nanjing, China, May 
15–18, 2026, with PA

	» ICCA 2026: The 20th IEEE Inter-
national Conference on Control 
& Automation, Almaty, Kazakh-
stan, 16–19 June, 2026, with PA

	» ICUAS 26: 2026 International 
Conference on Unmanned Air-
craft Systems, June 15–18, 2026, 
Corfu, Greece, with PA

	» WODES 2026: 18th Workshop 
on Discrete Event Systems, 
Eindhoven, The Netherlands, 
June 8–10, 2026, with PA

	» PCC 26: 22nd Polish Control Con-
ference, Poznań, Poland, July 1–3, 
2026, without PA

	» qCCL 26: 2026 IEEE Interna-
tional Conference on Quantum 
Control, Computing and Learn-
ing, July 1–3, 2026, without PA

	» VSS 2026: 18th International 
Workshop on Variable Structure 
Systems, Exeter, UK, July 27–30, 
2026, with PA

	» AdCONIP 26: International 
Symposium on Advanced Con-
trol of Industrial Processes, 
Auckland, New Zealand, Nov. 
29–Dec. 1, 2026, with PA

	» ICSC 26: IEEE 2026 14th Interna-
tional Conference on Systems 
and Control, Dec. 16–18, 2026, 
Porto, Portugal, with PA

Beck noted that conferences are 
evaluated not only on quality but 
also on alignment with the Society 
scope. It was stated that approxi-
mately 20 conferences are reviewed 
each year.

Jungers asked whether the US$500 
conference fee could be waived. Beck 
responded that the fee cannot be waived, 
as it is imposed by IEEE. IEEE charges 
approximately US$1,500, and if CSS 
pays the Publication Agreement fee, 

Conference Location Dates General Chair Program Chair(s)

ACC 2025 Denver, CO Jul 8–10 Carolyn Beck Jonathan How

CCTA 2025 San Diego, CA
Aug 18–
20/25–27

Robert Bitmead Colin Jones

CDC 2025
Rio de Janeiro, 
Brazil

Dec 10–12
Yannis Paschalidis,
João Carlos Basilio

N. Li, C. 
Hadjicostis

ACC 2026 New Orleans, LA May 27–29 Randy Beard Eric Frew

CCTA 2026
Vancouver, 
Canada

Aug 12–14 Ryozo Nagazume Santosh Devisia

CDC 2026 Honolulu, Hawaii Dec 15–18 Jorge Cortes Lacra Pavel

ACC 2027 Philadelphia, PA July 6–9 Rajesh Rajamani Junmin Wang

CCTA 2027 Japan Aug 23–25
M. Nagahara, D. 
Quevedo

Kai Cai

CDC 2027 Lisbon, Portugal Dec 14–17 João Hespanha Paulo Tabuada

ACC 2028 San Francisco
May 31–
June 2

Zongli Lin Amir Aghdam

CCTA 2028 Berlin, Germany TBD
Frank Allgöwer
Steffi Knorn

[Antonella 
Ferrara]

CDC 2028 Sydney, Australia
December 
12–15

Girish Nair Henrik Sandberg

CDC 2029 TBD TBD Geir Dullerud [Murat Arcak]

CDC 2030 Hong Kong, China TBD Lei Guo [Yanlong Zhao]
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an additional charge of approximately 
US$22–US$23 per paper is applied by 
IEEE Xplore. This applies only to non-
IEEE conferences.

IEEE CSS VP for Member Activities

Necmiye Ozay
New Distinguished Lecturers
New Distinguished Lecturers were 
announced as part of a cost-shared 
program that enables local chapters to 
engage with distinguished members 
of the control community.

The selection committee is chaired 
by Sanjay Lall and collects nomina-
tions from chapters worldwide.

Distinguished Lecturers (DLs)—3-
year term

	» Naira Hovakimyan (Univ. of 
Illinois)

	» Tara Javidi (UC San Diego)
	» Na Li (Harvard)

Distinguished Industry Lecturers 
(DILs)—2-year term

	» Kingsley Fregene (Lockheed 
Martin)

	» Sampriti Bhattacharyya (Navi-
erboat)

See the CSS website for the full list 
of DLs/DILs.

Ozay urges those involved in local 
chapters to send names/advertise for 
future DLs/DILs.

Outstanding Chapter Award
Control, Robotics, Cybernetics Joint 
Chapter of IEEE Vancouver Section 
(CH07088)

Di Bernardo asked how many 
chapters currently exist. Ozay re-
sponded that there are approximately 
80 chapters.

It was noted that most newly ap-
proved chapters are student chapters. 
A discussion was suggested with IEEE 
regarding chapter review and renewal 
processes.

Annaswany stated that correlating 
chapter activity across organizations 
is challenging, particularly for joint 
chapters where CSS participation 
may be limited. Di Bernardo suggest-
ed exploring additional engagement 
strategies.

CSS Member Statistics
 Fregene requested membership 

data broken down by region. Ozay 
stated that she would attempt to ob-
tain this information.

IEEE CSS VP for Technical Activities

Mario di Bernardo
CSS Days 2026 Program Structure 
and Possible Themes

The proposed structure and pos-
sible themes for CSS Days 2026 were 
presented.

It was stated that the goal is to 
avoid overly packed schedules and in-
stead distribute activities throughout 
the week.

An example schedule and struc-
ture was shown:

Monday, October 19, 2026
Tuesday–Friday, October 20–23, 

2026
Di Bernardo urged board mem-

bers interested in participating to 
reach out with suggestions or offers 
to assist.

Di Bernardo showed data from 
the previous CSS Days event was re-
viewed, including viewership of re-
corded content. He noted that a call 
for proposals is planned, with feed-
back and results to be reevaluated in 
March

CSS Days 2026 Task Force
As with previous CSS Days events, a 
Task Force chaired by the Vice Presi-
dent for Technical Activities will be 
established to organize the program 
and activities for October 2026.

Task force will consist of:
VP TA: Mario di Bernardo (Chair)
VP DODA: Karl Johansson
VP Membership: Necmiye Ozay
Future DODA Task Force: Philip Pare
BoG member from industry: Pratik 

Vernekar
Industry Activities Chair on the 

Member Activities Board: Lidia Auret
Future WiC Co-Chairs: Elisa Fran-

co, Patricia Pena
Mauro Salazar (Netherlands, TC 

on Smart Cities), Emiliano Dell’Anese 
(Boston, TC Networks)

Giovanni Russo (Senior Editor TCNS)
Board involvement was again en-

couraged.
Egerstedt commended the effort, 

noting that the work reflects careful 
planning and strong attention to 
detail.

CSS Website Structural Update  
and Redesign
Conference Catalysts was asked to 
provide quotes, and highlights of their 
proposal were presented FFto the 
Board of Governors.

Board members were invited to 
identify website features they con-
sider important and to communicate 
those priorities accordingly.

CSS Marketing Management
Since the previous meeting, com-
parisons were conducted between 
CSS and both the RAS and SMC. It 
was noted that RAS and SMC main-
tain highly active LinkedIn accounts, 
whereas CSS social media platforms 
currently exhibit little to no activity. 
This lack of engagement was iden-
tified as a significant issue. It was 
emphasized that numerous CSS activ-
ities are underway and that improved 
communication channels are needed 
to promote them effectively. Market-
ing efforts were noted to be closely 
linked with the restructuring of the 
EiC role.

The proposed budget includes sup-
port for a social media manager and 
associated services.

Fregene asked about the earliest 
anticipated timeline for implementa-
tion. Di Bernardo responded that im-
plementation would likely occur the 
following year after ACC.

Fregene emphasized the goal of har-
monizing social media postings across 
platforms.

Pena shared her experience work-
ing on social media for CDC, explain-
ing that initial content was created 
from scratch until it was discovered 
that an existing CDC account already 
existed. Utilizing the existing account 
allowed them to begin with approxi-
mately 500 followers.
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How commented that Conference 
Catalysts may not be the most natural 
choice for social media management, and 
asked about the outcomes of requests 
for alternative proposals. Di Bernardo 
explained that Conference Catalysts has 
extensive familiarity with IEEE structures 
but acknowledged that exploring alter-
native providers remains an option.

It was noted that other website ven-
dors proposed using entirely different 

content management systems, which 
was deemed unacceptable. These al-
ternatives would also have required 
rebuilding the site from scratch.

Pena added that for CDC, a stu-
dent was engaged to manage social 
media, with funding from DODA to 
support conference attendance. Fre-
gene expressed concern about relying 
on students for a role of this scale, and 
the preference was reiterated for a 

specialized social media management 
company.

2025 TC-OSPAs Awardees and  
TC-OSPA Procedure
Di Bernardo reported that 13 of 22 
Technical Committees received TC-
OSPAs in 2025, compared to 8 com-
mittees in 2024. It was expressed that 
participation is expected to increase 
further in the following year.

Count by Grade Grade Count by Gender

Affiliate
Associate Member

8.42%
Unknown

11.25%
Female

Fellow
Graduate Student Member
Life Fellow
Life Member
Life Senior
Member
Senior Member
Student Member

80.33%
Male

2,000

1,500

Count by Grade and Years of Service

1,000

500

1 2 3 to 5 6 to 15 16 to 25 26 to 40 41+
Years of Service

Count by Gender

Fermale
20.20%

Unknown
14.45%

Male Unknown Female

Male
65.35%

Female

.33%
Male

0.20%

n

Ma
65 3

Session Organizer Description

Welcome & President’s 
Message

CSS President & VP TA Opening remarks, CSS updates, and strategic direction. The 
VP TA will also introduce the structure and highlights of CSS 
Week 2026.

President’s Forum CSS President Dialogue with past and current CSS leaders on future 
directions.

CSS Publications 
Showcase

VP Publications and CSS Journals EiCs
Task force member: Giovanni Russo

Each Editor presents the editorial vision, policy, and scope of 
their journal.

CSS History Session History Committee Curated reflections on the evolution of control and the Society.

Distinguished Lecturers 
Highlights

VP Membership & DL Program Chair Lightning talks or a round table with CSS Distinguished 
Lecturers.
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TC Chair Terms (Current Bylaws) 
and TC Committees Reorganization
Di Bernardo explained that under the 
current process, outgoing TC Chairs 
notify the VP of their preferred suc-
cessor, without broader committee 
involvement or awareness.

He would like to hold an induction 
day for new TC chairs.

Proposal for a reviewed TC Lead-
ership Structure

Current bylaws:
Article IV—Technical Committees 
and Working Groups
Section 3. Technical Committee Chairs. 
Technical Committee Chairs shall be 
appointed by the President-Elect when 
an incumbent is in office, otherwise by 
the President, subject to Board of Gov-
ernors approval, for one-year terms. 
These Chairs shall be charged with the 
guidance of the regular activities of the 
Technical Committees. They shall be 
responsible for making yearly reports to 
the Board of Governors on the activities 
of their committees and the Working 
Groups monitored by their committees.

	» Current procedure for appoint-
ment of TC chairs vary from TC 
to TC.

	» Some also have Vice-Chairs and 
other officers.

	» Most TC Chairs believe their 
terms is 3 year long.

	» Some TCs are renewing their 
own terms over and over again

Proposed change to the bylaws to 
be initiated in 2026

Section 3. Technical Committee Chairs. 
Technical Committee Chairs shall be 

appointed by the President-Elect when 
an incumbent is in office, otherwise 
by the President, subject to Board of 
Governors approval, for three-year 
terms. No Technical Committee Chair 
shall serve for more than two three-
year terms. These Chairs shall be 
charged with the guidance of the reg-
ular activities of the Technical Com-
mittees. They shall be responsible for 
making yearly reports to the Board 
of Governors on the activities of their 
committees and the Working Groups 
monitored by their committees.

Also, at the next TAB meeting at 
CDC, we will discuss with all TC 
Chairs some proposed changes to the 
guidelines for TC Chair appointments 
and a possible restructuring of the TC 
management committees.

Proposal for a reviewed TC Leader-
ship Structure:

OFFICER STRUCTURE
Each TC has three officers: Chair, 
Chair-Elect, and Secretary. Each 
serves a 3-year term. All terms end 
together at the annual TC meeting 
three years after the Chair’s appoint-
ment, or between two and three years 
if the Chair was previously renewed 
off the annual meeting cycle.

CHAIR RESPONSIBILITIES
The Chair, supported by the other offi-
cers, is responsible for:

a)	 ensuring timely execution of TC 
activities to achieve the TC’s 
purpose;

b)	 ensuring TC operations comply 
with CSS Bylaws; and

c)	 serving as the primary commu-
nication channel between the TC 
and the CSS Board of Governors.

The Chair presides over Commit-
tee meetings and voting, manages all 
Society interactions, and reports TC 
activities to the Board of Governors 
through the Vice President for Technical 
Activities at least once annually and at 
least 60 days prior to CDC.

The Chair is a member of the CSS 
Technical Activities Board (TAB) and 
attends at least the Annual TAB Meet-
ing, typically held during CDC.

CHAIR APPOINTMENT
The Chair is normally appointed through 
transition from the Chair-Elect position 
at the end of their three-year term, or 
upon resignation/removal of the previ-
ous Chair. An out-of-sequence election 
may be held if the Chair-Elect is unable 
to assume the Chair role.

CHAIR REMOVAL FOR NON-PER-
FORMANCE
The Society President may remove a 
Chair who fails to fulfill their respon-
sibilities, including but not limited to 
failure to submit the annual TC report, 
failure to respond to requests from the 
Vice President for Technical Activities 
or other Executive Committee officers, 
or failure to attend required meetings. 
Before removal, the President shall pro-
vide written notice to the Chair speci-
fying the deficiencies and allowing a 
reasonable period (at least 30 days) for 
the Chair to remedy the situation. Upon 
removal of the Chair, the Chair-Elect 
immediately assumes the role of Chair, 

Day Focus Lead Example Activities

Tuesday Diversity, Outreach & 
Students Day

VP DODA, WiC, NextCom, DODA, 
Student Activities
Task force members: Philip Pare, 
Patricia Pena, Elisa Franco

DEI events, outreach stories, student 
competitions, mentoring sessions.

Wednesday Industry & Innovation 
Day

VP Membership & Industry Committee
Task force members: Pratik Vernekar, 
Lidia Auret

Industry Committee session, panels, and success 
stories on industrial applications and collaboration. 
Industrial Distinguished Lecturers

Thursday Chapters Day VP Membership & Chapter Activities 
Chair

Local events and webinars around the world 
showcasing regional initiatives.

Friday Technical 
Committees Day

VP TA & TC Chairs
Task Force members:
Mauro Salazar, Emiliano Dell’Anese

TC showcases, workshops, webinars, and joint 
sessions between TCs.
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and an election for a new Chair-Elect 
shall be held within 30 days.

CHAIR DUTIES
The Chair oversees all TC activities, 
with assistance from officers and mem-
bers as needed, and is responsible for:

	» soliciting TC nominations for 
awards and for editorial, Distin-
guished Lecturer, and CASS 
representative roles;

	» ensuring preparation of the 
annual TC report;

	» preparing materials for and par-
ticipating in periodic TC 
Reviews;

	» maintaining the TC vision and 
mission.

For editorial appointments, the Chair 
monitors editorial board formation 
schedules and solicits member nomi-
nations in a timely manner.

CHAIR-ELECT
The Chair-Elect is elected by ballot 
by TC members and must have been 
a regular TC member for the previ-
ous two years. The ballot is held at the 
annual TC meeting or by electronic 
means if the position becomes vacant 
during the term (e.g., due to resigna-
tion or promotion to Chair).

Nomination process: Candidates’ 
CVs are circulated to all members and 
to the VP TA, and TC members have at 
least 15 days to discuss nominations 
before the ballot is finalized. Self-nom-
inations are permitted. The TC en-
courages broad participation from all 
members in both the nomination and 
election processes. When nominating 
candidates for Chair-Elect, TC mem-
bers should actively seek nominees 
from diverse backgrounds including 
gender, career stages, geographic re-
gions, and institutional affiliations to 
ensure the TC leadership reflects the 
breadth and diversity of the technical 
community it serves.

The Vice President for Technical 
Activities may solicit additional nomi-
nations from TC members if the initial 
nominee pool does not adequately re-
flect the diversity of the TC membership 
and the broader technical community.

Restrictions: Past TC Chairs cannot 
be nominated for Chair-Elect if they 
have: (a) already served as TC Chair 
more than once; or (b) ended their 
Chair term less than three years ago.

CHAIR-ELECT RESPONSIBILITIES
The Chair-Elect assists the Chair in all 
activities, participates in TC review 
meetings, audits member activities, 
notifies members of activity lapses, 
and is responsible for:

	» soliciting nominations for CSS 
journal best paper awards;

	» quality assessment and main-
taining/raising quality of CSS-
sponsored conferences in the 
TC field;

	» other TC activities.
	» Both Chair and Chair-Elect moti-
vate TC members to promote TC-
sponsored special sessions and 
workshops at CDC, CCTA, and 
other CSS events related to TC 
activities.

SECRETARY
The Secretary is elected by ballot by 
TC members and must have been a 
regular TC member for the previous 
three years. The ballot is held at the 
annual TC meeting or by electronic 
means if the position becomes vacant 
during the term.

Nomination process: Candidates’ 
CVs are circulated, and TC members 
have at least 15 days to discuss nomi-
nations before the ballot is finalized. 
Self-nominations are permitted. The 
TC encourages broad participation 
from all members in both the nomina-
tion and election processes.

SECRETARY RESPONSIBILITIES
The Secretary:

	» records meeting minutes and 
ensures prompt posting on the 
TC website;

	» maintains the Roll of Members 
including email addresses;

	» maintains mailing lists for TC 
members and officers;

	» maintains records of member 
attendance at annual meetings 
and participation in activities;

	» serves as a focal point for main-
taining the TC website and coor-
dinating media/web TC presence;

	» acts as TC Treasurer, ensuring 
timely expenditure of the annual 
TC allowance on TC-related 
activities.

OFFICER REMOVAL
Officers may be removed before term-
end by a majority anonymous vote of 
TC regular members, initiated by a 
motion signed by at least one-fourth 
of TC regular members.

ADDITIONAL ROLES
Beyond officer roles, other duties may 
involve periodic tasks or occasional 
tasks for which temporary positions 
or working groups may be formed, 
reporting to the officers.

IMPLEMENTATION OF REVISED 
PROCEDURES
These revised procedures shall take 
effect in 2026. To align all TC officer 
terms with the new structure, all Tech-
nical Committees shall hold elections for 
Chair-Elect and Secretary in 2026. Cur-
rent Chairs may continue in their roles 
until their terms expire naturally or 
until the newly elected Chair-Elect com-
pletes their three-year term and transi-
tions to Chair, whichever occurs first. 
This transition period ensures uniform 
implementation of the three-year syn-
chronized term structure across all TCs.

Coogan commented that not every 
Technical Committee requires a Vice 
Chair and suggested electing Chairs 
one year earlier to allow for a one-year 
overlap period.

Di Bernardo stated that the docu-
ment would be distributed for review 
and feedback. Once comments are re-
ceived, the Society will move forward 
with implementation of the plan.

TC Involvement in DL Program 
(with VP Membership)
Discussion was held regarding Tech-
nical Committee involvement in the 
Distinguished Lecturer program, in 
coordination with the Vice President 
for Membership Activities.
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IEEE CSS VP FOR DIVERSITY, 
OUTREACH, AND DEVELOPMENT 
ACTIVITIES

Karl H. Johansson
Overview of 2024 Outreach projects
Budget 2024: US$120,000
Approved 2024 (US$122,832)

	» Joint Summer School on “Vari-
able structure and sliding mode 
control” and “Indo-French semi-
nar on advances in robust nonlin-
ear control for uncertain dynamic 
systems: theory and applications”, 
India, $18,209

	» 2024 ACC Self-Driving Car 
Student Competition, Canada, 
$20,000

	» NextCom, Italy, $17,870+$3,953
	» 2024 CDC Cup, Italy, $1,800
	» Series of Control System Work-
shops 2024–2025, Universiti Sains 
Malaysia, $6,000

	» Supporting Students and Early 
Career Researchers in Control 
Systems at the 5th IFAC CPHS 
2024, Turkey, $10,000

	» Promoting IEEE Control Sys-
tems Society in Nigerian Uni-
versities through Automatic 
Control Workshops, Nigeria, 
$20,000

	» Purdue ICON Student Research 
Conference, USA, $4,150

	» Inclusive Diversity Lunch Event 
at IEEE CDC 2024, Italy, $2,500

	» The future of control engineer-
ing—a female perspective, Lund 
University, Sweden, $18,350

Others
	» Empower a Billion Lives III 
2025, $100K (from CSS Fund at 
the IEEE Foundation) + travel 
expenses, Aranya Chakrabortty 
CSS Responsible, approved by 
BoG Dec 2024

For 2025, the budget was raised to 
US$160,000.

Budget 2025: US$160,000
Approved applications 2025 
(US$160,393)

	» Summer school on control of dis-
tributed parameter systems and 

applications, China, $20,000
	» Workshop on Future PhD in con-
trol, Germany, $14,500

	» When Robotics Meet Controls: 
Enhancing Education in Africa 
through the PARC, $20,000

	» Bridging the Gap: A Gateway to 
Control Systems Engineering 
for Lebanese High School Stu-
dents, $13,321

	» Coffee and Control, Podcast, 
$560

	» 2025 ACC Self-Driving Car 
Student Competition, USA, 
$20,000

	» Strengthening the Control Com-
munity in Colombia, $19,900

	» Workshop Series on Instrumen-
tation, Control, and Automation 
for Future Indonesian Scientists 
and Engineers, $15,400

	» Workshop on Optimal/Robust 
Control and State Estimation for 
Aerospace Applications, India, 
$14,000

	» CDC 2025 Soccer Cup, Brazil, 
$2,500

	» Diversity and Inclusion Day at 
CDC 2025, Brazil, $11,912

	» Control Talk Series: Bridging 
Academia and Industry, USA, 
$2,800

	» Returning Mothers Conference, 
India, $5,500

Johansson informed the BoG that 
they are beginning to fill the 2026  
requests.

Budget 2026: US$160,000
Approved applications 2026 
(US$54,500)

	» Workshop on Applications of 
Geometry, India, $10,000

	» Launching IEEE CSS Student 
Branch Chapter at IIT Patna, 
India, $1,000

	» Control Systems for Everyone—
Low-Cost Hands-On Training 
for Pre-University Students, 
India, $2,500

	» ICON Student Research Confer-
ence, USA, $6,000

	» ACC 2026 Self-Driving Car 
Student Competition, USA, 
$20,000

	» Workshop and Summer School 
on Variable Structure Systems 
and Sliding Mode, UK, $15,000

Planned applications 2026
	» High school student competition 
at CDC 2026 in Hawai’i, USA

Johansson emphasized that outreach 
projects are intended to strengthen auto-
matic control activities—not just a spon-
sorship.

Funding is intended to support activ-
ities such as student engagement rather 
than Distinguished Lecturer visits.

Johansson provided 2 examples of 
the outreach grants:

	» Workshops on Instrumentation, 
Control, and Automation for 
Future Indonesian Scientists 
and Engineers

	» When Robotics Meet Controls: 
Enhancing Education in Africa

CSS Graduate Collaboration Fel-
lowship
Johansson reported that only three 
recipients were selected for the CSS 
Graduate Collaboration Fellowship 
this year. Increased participation 
and expansion of the program were 
encouraged.

DODA Task Force
Johansson noted that Silvia has pro-
vided significant support to the DODA 
Task Force. She conducts monthly 
online meetings to solicit and review 
outreach proposals.

Women in Control Standing Com-
mittee
Johansson showed photos from the 
Women in Control luncheon that 
was held on Tuesday July 8, 2025, at 
the ACC.

PRESIDENT’S UPDATES
Request for Bylaws Changes
Article III Section I has already com-
pleted the IEEE approval process.

Article I Sections 3–4 remain under 
review due to language related to DEI.

It was noted that additional CSS 
bylaws and constitutions also require 
revision.
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Rudie asked whether the Society 
could clarify its values even if compliance 
with IEEE requirements is necessary. 
Beck responded that careful wording is 
required to maintain CSS values while 
meeting IEEE requirements.

Awards Nomination Processes
The primary change is the removal of the 
requirement for supporting letters. While 
supporting letters may still be submitted, 
they are no longer mandatory.

For the Roberto Tempo CDC Best 
Paper and CCTA Best Paper Awards:

	» Nominations will be solicited 
via the website submission pro-
cess, by the respective deadline 
(Jan 15 for CCTA and May 15 for 
the Tempo award), but NO sup-
port letters will be required.

	» Additionally: after the conference, 
using the audited reviews, a list of 
top-rated papers (for example, 
ranging from 5–25 depending on 
how many nominations received) 
will be selected by the respective 
conference Program Chair based 
on the Associate Editors’ recom-
mendations and reviewers’ com-
ments, and sent to the Awards 
Chair. Only the papers, not the 
reviews, will be sent forward.

	» The Awards Chair will forward 
the combined list of nominated 
and top-rated papers to the respec-
tive Award Committee Chair.

Mesbahi asked whether self-nomi-
nations are permitted. Beck confirmed 
that authors may nominate their own 
papers through PaperPlaza.

For the Journal Best Paper Awards:
	» Nominations can be made as 
before via PaperPlaza, but NO 
support letters will be required.

	» Additionally: Journal Senior 
Editors may flag any paper they 
deem award level quality (over 
the course of the corresponding 
eligibility window) for their 
journal’s BP award.

	» By a specified date (Awards Chair 
and EiCs will select together and 
communicate yearly to SEs) each SE 
will be responsible for reviewing 
their list of flagged papers, editing 
as needed, and sending those they 

would like to be considered for-
ward to their Editor-in-Chief.

	» The EiC will compile the list of 
papers to be considered and 
send it to the Awards Chair.

For the Transition to Practice, Con-
trol Technology and Ruberti Awards:

	» Nominations can include sup-
porting letters, but these will 
NOT be required.

With reference to the paper awards, 
Maria Prandini raised a concern re-
garding the closure of PaperPlaza 
after the conference. Beck acknowl-
edged this limitation and stated that 
the Society is aware of the issue. She 
noted that it is possible to request that 
PaperPlaza be reopened for a fee, and 
that this option should be considered 
if necessary, but it is preferable that 
the PCs and GCs make the short list 
prior to PaperPlaza closing access to 
the conference paper information.

Beck then showed the newly 
elected slate of elected BoG members 
(Stefano di Cairano, Antonis Papa-
christodoulou, Fabio Pasqualetti, La-
cra Pavel, Daniel Quevedo, and Carla 
Seatzu), as well as the 3 new appointed 
BoG members (Aaron Ames, Kenji Fu-
jimoto and Mariela Verrada).

Beck informed the group that one 
elected BoG member had to step-
down with one year left in their term. 
In this case, they needed to appoint a 
BoG member for 1 year—this appoint-
ed member is Fumin Zhang.

The outgoing Board of Governors 
and Executive Committee members 
were formally recognized.

President Beck expressed appre-
ciation for their service and presented 
certificates in acknowledgment of 
their contributions.

Other Business
Beck informed the BoG that they 
would be receiving a gift in recogni-
tion of their work, which would be 
sent to their respective addresses.

She also provided information for the 
Next BoG meeting, which will be held in 
conjunction with ACC 2026 in New Or-
leans, Louisiana, on May 26th, 2026.

Nair raised a question regard-
ing MTNS 2028, noting that it was 

originally scheduled for the week prior 
to CDC but was later withdrawn. He 
asked whether there was coordination 
between CSS and MTNS during plan-
ning. Beck referred back to conference 
date information presented earlier and 
stated that known dates are tracked in 
advance and can be communicated as 
needed. She invited members to share 
additional information during the plan-
ning process.

Fregene raised concern regarding pen-
alties incurred for unfilled hotel room 
blocks at CCTA and asked whether al-
ternative booking strategies are being 
considered. Beck explained that nego-
tiating for fewer rooms often results in 
higher rates, and that if attendance ex-
ceeds the reserved block, attendees may 
lose access to the conference rate. She 
suggested alternative strategies could be 
considered, such as reducing room block 
requirements in exchange for higher 
food and beverage commitments.

Fekih suggested that attendance 
challenges for the upcoming ACC may 
be related to the IFAC World Congress 
years. Beck stated that this was not the 
case for IFAC and ACC three years pri-
or and that this year’s timing for ACC 
does not overlap closely with the IFAC 
World Congress in Busan.

Fregene returned to the topic of 
OJ-CSYS and asked about adopting 
a tiered payment structure for open 
access journals. Beck responded that 
IEEE maintains a three-tier country 
classification system. Fregene noted 
that approximately 60% of respon-
dents indicated that publication costs 
were too high. Beck stated that the 
tiered structure is based on World 
Bank data as per IEEE policies.

Beck motioned to adjourn the 
meeting.

Seconded by: Ferrara

The motion passed unanimously.

The meeting was adjourned at 5:20 p.m.

�
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●	 38TH CHINESE CONTROL AND DECI-
SION CONFERENCE (CCDC) 2026
15–18 May
Nanjing, China
General Chairs: Guang-Hong Yang, 
Bin Jiang, Xiang Ling, and Jia Liu
Program Chairs: Changyun Wen  
and Zhong-Ping Jiang
http://www.ccdc.neu.edu.cn/

▲	 AMERICAN CONTROL  
CONFERENCE (ACC) 2026
27–29 May
New Orleans, LA, USA
General Chair: Randy Beard
Program Chair: Eric Frew
https://acc2026.a2c2.org/

●	 THE 24TH INTERNATIONAL  
SYMPOSIUM ON MODELING AND   
OPTIMIZATION IN MOBILE, AD 
HOC, AND WIRELESS NETWORKS
3–6 June
Columbus, OH, USA
General Chairs: Jia (Kevin) Liu,  
Yin Sun, and Elif Uysal
Program Chairs: Falko Dressler, 
I-Hong Hou, and Bo Ji
https://wiopt2026.github.io/

●	 18TH WORKSHOP ON DISCRETE 
EVENT SYSTEMS (WODES) 2026
8–10 June
Eindhoven, The Netherlands
General Chairs: Michel Reniers and 
Martin Fabian
Program Chairs: Cristian Mahulea, 
Patricia Pena, and Martijn Goorden
https://wodes2026.events.tue.nl/

●	 2026 INTERNATIONAL 
CONFERENCE ON UNMANNED 
AIRCRAFT SYSTEMS (ICUAS)
15–18 June
Corfu, Greece
General Chairs: Nikos Vitzilaios  
and Giuseppe Loianno
Program Chairs: Marco Tognon,  
Salua Hamaza, and Nitin Sanket
https://uasconferences.com/ 
2025_icuas/

●	 22ND POLISH CONTROL  
CONFERENCE (PCC) 2026
1–3 July
Poznań, Poland
General Chair: Maciej Michałek
Program Chair: Dariusz Pazderski
https://pcc2026.put.poznan.pl/

●	 18TH INTERNATIONAL WORKSHOP 
ON VARIABLE STRUCTURE 
SYSTEMS (VSS) 2026
27–30 July
Exeter, Devon, UK
General Chairs: Christopher Edwards 
and Antonella Ferrara
Program Chair: Prathyush Menon
https://engineering.exeter.ac.uk/
events/variablestructuresystems/

●	 IEEE CONFERENCE ON CONTROL 
TECHNOLOGY AND APPLICATIONS 
(CCTA) 2026
Vancouver, Canada
12–14 August
General Chair: Ryozo Nagamune
Program Chair: Santosh Devasia
https://ccta2026.ieeecss.org/

●	 INTERNATIONAL SYMPOSIUM ON 
ADVANCED CONTROL OF INDUS-
TRIAL PROCESSES (ADCONIP) 
2026
29 November–1 December
Auckland, New Zealand
General Chairs: Brent Young  
and David Wilson
Program Chairs: Ikuro Mizumoto  
and Wei Yu
https://www.adconip2026.org/

▲	 IEEE CONFERENCE ON DECISION 
AND CONTROL (CDC) 2026
15–18 December
Honolulu, HI, USA
General Chair: Jorge Cortés
Program Chair: Lacra Pavel
https://acc2026.a2c2.org/

�
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